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THE  MAGNETOPAUSE  BOUNDARY  LAYER 
Final  Technical  Report 
AFGL  Contract  F19628-87-K-0026 
Summary 


The  research  conducted  under  this  contract  has  been  concerned  with  the  structure  of,  and 
dynamical  processes  in  the  earth's  magnetopause/boundary  layer  regions.  The  work  has  been 
concentrated  in  four  areas: 

1 .  Theoretical  modeling  of  the  low-latitude  boundary  layer. 

2.  Theoretical  modeling  of  the  magnetic-field  reconnection  process. 

3.  Theoretical  modeling  of  the  magnetopause  structure  during  reconnection  in  terms  of 
intermediate  MHD  shocks. 

4.  Observational  studies  of  the  magnetopause  during  reconnection,  including  flux  transfer 
events  and  low-latitude  boundary  layer  structure. 

The  following  sections  of  the  report  contain  a  brief  summary  and  discussion  of  the  results 
obtained  in  each  of  these  areas.  Details  of  the  research  are  provided  in  a  total  of  eight  published 
papers,  one  paper  in  press,  and  three  papers  submitted  for  publication.  These  articles  are  appended 
to,  and  form  an  integral  part  of  this  final  report.  The  research  described  in  these  papers  has  been 
supported  partially  by  the  present  contract;  partial  support  has  also  been  obtained  from  other 
sources,  as  indicated  in  the  acknowledgment  section  of  each  paper. 

1.  Theory  of  the  Low-Latitude  Boundary  Layer 

The  low-latitude  boundary  layer  (LLBL)  is  a  narrow  region,  located  in  the  low  latitutde 
region  immediately  inside  the  outer  boundary  of  the  magnetosphere,  the  magnetopause.  The  LLBL 
contains  plasma,  mostly  of  magnetosheath  origin,  that  flows  along  the  layer  in  the  antisolar 
direction  at  a  speed  comparable  to  the  magnetosheath  flow  speed.  This  plasma  flow  is  at  an  angle 
—  in  the  simplest  model  at  a  90°  angle  —  to  the  geomagnetic  field  in  the  vicinity  of  the  equatorial 
plane  and  thus  it  has  an  associated  electric  field,  Ee,  which  is  projected,  in  pan  at  least,  into  the 
ionosphere  at  the  footpoints  of  the  geomagnetic  field  lines  threading  the  LLBL.  This  impressed 
electric  field,  Ej,  drives  a  horizontal  Pedersen  current,  Jj,  in  the  ionosphere;  the  divergence  in  Ej 
gives  rise  to  a  corresponding  divergence  in  this  horizontal  current,  i.e.,  it  gives  rise  to  a 
corresponding  magnetic-field-aligned  current  into  or  out  of  the  ionosphere.  This  field-aligned 
current  connects  the  ionosphere  to  the  LLBL,  where  it  is  again  deflected  to  form  a  current  Jc  that 
flows  across  the  geomagnetic  field.  In  the  ionosphere,  the  product  Ei*Jj  >  0,  whereas  in  the 
LLBL  the  product  Ee*Je  <  0;  thus  the  former  acts  as  an  electrical  load  and  the  latter  as  an  electrical 
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generator,  connected  to  the  ionospheric  load  via  the  field-aligned  currents.  In  the  simplest 
conceptual  model,  the  projection  of  the  equatorial  electric  field  into  the  ionosphere  occurs  by 
assuming  the  geomagnetic  field  lines  to  be  equipotentials.  In  more,  realistic  modeling  such  as  ours, 
a  potential  drop,  AOy,  along  the  field  lines  is  incorporated  via  a  field-aligned  conductance  K,  so 
that  J||  =  KA<t>||.  In  the  post-noon  LLBL,  the  field-aligned  current,  Jy,  flows  out  of  the  post-noon 
ionosphere  so  that  the  potential  drop  Ad>y  can  accelerate  electrons  precipitating  into  the  ionosphere 
to  energies  comparable  to  those  needed  to  explain  auroral  emissions.  On  the  pre-noon  side,  a 
potential  drop  Ad>y  will  accelerate  electrons  upwards  and  ions  downwards  instead.  A  schematic 
drawing  of  the  dawnside  LLBL  configuration  and  its  coupling  to  the  ionosphere  is  shown  in  Fig. 
1.  Note  that  the  main  field-aligned  current  associated  with  the  LLBL  provides  the  portion  of  the 
so-called  Region  1  current  that  is  observed  to  flow  into  the  pre-noon  (8-12  LT,  say)  and  out  of 
the  post-noon  (12  -  16  LT,  say)  sides  of  the  dayside  auroral  oval.  Any  field-aligned  return  current, 
at  the  outer  edge  of  the  LLBL,  i.e.,  at  the  magnetopause  itself,  could  correspond  to  the  so-called 
NBZ  currents,  observed  at  low  altitudes  during  conditions  of  northward  interplanetary  magnetic 
field  (IMF).  Note  also  that  the  actual  local  time  extent  of  the  LLBL  projection  into  the  ionosphere 
remains  uncertain  at  present,  since  no  accurate  geomagnetic-field  mapping  is  available  for  the 
region  immediately  adjacent  to  the  magnetopause. 


Fig.  1.  View  from  the  sun  of  dawnside  low-latitude  boundary  layer  and  its  coupling  to  the 
dayside  auroral  oval.  Coordinates  (x,y,z)  are  the  usual  GSM  coordinates. 

Under  the  AFGL  contract,  we  have  developed  two  distinct  models  of  the  LLBL  and  its 
coupling  to  the  dayside  auroral  ionosphere.  The  first  of  these  models  is  described  in  detail  in 
Lotko  et  al.  (1987,  Appendix  1  j.  In  this  model,  the  magnetic  field  threading  the  boundary  layer  is 
taken  to  be  uniform  within  the  region,  Izl  <  H,  0<y<6,  occupied  by  the  layer.  The  plasma  motion 
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within  the  layer  is  incompressible  and  confined  to  planes  perpendicular  to  the  magnetic  field  (xy 
planes).  The  equation  of  motion  includes  inertia  effects,  pressure  gradients,  the  JexB  force,  and 
a  viscous  force;  the  current  Je  is  determined  via  coupling  to  the  ionosphere  as  described  in  the 
previous  paragraph.  A  principal  result  of  the  formal  theory  is  the  identification  of  the  appropriate 
characteristic  time  and  length  scales  which  should  be  used,  along  with  two  nondimensional 
groups,  in  describing  the  structure  and  dynamic  evolution  of  the  boundary  layer.  These  quantities 
are  defined  in  Eq.  (22)  of  Appendix  1. 

A  result  of  particular  interest  is  the  finding  that,  in  our  model,  the  LLBL  is  characterized  by 
a  so-called  Hartmann  number,  M,  which  is  a  measure  of  the  relative  importance  of  resistive  drag 
in  the  ionosphere  and  viscous  drag  in  the  boundary  layer  itself.  Important  findings  are  that  the 
coupling  of  the  LLBL  to  the  ionosphere  creates  the  possibility  of  spatially  anisotropic  temporal 
decay  of  large-scale  disturbances  in  the  boundary  layer  and  that  the  field-aligned  potential  drops 
promote  long-lived  fluctuations  on  the  inverted  "V"  scale  length.  The  Lotko  et  al.  [1987]  paper 
also  provides  a  complete  analytical  treatment  of  one-dimensional  (3/3x  =  0),  time-dependent 
boundary-layer  structures.  It  is  shown  that,  as  time  increases,  arbitrary  initial  boundary-layer 
velocity  profiles,  vx(y,0),  and  current  profiles,  Jey(y,0)  asymptotically  approach  a  one¬ 
dimensional  steady  state,  in  which  viscous  forces  and  Je  x  B  are  in  exact  balance.  Finally,  the 
one-dimensional  time-dependent  theory  is  applied  to  describe  the  evolution  (decay)  of  shear  layers 
in  the  magnetosphere  and  their  possible  relationship  to  inverted  "V"  structures. 

The  simple  model  in  Appendix  1  has  also  been  used  to  examine  two-dimensional  dynamical 
processes  of  relevance  to  the  LLBL.  A  particular  application  to  post-noon  auroral  shear  layers  is 
described  in  the  paper  by  Lotko  and  Shen  [1990,  Appendix  2],  The  approach  taken  by  Lotko  and 
Shen  is  to  treat  the  distribution  of  field-aligned  current  generated  in  the  LLBL  proper  as  given,  and 
ask  what  are  the  dynamical  consequences  of  such  currents  in  the  lower  altitude,  low  p  region 
extending  along  magnetic  field  lines  from  the  top  of  the  LLBL  (at  z=H)  to  the  ionosphere. 
Although  the  distinction  between  the  LLBL  region  and  this  adjoining  tenuous  plasma  region  is 
somewhat  artificial,  the  fact  that  E  x  B  shear  flow  instabilities  tend  to  be  supressed  by  the  strong 
magnetic  shear  (see  Appendix  3)  that  accompanies  field-aligned  currents  in  the  higher-p,  LLBL 
region,  and  that  the  generation  of  currents  by  an  enhanced  viscous  interaction  is  substantial  in  the 
LLBL  relative  to  the  tenuous  plasma  region,  suggests  that  such  a  distinction  is  qualitatively 
meaningful.  Given  this  distinction,  the  stability  of  the  shear  layer  can  be  readily  evaluated.  As 
shown  in  Fig.  2  of  Appendix  2,  the  neutral  curves  depend  on  three  nondimensional  parameters 
related  to  the  amplitude  of  the  field-aligned  current  (or  E  x  B  velocity  amplitude)  required  by  the 
LLBL,  the  scale  size  of  the  current  distribution  and  the  Hartmann  number.  Numerical  simulations 
of  unstable  cases  show  (1)  that  2D  quasi-steady  rotational  states  arise  when  the  shear  layer  is 
weakly  unstable,  (2)  that  eddy-shedding  turbulent  states  can  arise  when  the  shear  layer  is  more 
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strongly  unstable,  and  (3)  that  the  flow  kinetic  energy  and  the  energy  dissipation,  by  ionospheric 
Joule  heating,  by  production  of  field-aligned  particle  fluxes,  and  by  viscous  heating  are  all 
reduced  as  a  consequence  of  the  instability.  Power  spectral  densities  are  also  evaluated  along 
selected  'satellite'  cuts  through  the  shear  layer.  The  results  of  the  study  are  consistent  with  the 
tendency  for  2D  rotational  motion  and  periodic  bright  spots  in  post-noon  auroral  forms,  found  ir. 
satellite  images  [Lui  et  al.,  1939]  and  radar  measurements  [Robinson  et  al.,  1984], 

Our  second  model  of  the  low-latitude  boundary  layer  [Phan  et  al.,  1989,  Appendix  ?! 
concerns  the  time-asymptotic,  steady-state,  one-dimensional  structures  mentioned  earlier,  in 
which  a  balance  between  JexB  forces  and  viscous  forces  is  maintained  in  the  layer.  In  this  new 
model,  the  magnetic  field  in  the  LLBL  is  no  longer  taken  to  be  uniform.  Rather,  it  is  determined 
self  consistently  from  Ampere's  law.  From  the  requirement  that  the  total  pressure,  p  +  B2/2  p0, 
be  constant  everywhere  in  the  layer,  one  can  then  find  the  variations  in  pressure  and  from  it, 
assuming  isothermal  conditions,  the  variations  in  density  within  the  boundary  layer.  In  this  way, 
the  model  actually  describes  the  diamagnetic  depression  of  the  B  field  within  the  layer,  caused  by 
currents  Jex.  as  well  as  the  bending  of  the  field  lines  into  parabolic  shape  caused  by  the  presence 
of  currents  Jey  in  the  layer. 

Although  certain  qualitative  and  even  quantitative  comparisons  can  be  made,  and  have  been 
made,  between  the  models  discussed  above  and  actual  observations  of  the  LLBL  and  its 
ionospheric  footprints,  we  believe  that  the  models  need  to  be  improved  rather  substantially  before 
extensive  comparisons  with  observations  become  meaningful  and  before  the  models  can  be  used 
to  make  realistic  quantitative  predictions.  A  number  of  physical  effects  such  as  mass  diffusion, 
inertia,  and  pressure  gradients  need  to  be  included  in  the  steady-state  model  and  the  one¬ 
dimensional  flow  assumption  must  then  be  abandoned.  Furthermore,  the  geometrical  mapping 
along  magnetic  field  lines  into  the  ionosphere  needs  to  be  incorporated  in  a  more  realistic  and  self- 
consistent  way.  In  our  view,  the  greatest  significance  of  the  model  calculations  performed  to  date 
is  that  they  have  helped  identify  a  number  of  important  parameters  and  effects  associated  with  a 
magnetospheric  boundary-layer  or  shear  layer  coupled  to  the  ionosphere,  thus  providing  a 
systematic  framework  for  thinking  about  these  problems  and  for  developing  new  more  realistic 
models.  It  is  noted  that  recently  we  have  collaborated  with  Dr.  G.  Siscoe  in  an  attempt  to  place 
the  simple  model  described  in  Appendix  1  in  the  context  of  the  global  magnetospheric  electric 
current  circuit  [Siscoe  et  al.,  1990],  This  application  has  required  certain  changes  in  the  boundary 
conditions  at  the  magnetopause  used  by  Lotko  et  al.,  changes  that  have  led  to  the  appearance  of 
NBZ  currents  at  the  magnetopause  edge  of  the  LLBL  projected  into  the  ionosphere, i.e.,  at  the 
poleward  edge  of  the  Region  1  currents,  during  conditions  of  northward  IMF.  This  work 
provides  a  good  example  of  the  kind  of  conceptual  use  to  which  our  models  can  be  put. 


2.  Theory  of  Steady  Magnetic  Field  Reconnection 

Magnetic  field  reconnection  is  known  to  occur  at  the  dayside  magnetopause  during 
conditions  ot  southward  IMF.  However,  parameters  other  than  the  IMF  direction  also  appear  to 
control  the  onset  of  the  process  or  the  rate  at  which  it  occurs.  In  fact,  a  southward  or  nearly 
southward  directed  IMF  may  not  in  itself  be  a  guarantee  that  reconnection  takes  place  [Paschmann 
et  al.,  1986],  Our  work  on  the  theory  of  reconnection  has  been  concerned  with  the  case  where  the 
reconnection  rate  is  sufficiently  small  so  that  the  process  can  be  described  as  magnetic-field 
annihilation  rather  than  reconnection.  In  this  situation,  the  magnetopause  is  modeled  as  a  plane 
current  sheet  centered  at  x  =  0.  Plasmas  containing  nearly  frozen-in  magnetic  fields  flow  towards 
the  current  sheet  from  both  sides.  The  magnetic  field  direction  is  different  for  x<0  and  x>0,  but 
the  field  lines  are  confined  to  lie  in  planes  parallel  to  the  plan  x  =  0.  The  model,  which  can  be 
either  two  dimensional  or  three  dimensional,  is  described  by  the  incompressible,  resistive,  viscous 
MHD  equations.  We  have  found  a  rather  wide  class  of  exact  solutions  of  these  equations  for  the 
type  of  configurations  just  described.  The  two-dimensional  solutions,  for  which  d/dz  =  0.  are 
described  in  detail  in  a  draft  paper  by  Phan  and  Sonnerup  [1990,  Appendix  4];  the  3D  case  is  still 
under  study. 

Among  the  exact  solutions,  one  finds,  as  a  special  case,  the  irrotational,  resistive 
stagnation  point  flows  discussed  by  Sonnerup  and  Priest  [  1 975 ).  However,  rotational  flows  of 
the  same  type  can  also  be  obtained,  some  of  which  display  less  of  the  troublesome  large  magnetic 
flux  pile-up  that  tends  to  occur  in  these  models  but  is  not  seen  at  the  subsolar  magnetopause  (see 
Figs.  1-3  in  Appendix  4). 

Another  new  feature  of  the  exact  solutions  we  have  found  is  that  they  permit  of  a  flow 
velocity  component  vz(x,y)  and  a  magnetic  field  component  Bz(x,y)  along  the  invariant  (z) 
direction.  Except  near  the  subsolar  point,  such  a  flow  component  of  large  magnitude  is  always 
present  at  the  magnetopause.  In  that  application,  there  is  usually  also  a  large  amount  of  shear  in 
the  flow  along  the  magnetopause,  i.e.,  vz(x,y)  decreases  rapidly  with  the  coordinate,  x.  as  one 
crosses  the  magnetopause  and  LLBL  from  the  magnetosheath,  where  the  flow  speed  is  large,  into 
the  magnetosphere  where  the  flow  is  small  or  absent.  In  our  model  of  this  shear  flow,  viscosity 
plays  an  important  role.  The  configuration  is  shown  schematically  in  Fig.  2.  This  diagram  shows 
that  the  model  contains  an  electric  current  component,  Jx,  which  flows  from  the  magnetosheath, 
across  the  magnetopause  and  into  the  magnetosphere  where  it  is  deflected  to  become  field  aligned 
(with  the  correct  sense  of  the  Region  1  currents,  although  the  model  in  its  present  form  does  not 
have  coupling  to  the  ionosphere  built  into  it).  As  a  result  of  this  current,  the  magnetic  field  lines  in 
the  magnetosheath  are  bent  into  parabolas  with  their  vertices  pointing  in  the  upstream  (sunward) 
direction.  The  field  lines  in  the  LLBL  immediately  inside  the  magnetopause  are  also  bent  into 
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Fig.  2.  Magnetic  field  annihilation  at  a  current  sheet  with  shear  .'ow  along  the  sheet. 
Coordinates-  x=Yg<,m,  y=ZcsM.  z^Xqsm- 


parabolas  but  with  their  vertices  pointing  in  the  downstream  (antisunward)  direction,  just  as  in  the 
model  by  Phan  et  al.  [1989,  Appendix  3j.  This  type  of  reversal  of  the  field  curvature  across  the 
magnetopause,  in  the  vicinity  of  a  reconnection  line  (the  z  axis  in  Fig.  2)  with  plasma  flow  along 
it,  has  also  been  observed  in  the  global  numerical  MHD  simulation  of  the  solar-wind 
magnetosphere-ionosphere  system  performed  by  Fedder  and  Lyon  at  NRL. 

The  various  field-annihilation  models  described  in  Appendix  4  need  to  be  improved  by 
allowing  different  plasma  properties  on  the  two  sides  of  the  magnetopause  current  sheet  before 
they  can  be  applied  to  the  real  magnetopause  situation.  In  our  view,  they  will  ultimately  prove 
useful  in  providing  a  qualitatively  correct  local  description  of  flow  near  the  magnetopause  subsolar 
point  as  well  as  flow  (in  the  magnetosheath  and  in  the  LLBL)  along  a  magnetopause  reconnection 
line  during  weak  reconnection. 

Two  more  pieces  of  work  on  the  reconnection  problem  have  been  performed  under  the 
AFGL  contract:  a  review  article  has  been  written  by  Sonnerup  et  al.[  1990,  Appendix  5]  and  a 
comment  has  been  generated  and  published  on  an  incorrect  paper  concerned  with  MHD  stagnation 
point  flows  (Sonnerup  and  Phan  [1990,  Appendix  6]). 

3,  Theory  of  Intermediate  Shock  Structure 


Since  the  early  theoretical  work  by  Levy  et  al.  [1964],  it  has  been  a  commonly  held  view 
that,  during  conditions  of  steady  or  quasisteady  reconnection,  the  magnetopause  should  contain  a 
rotational  discontinuity  (RD)  as  the  dominant  part  of  its  structure.  Indeed,  attempts  to  find  in-situ 
evidence  of  reconnection  at  the  magnetopause  have  been  strongly  focused  on  this  feature  of  the 
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magnetopause  structure  [see  for  example  Appendix  9].  However,  recently  C.  C.  Wu  [1987; 
1988a;  1988b;  19Q0]  has  proposed  that,  rather  than  containing  a  rotational  discontinuity,  the 
magnetopause  may  consist  mainly  oi  a  weak  intermediate  shock.  The  tangential  magnetic  field 
always  rotates  by  exactly  180°  across  a  steady-state  intermediate  shock.  To  accommodate  the  real 
situation  at  the  magnetopause,  where  the  field  rotation  angle  seldom  is  exactly  180°,  Wu  proposes 
and  shows  by  numerical  simulation  that  intermediate-mode  pseudoshocks  exist,  across  which  the 
field  can  rotaf  by  an  arbitrary  angle.  These  psuedo-shock  structures  evolve  in  time,  that 
evolution  being  more  rapid  the  more  the  field  rotation  angle  deviates  from  180°. 

Since  the  structure  of  intermediate  shocks  had  not  been  studied  in  detail,  we  found  it 
desirable  to  investigate  this  topic  so  that  one  could  come  to  understand  what  predictions,  in  terms 
of  observable  features  of  the  magnetopause  structure,  could  be  extracted  from  C.  C.  Wu's 
proposal.  The  results  of  our  study  are  contained  in  two  papers  by  Hau  and  Sonnerup  [1989. 
Appendix  7;  1990,  Appendix  8],  In  the  first  of  these  papers,  the  purely  resistive,  steady-state 
structure  of  intermediate  shocks  is  investigated;  in  the  second  paper,  dispersive  effects,  associated 
with  the  Hall  term  in  Ohm's  law,  are  included  as  well. 

It  has  been  known  since  the  late  fifties  that  two  intermediate  shock  branches  exist:  a  "weak" 
branch  and  a  "strong"  branch.  In  other  words,  for  one  and  the  same  superaifvenic  upstream 
condition,  two  possible  downstream  states  exist.  For  the  weak  branch,  the  downstream  state  is 
weakly  subalfvenic  but  superslow  while  for  the  strong  branch,  it  is  more  strongly  subalfvenic  and 
also  subslow.  By  downstream  superslow  (subslow)  is  meant  that  the  downstream  normal  flow 
speed,  in  the  shock  frame,  is  faster  (slower)  than  the  local  small-amplitude  slow-mode  wave 
speed.  What  is  found  in  our  work  is  that  the  structure  of  intermediate  shocks  is  not  always 
unique:  more  than  one  structure  can  sometimes  connect  the  same  pair  of  given  upstream  and 
downstream  states.  And,  as  the  upstream  or  downstream  states  change  from  being  subsonic  to 
being  -  jpersonic,  rather  different  structures  are  obtained.  In  the  two  papers,  the  shock  structures 
are  presented  in  terms  of  magnetic  hodograms,  i.e. ,  they  are  shown  as  plots  of  one  tangential 
magnetic  field  component,  Bz,  versus  the  other,  By.  In  the  purely  resistive  case,  all  possible 
structures  of  intermediate  shocks  (as  well  as  fast  and  slow  sho<  Ks)  are  contained  within  three 
types  of  hodogram  topology  (shown  in  Fig.  8  of  Appci  dix  7).  When  dispersive  effects  are 
included,  a  total  of  13  distinct  topologies  (some  having  several  subcases)  were  found  (see 
Appendix  8).  We  believe  we  have  documented  all  possible  structures  described  by  the 
resistive/dispersive  nonviscous  MHD  model.  Included  are  many  cases  where  the  shock  contains  a 
substructure  consisting  of  a  discontinuous  isomagnetic  jump.  Such  a  jump  involves  a  transition 
from  supersonic  to  subsonic  flow  in  which  the  magnetic  field  remains  unchanged:  it  is  an 
ordinary  gasdynamic  shock,  the  structure  of  which  is  determined  by  viscosity  and  heat 
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conductivity.  For  zero  viscosity  and  heat  conductivity,  as  assumed  in  our  model,  the  width  of 
such  a  substructure  collapses  to  zero,  i.e.,  it  becomes  a  discontinuity. 

The  question  arises  whether  any  of  the  many  intermediate  shock  structures  found  in  our 
study  could  provide  an  acceptable  explanation  for  observed  magnetopause  structures.  At  present, 
the  answer  to  this  question  remains  somewhat  ambiguous.  One  fundamental  property  of 
intermediate  shocks  is  that  they  always  involve  a  transition  from  upstream  superalfvenic  to 
downstream  subalfvenic  flow.  In  the  most  detailed  observational  studies  of  magnetopause 
reconnection  events  that  have  been  performed  to  date  [Sonnerup  et  al.,  1987;  1990,  Appendix  9], 
the  ratio  of  flow  speed  (in  the  deHoffmann-Teller  frame)  to  Alfven  speed  as  the  spacecraft 
AM  PTE/I  RM  crosses  the  magnetopause  is  calculated  from  the  spacecraft  data.  The  results  contain 
no  indication  of  a  transition  from  superalfvenic  to  subalfvenic  flow.  But  these  results  are  not 
sufficiently  accurate  to  allow  one  to  exclude  the  possibility  that  the  upstream  (magnetosheath)  state 
could  have  been  slightly  superalfvenic  and  the  downstream  (magnetospheric)  state  could  have 
been  slightly  subalfvenic.  The  smallest-amplitude  members  of  the  weak  intermediate  shock 
branch  have  exactly  that  property  and,  furthermore,  the  magnetic  field  magnitude  also  changes 
very  little  (while  the  tangential  field  direction  is  reversed)  across  such  a  weak  shock.  It  would  be 
difficult  to  distinguish  a  shock  of  this  type  from  a  rotational  discontinuity  (RD)  with  a  tangential 
field  rotation  of  180°  since,  for  isotropic  pressure,  the  field  magnitude  is  exactly  constant  in  a 
laminar,  one-dimensional  RD.  It  should  also  be  said  that  many  observed  magnetopause  structures 
appear  very  complicated,  indicating  the  presence  of  turbulent  processes  in  the  current  layer. 

There  are  isolated  magnetopause  crossings  by  earlier  spacecraft,  where  plasma 
measurements  were  not  made,  which  fit  the  model  of  a  laminar  weak  intermediate  shock 
reasonably  well.  An  example  is  shown  in  Fig.  3.  In  that  figure,  a  comparison  is  made  between 
the  observed  magnetic  hodogram  and  one  predicted  from  our  purely  resistive  model.  It  is  noted 
that  the  tangential  field  rotates  by  almost  exactly  180°  in  the  main  "circular"  part  of  the  observed 
structure  and  that  there  is  a  modest  decrease  in  magnetic  field  strength  as  the  field  rotates  from  its 
upstream  to  its  downstream  state.  These  are  the  exact  properties  of  a  weak  intermediate  shock. 
As  can  be  seen,  the  details  of  the  field  rotation  obtained  from  the  resistive  model  do  not  match  the 
observations  so  well.  We  have  found  that  inclusion  of  dispersive  and  other  effects  (viscosity, 
gyroviscosity)  does  not  lead  to  an  improvement  in  this  regard.  Thus,  this  event,  while 
suggestive,  does  not  provide  entirely  convincing  evidence  for  the  occurrence  of  a  weak 
intermediate  shock  as  part  of  the  magnetopause  structure. 

As  mentioned  already,  the  magnetic-field  rotation  angle  across  the  magnetopause  usually 
differs  substantially  from  180°.  In  such  cases,  comparison  between  observations  and  theory 
should  focus  on  time-dependent  pseudoshocks  of  the  type  discussed  and  simulated  by  C.  C.  Wu 
rather  than  on  the  time-independent  structures  analyzed  in  Appendices  7  and  8. 
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Fig.  3.  OGO-5  crossing  of  the  magnetopause  on  March  27,  1968  (from  Sonnerup  and 
Ledley  [1979]). 

4.  Observations  in  the  Magnetopause/LLBL  Regions 

The  AFGL  contract  has  also  provided  partial  support  for  a  data-analysis  effort  in  which 
plasma  and  magnetic-field  data,  collected  by  the  spacecraft  AMPTE/IRM  in  the  magnetopause  and 
in  the  adjoining  low-latitude  boundary  layer,  are  interpreted.  This  portion  of  the  project  has  been 
carried  out  in  close  collaboration  with  Dr.  G.  Paschmann  and  his  research  group  at  the  Max- 
Planck-Institute  for  Extraterrestrial  Physics  (MPE)  in  Garching,  F.  R.  G.. 

The  studies  that  have  been  performed  are  based  on  a  somewhat  novel  technique  for 
analyzing  magnetopause  data.  This  technique,  which  has  some  of  its  origins  in  the  work  by 
Aggson  et  al.  [1983]  on  the  existence  of  deHoffmann-Teller  frames,  has  been  described  in  detail 
by  Sonnerup  et  al.  [1987|.  It  is  based  on  the  use  of  the  convection  electric  fields,  Ec  =  -vxB, 
calculated  from  measured  plasma  velocities,  v,  and  magnetic  fields,  B,  for  the  determination  of 
the  magnetopause  normal,  n,  as  well  as  for  finding  a  moving  frame  of  reference,  a  so-called 
deHoffmann-Teller  (HT)  frame,  in  which  the  plasma  flow  is  field  aligned  or  nearly  field  aligned. 

Sonnerup  et  al.  [1990,  Appendix  9]  have  applied  the  new  electric-field-based  analysis  to  a 
number  of  magnetopause  crossings  having  large  magnetic  field  shear  (i.e.,  having  a  large  rotation 
angle  of  the  tangential  component  of  the  magnetic  field  across  the  current  layer).  In  agreement 
with  Aggson  et  al.,  they  have  found  that  for  many  of  these  cases,  excellent  HT  frames  (moving 
with  velocity,  vht.  and  acceleration  am)  can  be  found.  However,  contrary  to  Aggson  et  al., 
they  have  also  found  that  the  existence  of  a  good  HT  frame  does  not  guarantee  that  the 
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magnetopause  has  the  properties  of  a  rotational  discontinuity  (or  a  weak  intermediate  shock),  i.e.. 
it  does  not  guarantee  that  the  magnetopause  has  structure  associated  with  quasisteady 
reconnection.  One  excellent  example  of  this  situation  is  shown  in  Figs.  13  -  16  of  Appendix  9. 
The  field-aligned  plasma  flow  in  the  HT  frame  is  small  or  absent  in  this  case  (Fig.  15  of  Appendix 
9),  indicating  that  the  current  sheet  was  a  2D  or  3D  tangential-discontinuity  structure  carried  in  a 
frozen  fashion  with  the  plasma  flow  along  the  magnetopause.  The  absence  of  a  measurable 
normal  magnetic  field  component  (Fig.  13  of  Appendix  9)  is  consistent  with  this  conclusion. 

A  second  important  result,  described  in  Appendix  9,  is  that  the  acceleration,  anT,  of  the  HT 
frame,  first  calculated  on  a  trial  basis  by  Sonnerup  et  al  987},  appears  to  be  physically 
meaningful,  at  least  in  some  cases.  There  are  two  types  of  evidence  to  support  this  statement. 
First,  the  normal  component  of  am\  which  should  represent  the  acceleration  of  the  magnetopause 
normal  to  itself,  has  been  found  to  slow  down  the  normal  motion  of  the  magnetopause  in  every 
case  where  it  is  known,  from  the  presence  of  a  subsequent  crossing  (caused  by  flapping  of  the 
magnetopause),  that  the  normal  motion  must  ultimately  reverse  itself.  Second,  inclusion  of  the 
tangential  component  of  anT  sometimes  leads  to  a  dramatic  improvement  in  the  tangential  stress 
balance  (the  Walen  relation,  Av  =  ±  Av^,  see  Fig.  1 1  of  Appendix  9).  Thus  it  appears  that  the 
tangential  components  of  vht  and  aj^T  characterize  the  velocity  and  acceleration  of  actual  2D  and 
3D  spatial  magnetopause  substructures  in  their  motion  along  the  magnetopause. 

A  third  significant  result,  described  in  Appendix  9,  is  that  the  Waldn  relation,  while 
occasionally  nearly  exactly  satisfied,  more  often  is  satisfied  only  to  about  70  -  80%.  In  other 
words,  the  observed  field-aligned  plasma  flow  speed  in  the  HT  frame  is  only  70  -  80%  of  the 
local  Alfven  speed.  While  this  discrepancy  could  perhaps  be  accounted  for  by  assuming  a  small 
admixture  of  heavy  ions  (0+,  say)  in  the  magnetopause  plasma  (the  AMPTE/IRM  plasma  analyzer 
has  no  mass  discrimination),  an  equally  plausible  explanation  may  be  that  pressure  gradients  along 
the  magnetopause  cause  actual  systematic  deviations  from  the  Walen  relation. 

Recently,  Paschmann  et  al.  [  1990,  Appendix  10]  have  used  the  analysis  methods  based  on 
the  convection  electric  field  on  one  magnetopause  crossing  having  small  rather  than  large  magnetic 
shear,  i.e.,  on  a  case  where  the  B  fields  external  and  internal  to  the  magnetopause  have  nearly  the 
same  direction.  It  is  found  that,  provided  a  substantial  plasma  boundary  layer  (LLBL)  containing 
strong  velocity  shear  is  present,  the  analysis  method  works:  an  accurate  normal  vector  can  be 
found,  a  good  HT  frame  exists,  and,  finally,  the  Walen  relation  is  found  to  be  rather  well 
satisfied.  This  may  therefore  be  an  example  of  reconnection  (above  the  cusps)  for  northward 
IMF.  Furthermore,  knowledge  of  the  magnetopause  normal  vector,  n,  allows  one  to  calculate  the 
fluctuations  in  the  measured  boundary-layer  plasma  velocity  component  along  n.  If  these 
fluctuations  are  interpreted  as  inward-outward  motion  of  the  magnetopause  and  boundary  layer, 
the  measured  time  series  of,  for  example,  plasma  density,  p(t),  in  the  LLBL  can  be  converted  to  a 
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spatial  profile  (Fig.  4  in  Appendix  10).  In  the  example  examined,  a  thickness  of  the  LLBL  of  - 
1.3  Re  was  found.  This  is  a  rather  large  value,  but  it  is  qualitatively  consistent  with  a  number  of 
other  studies  that  indicate  the  presence  of  thick  boundary  layers  for  northward  IMF. 

Finally,  the  analysis  based  on  Ec  has  also  been  applied  successfully  to  flux  transfer  events 
(FTEs),  as  described  by  Sonnerup  [1988,  Appendix  11]  and  by  Papamastorakis  et  al.  [1989, 
Appendix  12].  The  study  deals  with  three  FTEs,  observed  in  the  magnetosheath  immediately 
prior  to  a  set  of  three  crossings  of  the  magnetopause  by  AMPTE/IRM,  all  of  which  displayed 
unambiguous  signatures  of  quasisteady  reconnection  and  all  of  which  are  discussed  in  Appendix  9 
(see  also  Sonnerup  et  al.  [1987]).  Each  FTE  was  found  to  have  a  very  good  HT  frame  and, 
furthermore,  to  a  good  approximation,  all  three  FTEs,  and  the  three  magnetopause  crossings 
following  them,  have  one  and  the  same  HT  frame,  suggesting  that  they  were  all  part  of  the  same 
dynamic  reconnection  event.  These  results  are  consistent  with  the  idea  that  FTEs  as  well  as 
quasisteady  reconnection  events  are  manifestations  of  large-scale  reconnection  with  a  reconnection 
rate  that  sometimes  fluctuates  and  sometimes  remains  approximately  steady.  Theoretical  and 
numerical  models  of  this  type  have  been  discussed  extensively  by  Lee  and  Fu  [1985],  by  Scholer 
[1988],  and  by  Southwood  et  al.  [1988].  Another  important  finding  that  is  consistent  with  these 
models  was  obtained  for  the  first  (outermost)  of  the  three  FTEs.  This  event  appears  to  have 
corresponded  to  a  traversal  of  magnetic  fields  draped  around  an  FTE  flux  tube  (a  so-called  distant 
encounter).  The  observed  field  structure  was  found  to  be  quasi  two-dimensional  in  the  sense  that 
spatial  variations  across  the  structure  occurred  on  a  substantially  shorter  length  scale  than 
variations  along  it.  In  fact,  the  observations  agree  rather  well  with  a  model  proposed  by  Farrugia 
et  al.  [1987]  in  which  the  FTE  flux  tube  is  a  cylinder  of  semicircular  cross  section,  around  which 
an  irrotational  B  field  is  draped  and  around  which  a  corresponding  irrotational  field-aligned  flow 
occurs  in  the  HT  frame. 

The  number  of  magnetopause  crossings  and  FTEs  studied  to  date  by  use  of  Ec  analysis  is 
relatively  small.  The  effort  supported  by  AFGL  should  therefore  be  viewed  mainly  as  a  pilot 
project  in  which  the  feasibility  of  extracting  detailed  results  concerning  spatial  structure  and 
physical  processes  (reconnection)  in  the  magnetopause  region  from  single-spacecraft  data  is 
demonstrated. 
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Nonsteady  Boundary  Layer  Flow  Including  Ionospheric  Drag  and  Parallel 

Electric  Fields 

W.  LOTKO  AND  B.  U.  0.  SONNERUP 
I  haier  School  of  Engineering.  Dartmouth  College,  Hanover,  ,V«  Hampshire 

R.  L.  Lysak 


School  of  Physics  and  Astronomy.  University  of  Minnesota.  Minneapolis 

A  simple  two-dimensional  model  is  developed  for  the  perpendicular  flow  dynamics  of  boundary  layers 
located  on  closed  magnetic  field  lines  in  the  equatonal  magnetosphere.  In  addition  to  viscous  damping  in 
the  equatorial  region,  nonlocal  dissipation  associated  with  the  closure  of  field-aligned  currents  in  the 
ionosphere  and  field-aligned  potential  drops  is  included  and  is  shown  to  have  two  consequences:  111 
coupling  to  the  ionosphere  causes  large-scale  disturbances  to  decay  amsotropically  and  (2)  field-aligned 
potential  drops  promote  long-lived  fluctuations  at  scale  lengths  that  can  be  comparable  to  the  "inverted 
V"  scale  but  which  vary  with  the  local  Hartmann  number  (a  measure  of  the  ratio  of  ionosphenc  resistive 
friction  to  magnetospheric  viscous  friction).  Depending  on  the  degree  of  anisotropy,  the  combined  effect 
is  a  tendency  for  the  two-dimensional  flow  to  organize  into  either  relatively  isotropic  eddies  or  essentially 
one-dimensional  situations.  The  limiting  case  of  a  one-dimensional  flow  is  considered  with  applications  to 
the  low-latitude  boundary  layer  and  internal  magnetospheric  shear  layers.  A  particular  boundary  layer 
equilibrium  state  is  compared  with  observations  of  an  ionospheric  boundary  layer  region  and  is  found  to 
be  in  fair  agreement  with  the  observed  properties  for  reasonable  values  of  the  model  parameters.  It  is 
also  shown,  under  certain  conditions,  that  a  monotomcally  varying  internal  shear  layer  can  form  paired 
oscillations  in  the  electric  field,  which  are  characteristic  of  the  so-called  V  shocks”  that  occur  in  and 
above  the  auroral  acceleration  region 


1  Introduction 

The  dynamics  of  the  high-latitude  ionosphere  are  governed 
largely  by  nonlocal  processes  in  which  magnetic  or  mechani¬ 
cal  energy  of  the  outer  magnetosphere  is  transferred  to  and 
eventually  dissipated  by  the  ionosphere.  A  particular  process 
of  this  type  occurs  in  association  with  sheared  convection  in 
low-latitude  regions  of  the  magnetosphere,  for  example,  in  the 
low-latitude  boundary  layer  separating  the  shocked  solar  wind 
and  magnetospheric  plasma  [Coleman,  1971 ;  Eastman  el  al., 
1976,  1985;  Sckopke  et  al.,  1981]  or  the  evening  equatorial 
region  where  sunward  flows  encounter  the  more  slowing  con- 
vecting  or  corotating  plasma  of  the  inner  magnetosphere 
[ Wolf  and  Harel.  1980;  Olsen  et  al.,  1986].  Intense  field- 
aligned  currents,  broadband  turbulence,  and  auroral  precipi¬ 
tation  are  generally  associated  with  these  velocity  shear  layers, 
and,  for  this  reason,  they  are  thought  to  be  of  central  impor¬ 
tance  in  magnetospheric  and  ionospheric  dynamics. 

In  this  paper  a  two-dimensional  model  for  time-dependent 
coupling  between  magnetospheric  shear  layers  and  the  iono¬ 
sphere  is  developed.  It  describes  the  horizontal  flow  dynamics 
in  each  of  the  two  regions  and  differs  in  at  least  one  important 
respect  from  other  MHD  [Lysak  and  Dum.  1983;  Watanabe  et 
it.,  1986]  or  electrostatic  [Lyons,  1980;  Chiu  and  Cornwall, 
1980]  models  of  magnetosphere-ionosphere  coupling:  The 
magnetospheric  convection  pattern  is  not  imposed  as  a 
boundary  condition  but  is  allowed  to  evolve  through  self- 
consistent  interaction  with  the  ionosphere.  In  effect,  the  model 
provides  a  measure  of  the  time  scale  over  which  such  bound¬ 
ary  conditions  are  meaningful.  It  predicts,  for  example,  that  a 
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free  internal  shear  layer  in  the  equatorial  plane  of  the  hyberb- 
oiic  tangent  type  can,  under  certain  conditions,  evolve  toward 
a  “V  shock”  structure  [Mocer  et  al.,  1977;  Temerin  et  al.. 
1981]  on  a  time  scale  of  10  min  and  persist  up  to  an  hour 
This  behavior  differs  significantly  from  local  analyses  of  equa¬ 
torial  shear  flows  Ino  ionospheric  coupling  or  parallel  electric 
fields),  which  yield  a  simple  turbulent  relaxation  of  the  shear 
profile  [Miura,  1984;  Pritchett  and  Coroniti.  1984;  Wu,  1986] 
The  model  also  predicts  that  semibounded  flows,  as  occur 
near  the  low-latitude  magnetopause,  form  relatively  narrow 
boundary  layers  where  nearly  all  of  the  flow  variation  is  con¬ 
fined  [Sonnerup.  1980]. 

The  emphasis  of  the  paper  is  on  mesoscale  processes  oc¬ 
curring  at  scales  of  a  few  kilometers  up  to  a  few  hundreds  of 
kilometers  in  the  ionosphere  (hundreds  of  kilometers  to  a  few 
earth  radii  in  the  equatorial  plane).  Dynamic  phenomena  oc¬ 
curring  on  such  scales  are  not  resolvable  in  current  global 
MHD  simulations  of  the  magnetosphere  [see  Ogino,  1986]  for 
a  recent  study  and  survey  of  previous  work)  or  of  the  auroral 
oval  [Miura  and  Sato.  1980;  Watanabe  et  al.,  1986].  It  is  also 
unlikely  that  any  proposed  advances  in  computer  technology 
will  be  able  to  accommodate  two-  or  three-dimensional  simu¬ 
lations  spanning  scales  of  kilometers  to  hundreds  of  earth 
radii.  The  present  study  therefore  complements  global  studies 
by  providing  detailed  information  on  magnetospheric  bound¬ 
ary  layer  phenomena  and  their  relation  to  mesoscale  auroral 
processes. 

The  principal  elements  of  the  model  include:  (1)  an  iono¬ 
spheric  response  characterized  by  an  Ohm's  law  and  current 
continuity.  (2)  an  equatorial  magnetospheric  region  support¬ 
ing  nonsteady,  incompressible  viscous  flow  across  a  static 
magnetic  field,  in  which  current  continuity  is  also  maintained, 
and  13)  a  lumped  (linear)  current-voltage  relation  [Lyons  et  al . 
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1979]  characterizing  the  plasma  response  in  the  intervening 
region  along  the  magnetic  field.  In  addition,  a  geomagnetic 
field  model  is  required  to  map  flux  tube  elements  between  the 
ionosphere  and  equatorial  plane  Elements  I  and  3  are  the 
basis  for  the  electrostatic  models  proposed  by  Lyons  [1980] 
and  Chiu  and  Cornwall  [1980]  They  are  intrinsically  passive 
and  incapable  of  generating  dynamical  behavior  without  ex¬ 
ternal  forcing  When  combined,  they  define  an  Ohmic  scale 
length  for  magnetosphere-ionosphere  coupling.  Weimer  et  al. 
[  1985]  recently  concluded,  based  on  DE  1  and  2  data  taken  at 
times  of  approximate  magnetic  conjunction,  that  low- 
frequency  electric  field  fluctuations  map  between  the  two 
spacecraft  in  accordance  with  these  relations.  Element  2 
above,  together  with  boundary  and  initial  conditions,  governs 
the  dynamics  of  the  system;  it  is  one  of  the  primary  mecha¬ 
nisms  for  generating  field-aligned  currents  in  the  mag¬ 
netosphere  [fusy/iunas.  1970],  including  currents  generated 
by  viscous  forces  [ Sonnerup .  1980]  and  time-varying  vorticity 
[Hasegawa  and  Sato.  1980]  The  model  differs  in  this  regard 
from  the  nonviscous.  steady  state  model  described  by  Kan  and 
Lee  [1980],  in  which  field-aligned  currents  are  generated  by  a 
deceleration  and  accompanying  expansion  of  the  boundary 
layer  flow  The  main  contribution  of  this  paper  is  to  bring  the 
above  ideas  together  and  thereby  analyze  the  interplay  be¬ 
tween  boundary  layer  and  auroral  dynamics. 

The  model  is.  of  course,  not  without  limitations.  Self- 
consistent  magnetic  fields  are  neglected,  which  may  be  impor¬ 
tant  for  applications  to  the  low-latitude  boundary  layer  where 
the  local  currents  often  produce  large  deformations  of  the 
magnetic  field.  Consequently,  it  is  difficult  to  assess  the  rela¬ 
tive  importance  of  MHD  processes  such  as  flux  transfer  events 
[ Russell  and  Elphic.  1979;  Cowley.  1982;  Gosling  et  al.,  1985] 
and  the  essentially  electrostatic  processes  described  here.  The 
passive  ionospheric  response  implied  by  element  1  precludes 
any  description  of  small-scale  ionospheric  irregularities  associ¬ 
ated  with  E  x  B  gradient  drift  or  current  convective  instabil¬ 
ities  [Keskinen  and  Ossakow.  1983.  Mitchell  et  al.,  1985]  or  of 
propagating  ionospheric  disturbances  [Sato,  1978;  Rolhwell  et 
al.  1984;  Lysak.  1986]  The  linear  current-voltage  relation 
used  in  element  3  is  known  to  be  inaccurate  near  the  edges  of 
auroral  forms  [Lotko.  1986]  and  becomes  wholly  inadequate 
for  large  downward  field-aligned  currents.  Since  it  is  a  lumped 
relation,  it  also  eliminates  the  possibility  of  describing  transit 
time  effects  between  the  ionosphere  and  equatorial  region. 
Finite  Larmor  radius  effects  are  also  neglected,  which  become 
important  at  transverse  scale  lengths  less  than  a  few  kilome¬ 
ters  (referenced  to  I  Rc ),  and  which  influence  the  behavior  of 
auroral  electric  fields  associated  with  small  scale  electrostatic 
shocks  [Swift.  1975;  Temerin  et  al..  1981]  and  kinetic  Alfven 
waves  [Hasegawa,  1976;  Goert;  and  Boswell,  1979;  Lysak  and 
Carlson.  1981].  The  model  described  here  does  not  apply  to 
kilometer  scale  structure  in  the  transverse  electric  field.  Final¬ 
ly,  the  structure  of  the  magnetic  field  is  not  well  known  and 
indeed  may  vary  with  time,  especially  near  the  magnetopause 
and  in  the  magnetotail.  This  leads  to  uncertainty  in  the  scale 
factors  used  to  map  electric  fields  from  the  outer  mag¬ 
netosphere  to  the  ionosphere.  Although  a  resolution  to  these 
problems  will  not  be  of  immediate  concern  for  this  study,  it 
does  undcrly  the  ability  to  forecast  ionospheric  dynamics  in 
the  presence  of  nonsteady  magnetospheric  flows.  We  prefer  to 
view  the  present  study  as  one  step  in  a  progression  toward  a 
comprehensive  theory  encompassing  all  such  phenomena. 


The  article  is  organized  as  follows.  In  section  2  the  b.i  iv 
model  equations  are  developed  In  section  3  the  spectral  repre 
sentation  of  these  equations  is  presented,  and  the  behavior  of 
nonlocal  damping  effects  as  a  function  of  wave  number  is 
discussed.  Section  4  contains  an  analysis  of  one-dimensional 
flows  with  applications  to  the  low-latitude  boundary  layer  and 
the  dynamics  of  an  internal  magnetospheric  shear  layer  \ 
comparison  between  a  particular  boundary  layer  equilibrium 
state  and  observations  of  an  ionospheric  boundary  layer 
region  is  also  presented  in  section  4.  Finally,  section  8  con¬ 
tains  a  summary  and  further  discussion  of  the  results. 

2.  Basic  Equations 

In  this  section  a  closed  set  of  equations  is  derived  ior  the 
flow  dynamics  in  a  low-latitude  region  of  the  magnetosphere 
The  equations  include  electrodynamic  coupling  to  the  iono¬ 
sphere  through  field-aligned  currents  and  parallel  electric 
fields.  The  derivation  merges  several  ideas  that  have  been  pro¬ 
posed  independently  by  Chiu  and  Cornwall  [1980],  Hasegawa 
and  Sato  [1980],  Lyons  [1980],  Sato  and  lijima  [1979],  and 
Sonnerup  [1980].  The  notation  is  for  the  most  part  the  same 
as  that  used  by  Sonnerup  [1980] 

We  first  consider  the  ionospheric  response.  The  ionosphere 
is  characterized  by  Pedersen  (<rP)  and  Hall  (<jH)  conductivities, 
which  depend  on  the  electron  density,  the  electron  neutral  and 
ion  neutral  collision  frequencies,  and  the  electron  and  ion  gyro 
frequencies  [ Bostrom ,  1973].  The  current,  electric  field,  and 
neutral  wind  velocity  perpendicular  to  the  magnetic  field  are 
denoted  as  j1(,  Ei(,  and  v„,  respectively.  These  quantities  are 
related  by  an  Ohm's  law : 

ill  =  ojf-u  +  \  *  B.)  +  CT„i  X  (Eit  +  »,xB,]  (U 

The  quantity  B,  is  the  magnetic  field  in  the  ionosphere,  and  a 
local  slab  geometry  is  considered  in  which  B,  =  B,i. 

The  field-aligned  current  j„,  in  the  ionosphere  is  related  to 
j1(  through  the  current  continuity  relation: 

V.-J.-0  (2) 

For  simplicity  the  neutral  wind  velocity,  electron  and  ion  den¬ 
sities,  and  collision  frequencies  will  be  taken  to  be  constant  in 
time  and  space.  At  high  latitudes  the  magnetic  field  may  also 
be  considered  to  be  constant  over  the  effective  height  of  the 
ionosphere.  In  this  case,  the  Pedersen  and  Hall  conductivities 
are  also  constant;  consequently,  neither  the  Hall  nor  neutral 
wind  terms  in  (1)  enter  (2).  Neglecting  any  vertical  stratifi¬ 
cation  in  the  horizontal  fields,  we  obtain  from  (1)  and  (2),  after 
integrating  over  the  height  of  the  ionosphere 

h n  =  —  •  Ei.i  13) 

Here  Zp  is  the  height-integrated  Pedersen  conductivity,  and 

14) 

where  x(  and  y,  are  ionospheric  coordinates  perpendicular  to 
the  magnetic  field.  The  x,  direction  is  defined  to  be  locally 
tangent  to  a  meridian  of  magnetic  latitude  (east-west  aligned), 
the  y,  direction  is  locally  tangent  to  a  meridian  of  magnetic 
longitude  or  local  time  (north-south  aligned).  Throughout  this 
paper.  j„  is  chosen  to  be  positive  for  field-aligned  currents 
directed  away  from  the  earth 

In  treating  the  ionospheric  conductivity  as  constant  we  are 
effectively  neglecting  auroral  conductivity  enhancements  that 
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he,:- 


occur  in  regions  of  strong  upward  field-aligned  currents.  This 
important  quantitative  effect  may  influence  the  relationship 
between  gradients  in  the  ionospheric  electric  field  and  the 
field-aligned  current  and  therefore  in  the  structure  of  inverted 
V  precipitation  regions.  Given  this  assumption,  the  model 
probably  applies  better  to  the  sunlit  and  summer  ionosphere 
than  to  the  mghtside  and  winter  ionosphere,  since,  in  the 
former  cases,  the  increased  ionization  makes  auroral  enhance¬ 
ments  proportionately  less  dramatic. 

Defining  an  ionospheric  potential  through  the  relation 
K  ,  -  -  V  we  can  relate  ;  ,  to  <i>, : 

j  ,  =  (5) 

The  variables  j  ,  and  4>i  may  vary  with  x(,  y,,  and  time  l.  Once 
the  field-aligned  current  density  is  specified  the  ionospheric 
potential  distribution  can  be  found  from  (5). 

Following  Lyons  [1980]  and  Chiu  and  Cornwall  [1980],  we 
assume  that  the  field-aligned  current  at  the  ionosphere  is  relat¬ 
ed  to  the  potential  drop  between  the  equatorial  region  and  the 
ionosphere  through 

J  ,  =  Ki<p,  -  <t>,)  (61 

where  </>,(x,,  tl  is  the  potential  distribution  in  the  equatorial 
region  in  the  plane  perpendicular  to  the  magnetic  field  and  K 
is  a  constant  conductance  density.  The  subscript  “e"  will  be 
used  to  denote  variables  in  the  equatorial  region.  Note  that 
the  divergence  of  the  flux  tube  implies  that  Vx>  ^  Vi(. 

The  phenomenological  relation  (6)  applies  primarily  to  cur¬ 
rents  in  “inverted  V”  precipitation  regions  [Lyons  ef  al..  1979], 
where  the  net  field-aligned  current  is  directed  out  of  the  iono¬ 
sphere.  In  these  regions  the  current  is  carried  primarily  by 
accelerated  kilovolt  electrons,  and  the  parameter  K  lies  in  the 
range  0.1-1  (/iA  m2l  kV  [ Fridman  and  Lemaire.  1980].  Cur¬ 
rents  near  the  edges  of  auroral  precipitation  regions  or  in 
narrow  channels  may  not,  however,  be  adequately  described 
by  this  relation  [Lotko.  1986].  It  is  also  not  clear  that  it 
applies  in  regions  of  downward  field-aligned  current,  although 
Lysak  and  Dum  [1983]  and  Chiu  et  al.  [1981]  have  described 
two  special  cases  where  such  a  relation  may  have  some  validi¬ 
ty.  In  addition,  kinetic  analyses  by  Knight  [1973]  and  Fridman 
and  Lemaire  [1980]  indicate  that  the  linear  relationship  im¬ 
plied  by  (6)  becomes  nonlinear  at  very  small  and  large  poten¬ 
tial  differences.  This  “nonlocal  Ohm's  law"  is  clearly  an  over¬ 
simplification  of  the  problem;  its  use  here  should  be  regarded 
as  a  first  step  toward  a  more  detailed  analysis. 

The  field-aligned  current  in  the  ionosphere  can  be  related 
directly  to  the  magnetospheric  potential  by  eliminating  <£, 
from  (5)  and  16).  This  provides 


(7) 

=  a„K)'2 

(8) 

is  the  resistive  scale  length  for  magnetosphere-ionosphere  cou¬ 
pling  introduced  by  Chiu  and  Cornwall  [1980]  and  Lyons 
[1980].  By  Fourier  transforming  (7),  Weimer  et  al.  [1985] 
have  shown  that  the  current  density  jlh  induced  by  a  given  0, 
is  larger  when  the  gradient  scale  length  of  <t>,  is  smaller.  This 
enhancement  in  current  density  is  attributed  to  the  finite  value 
of  K  in  (6)  and,  consequently,  to  accelerated  electrons. 

One  may  also  eliminate  between  (5)  and  (6)  to  obtain  a 
similar  relation  between  <t> ,  and  tj>t.  On  the  basis  of  this  latter 


relation.  Lyons  [1980]  and  Chiu  and  Cornwall  [19X0]  ob¬ 
served  that  11)  the  high-altitude  potential  o,  maps  lalmostt 
perfectly  to  the  ionosphere  if  its  scale  is  large  compared  to  /  . 
while  1 2 >  a  parallel  potential  drop  of  magnitude  „ o occurs 
when  the  scale  of  <£_,  is  small  compared  to  in  which  case  o, 
is  not  transmitted  to  the  ionosphere.  This  spatial-filtering 
effect  was  recently  verified  by  H'eimer  et  al.  [1985]  by  com¬ 
paring  electric  field  spectral  intensities  from  the  DE  1  and  3 
satellites  at  times  of  approximate  magnetic  conjunction  The 
results  imply  that  auroral  zone  turbulence  in  the  plane  per¬ 
pendicular  to  the  magnetic  field  is  quasi-static  at  scales  ex¬ 
ceeding  10  km  (that  is.  it  apparently  maps  electrostatically  in 
accordance  with  ( 5)  and  161  above).  Although  the  relation 
could  not  be  tested  at  smaller  scales  owing  to  the  measure¬ 
ment  technique,  other  experimental  studies  using  different 
techniques  [Temerm.  1978;  H'eimer  et  al..  1987]  suggest  that 
smaller-scale  two-dimensional  turbulence  also  has  a  rather 
long  correlation  time. 

Another  manifestation  of  |7)  can  be  found  in  electric  and 
magnetic  fluctuation  data  from  the  HILAT  satellite,  as  report¬ 
ed  recently  by  l  ickrey  et  al.  [1986].  For  scale  sizes  in  the 
range  3-80  km  the  magnetic  fluctuation  levels  and  therefore 
presumbably  the  field-aligned  current  densities  j  ,  are  ob¬ 
served  to  be  about  the  same  in  the  summer  and  winter  hemi¬ 
spheres.  Thus  they  are  insensitive  to  the  value  of  Ip  This 
effect  is  consistent  with  (7)  for  scale  sizes  that  are  sufficiently 
small  so  that  the  second  term  on  the  left  side  of  the  equation 
dominates  the  first  term,  in  which  case  Ip  can  be  eliminated 
from  the  equation.  The  observed  seasonal  dependence  of  the 
horizontal  velocity  or  electric  field  fluctuations  reported  by 
Vickrey  et  al.  is  also  consistent  with  |S)  and  lb).  When  /  ,  is 
eliminated  between  these  relations  and  is  of  the  order  of  or 
larger  than  80  km.  one  finds  that  the  3-  to  80-km  scale  iono¬ 
spheric  electric  fields  should  vary  inversely  with  Ip  for  a  given 
magnetospheric  electric  field  spectrum.  In  the  absence  of  any 
seasonal  dependence  in  the  magnetospheric  electric  fields  it 
follows  that  the  velocity  fluctuation  intensity  in  the  ionosphere 
should  be  larger  in  winter  than  summer  as  observed 

Equation  (7)  alone  provides  no  insight  into  the  generation 
of  turbulence  or  fluctuations  and  must  be  supplemented  by  a 
dynamical  equation  for  d>,(.x,,  y,.  r).  This  equation  is  obtained 
by  extending  the  one-dimensional,  laminar  model  of  Sonnerup 
[1980]  to  include  two-dimensional,  time-dependent  flow  in  the 
plane  perpendicular  to  the  magnetic  field  [cf.  Sato  and  hjima. 
1979;  Hasegawa  and  Sato.  1980].  If  the  flow  is  taken  to  be 
incompressible  (V  •  v  =  0)  and  is  not  allowed  to  perturb  the 
magnetic  field  (B  =  iBt  with  Bc  ^  const  in  the  low-latitude 
region,  and  z  is  directed  away  from  the  equatorial  plane),  then 
the  curl  of  the  MF1D  momentum  equation,  together  with  cur¬ 
rent  continuity  (V,  •  jr  =  0),  provides 

#h<\  +  V  ■  v,  -  vv^m  =  B,ej,  i  i9i 

n 

where  p  is  the  constant  plasma  density. 


is  the  magnetospheric  convection  velocity,  E,  =  -V  ,<p,,  and 

V  ><fi, 

Q  =  (V  x  v(  •  i  =  — — -  (111 

B. 

is  the  scalar  vorticity  field.  Furthermore,  2H  is  the  effective 
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height  of  the  equatorial  flow  region,  and  j  ,  is  the  field-aligned 
current  at  its  lower-altitude  boundary,  that  is  at  :  =  H. 

A  kinematic  viscosity  v  has  been  introduced  in  (9|  to  allow 
for  dissipation  at  small  scales.  Since  the  plasma  is  effectively 
collisionless,  this  dissipation  should  be  attributed  either  to 
wave-particle  interactions  occurring  at  scale  lengths  com¬ 
parable  to  the  ion  gyro  radius  or  to  an  enhanced  eddy  vis¬ 
cosity  as  discussed  by  Sonnerup  [1980]  and  Sato  [1982],  A 
scalar  form  is  used  here  to  assess,  in  a  simple  way.  the  conse¬ 
quences  of  viscosity  in  the  flow  dynamics  and  structure  As  an 
example.  Tsurutant  and  Thorne  [1982]  have  deduced  an 
anomalous  particle  diffusion  rate  in  the  low-latitude  boundary 
layer  that  is  of  the  order  of  one-tenth  of  the  Bohm  diffusion 
rate.  Using  their  diffusion  rate  to  estimate  the  viscosity,  one 
finds  that  v  -  100  km2  s,  which  is  about  a  factor  of  10  less 
than  estimates  of  large-scale  eddy  viscosity  [ Miura ,  1984],  It  is 
fair  to  say  that  the  precise  value  of  the  enhanced  viscosity  is 
not  known  and  is  likely  to  vary  considerably  from  one  region 
of  the  equatorial  magnetosphere  to  another 

To  close  (7)  and  (9HHI.  we  require  relationships  between 
j  ,  and  j  ,  and  V  ,  and  V  ,.  In  the  intermediate  altitude  region 
the  plasma  is  both  collisionless  and  strongly  magnetized 
(plasma  pressure  much  less  than  magnetic  pressure,  that  is. 
low  /f).  The  amount  of  field-aligned  current  diverted  into  per¬ 
pendicular  current  in  this  region  is  therefore  minimal  in  com¬ 
parison  to  that  in  the  higher  fi  equatorial  magnetosphere  or 
the  collisional  ionosphere.  Neglecting  any  diversion  in  the  in¬ 
termediate  altitude  region,  conservation  of  magnetic  flux  and 
field-aligned  current  implies 


For  a  dipolar  magnetic  field  the  relationship  between  the 
length  element  dx,  in  the  equatorial  plane  and  the  correspond¬ 
ing  east-west  element  dx,  in  the  ionosphere  is  given  by 


dx,  cos  A  1 

17,  ~  L  ~  IP 


(131 


where  A  is  the  latitude  of  the  foot  of  the  field  line  in  the 
ionosphere  and  L  is  the  radial  distance,  measured  in  earth 
radii  Re.  to  the  intersection  of  a  field  line  with  the  equatorial 
plane  It  should  be  noted,  however,  that  the  precise  value  of 
dx^dx,  can  deviate  significantly  from  that  given  by  (13).  For 
more  realistic  magnetic  field  models  one  can  expect  this  ratio 
to  depend  on  both  L  and  the  azimuthal  coordinate  in  some 
complicated  manner.  Given  a  value  of  dxjdx,.  conservation  of 
magnetic  flux  can  be  used  to  determine  a  relation  between  the 
orthogonal  length  elements: 


=  !Li  d_h. 

dy,  B,  dx, 


(14) 


For  the  simple  type  of  mapping  considered  here  these  rela¬ 
tions  provide  the  scale  factors  required  to  convert  derivatives 
in  the  ionosphere  to  derivatives  in  the  low-latitude  mag¬ 
netosphere 


dy.  r' 


(15) 


The  mapping  implieo  by  ( 1  5 1  assumes  both  the  iono-.pi 
and  the  equatorial  magnetospheric  coordinates  are  locally  .  r- 
thogonal.  While  this  is  true  for  "orange  segment"  mapping, 
the  mapping  relations  suggested  by  empirical  magnetic  field 
models  are  generally  nonorthogonal.  For  example,  in  these 
models,  ionospheric  magnetic  latitude  and  local-time  meri¬ 
dians  map  to  curves  in  the  equatorial  plane  which  are  nearly 
parallel  in  the  vicinity  of  the  magnetopause  However,  empiri¬ 
cal  models  also  become  inaccurate  in  the  o"ter  mag¬ 
netosphere.  so  the  exact  mapping  relations  remain  somewhat 
uncertain.  It  is  fair  to  say  that  the  orthogonal  mapping  used 
here  is  a  reasonable  approximatiim  in  i.’ie  mm  r  ma  ■- 
netosphere  and  perhaps  in  the  outer  magneto- pher:  -veer:  ■•! 
the  immediate  vicinity  of  the  magnetopause  or  in  the  mag- 
netotail  current  sheet 

The  system  of  ( 7)-  a  1 5 ).  together  with  appropriate  boundary 
conditions,  are  sufficient  to  determine  the  flow  dynamics 
When  a  solution  <t>,ixr.  t,,  t)  is  given,  the  ionospheric  fields  can 
be  determined  by  making  use  of  (5).  (7).  and  1 1 3H  1 5) 

It  is  emphasized  that  transit  time  effects  between  the  iono¬ 
sphere  and  magnetosphere  are  not  included  here  In  reality, 
the  ionospheric  response  to  changes  in  magnetospheric  con¬ 
vection  will  be  delayed  by  the  travel  time  of  an  Alfven  wave  to 
the  ionosphere  and  back,  which  is  the  order  of  a  few  minutes 
on  the  dayside.  although  it  can  be  significantly  longer  on  the 
mghtside  [Sinyer  et  al  .  1981]  Neglect  of  this  delay  allows  the 
use  of  the  lumped  relation  |6)  to  couple  the  two  regions  This 
model  is  therefore  appropriate  when  the  time  scale  for  evolu¬ 
tion  of  the  low-latitude  flow  exceeds  the  Alfven  wave  travel 
time.  As  disucssed  in  the  following  section,  large-  and 
intermediate-scale  motions  have  lifetimes  that  are  long  com¬ 
pared  with  the  Alfven  travel  time  and  will  therefore  be  ad¬ 
equately  described  by  this  model,  whereas  the  very  small-scale 
motions  have  the  shortest  lifetimes  and.  consequently,  will  he 
damped  before  the  io-  sphere  has  time  to  respond.  Whether 
these  small-scale  motions  are  dynamically  important  will 
depend  on  the  Reynolds  number  for  the  magnetospheric  flow 
and  the  relative  dissipation  associated  with  mechanical  vis¬ 
cosity  ifinite  v)  and  particle  acceleration  (finite  K) 

3  SPFCTRAL  RhPRtStNTATION 

In  this  section  the  flow  model  described  in  the  previous 
section  is  analyzed  under  conditions  where  the  flow  is  either 
localized  or  periodic.  The  objective  here  is  to  derive  a  spectral 
representation  for  the  flow  dynamics,  which  can  be  used  to 
analyz.e  the  dissipative  processes  and  to  exhibit  similarities  to 
two-dimensional,  incompressible  Navier-Stokes  flow 

First.  (7)  and  (9)  are  combined  by  operating  on  (9)  with 
(I  —  a, 2 V  ( 2 ),  using  Pi  and  (12)  to  eliminate  j, ,  and  j  ,.  This 
pros  ides 


V  /}  i 

1 1  -  /.,2V  /Ho,  -f  v  •  V  -  v-V  2|(1  - - -  — —  V  ,'d>,  1 16) 

Hf>  B, 

where  v.  Q.  and  <p,  are  related  through  (10)  and  111),  and  the 
derivatives  in  V  ,  and  V  ,  are  related  by  ( 1 5 1.  In  the  limit 
♦  0,  where  the  ionospheric  drag  is  eliminated  and  a,  -•  0. 
(16)  becomes  equivalent  to  the  two-dimensional  (incompress¬ 
ible)  Navier-Stokes  equations 

I'sing  the  two-dimensional  Fourier  transform  with  respect 
to  the  equatorial  spatial  coordinate 
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Ah  :  1 J 


Fk(r)  =  J  F(x,.  n  exp  (  -  ik  •  x,|  J:x 

„  r  ^ 

Fix,,  /i  =  fk in  exp  uk  •  x,| - - 

J  (2;r|- 

Equation  1 161  can  be  represented  as 

—  nk(/l  =  j  Wik.  pl£l,,mQk  ,(ti  -  f  kftklM 
ill  J  I  2  7T  )  ' 

where 


(17) 


(I8| 


A/I  k.  pi  = 


Mkxpi 


(19) 


The  linear  damping  term  in  ( 1  SI  has  the  form 

~k:/.J 


I  k  =  Elk.  Hi  = 


\l:  1 

with  k'  =  A. , 2  +  k,-.  II  =  aretan  ik,  kt I.  and 
-1(0)  -  0  cos:  l>  +■  sin'  1 1 


kv/  4(0) 


CO) 


Cl) 


The  angles  ll  -  0  and  0  -  rr  2  correspond,  respectively,  to 
wave  vector s  k  that  map  into  the  ionosphere  in  the  east-west 
C.)  and  north-south  Ik.)  directions  Other  parameters  in  (20) 
are  defined  as  follows. 


6, '  ift',a  _  ^  Jy, 

/f».  6,  <A,: 


Here  ;•  is  a  resistive  decay  rate  associated  with  ionospheric 
drag  on  the  convecting  magnetic  field  lines.  is  the  resistive 
scale  length  scaled  by  the  magnetospheric  (north-south)  length 
element.  U  is  an  effective  Hartmann  number,  and  <5  is  a  flux 
tube  anisotropy  factor.  The  flux  tube  anisotropy  factor  is  a 
measure  of  the  relative  stretching  of  the  east-west  and  north- 
south  ionospheric  flux  tube  dimensions  in  the  equatorial 
plane.  It  is  less  than  1  when  the  north-south  dimension  is 
stretched  more  than  the  east-west  dimension.  The  Hartmann 
number  is  a  measure  of  the  relative  dissipation  associated  with 
lionospheric)  resistive  drag  and  (magnetosphericl  viscous  fric¬ 
tion  at  the  scale  length  [cf.  Cowling.  1976]  The  ionospheric 
drag  or  “magnetic  friction"  is  dominant  when  ,Vf  »  1  and  vice 
versa  when  M  «  1.  It  is  noted  that  the  Hartmann  number  and 
the  mechanical  Reynolds  number  Re  are  not  independent  pa¬ 
rameters.  The  rela'ion  is  M 2  =  Re yrtd4,  where  r><4,  =  i„  is 
the  eddy  turnover  time  and  t0  is  a  characteristic  flow  velocity. 

The  first  term  on  the  right  side  of  (18)  describes  the  nonlin¬ 
ear  coupling  between  Fourier  modes  and  is  identical  to  the 
Navier-Stokes  nonlinearity;  the  second  term  describes  the 
modal  damping.  This  system  does  not  support  normal  modes 
(waves)  since  the  linearized  equation  does  not  admit  a  real 
part  to  the  frequency  The  hydrodynamic  limit  follows  by  set¬ 
ting  y  =  0  in  (20).  This  shows  that  the  effects  of  ionospheric 
drag  (finite  £,)  and  particle  acceleration  at  intermediate  alti¬ 
tudes  (finite  K  and  A,)  enter  only  the  linear  damping  of  the 
flow  These  are  nonlocal  effects  which  become  dynamically 
important  at  large  anc  intermediate  scales  Consequently,  the 
flow  may  be  characterized  as  hydrodynamic  only  at  small 
scales  where  viscosity  is  the  primary  dissipative  process 


fn  (he  absence  of  any  dissipation,  that  is.  wnh  l’k  =  <).  iixi 
possesses  ar.  infinite  number  of  invariants  Only  two  of  these, 
the  mean  square  vorticity  or  enstrophy  Q;  and  the  mean 
square  velocity  or  energy  r;  .  survive  a  truncation  ink  space 
when  the  continuum  limit  is  replaced  by  a  discrete  Fourier 
expansion.  These  ar"  (he  so-called  "rugged  invariants  "  When 
the  dissipation  is  hnite  and  is  produced  by  viscosity  alone. 
Kolmogorov  ivpe  cascades  are  known  to  arise  in  which  en¬ 
strophy  is  transferred  from  externally  driven  wave  numbers" 
to  higher  wave  numbers,  while  energy  is  transferred  to  smaller 
wave  numbers  through  an  inverse  cascade  The  dimensionally 
determined  inertial  range  spectra  are  k  '  1  ror  (he  energy  cas¬ 
cade  and  k  ■'  for  the  e.  .trophy  cascade  [ Krjuhnan  ami  Monl- 
qomery.  1980]  The  effects  of  nonlocal  J  imping  described  by 
the  second  term  in  1 20)  on  these  cascade  processes  and  inertial 
range  spectra  have  not  been  analyzed.  To  the  extent  that  both 
inertial  ranges  are  a  consequence  of  the  iquadraticl  mode¬ 
coupling  term  in  1 1 8).  it  follows  from  1 20)  for  Tk  that  the 
inversely  cascading  energy  is  dissipated  nonlocally  in  the  iono¬ 
sphere  and  acceleration  region,  whereas  the  directly  cascading 
enstrophy  is  dissipated  locai.;  in  the  boundary  layer  through 
viscous  damping.  The  precise  shape  of  the  power  spectrum 
may  depend,  however,  in  some  complicated  manner  on  both 
the  flux  tube  anisotropy  parameter  and  the  Hartmann  number 
and  on  whether  the  spectrum  is  observed  m  the  equatorial 
m-  gnetosphere  or  ionosphere  In  this  regard,  it  is  worth  men- 
tio.  mg  that  Kellev  and  Kmtner  [1978]  have  reported  experi¬ 
mental  evidence  for  both  of  the  above  spectral  indices,  based 
on  electric  field  spectra  obtained  in  auroral  shear  flow  regions 
at  altitudes  below  several  thousand  kilometers. 

Depending  on  the  value  of  the  flux  tube  anisotropy  parame¬ 
ter  <>.  the  dissipation  at  large  scales  may  be  highly  anisotropic 
This  behavior  is  illustrated  in  Figure  1.  where  the  decay  time. 
Td  =  I  Hk.  II I.  multiplied  by  ,,  has  been  plotted  as  a  function 
of  kk,  for  0  =  0  and  H  =  rt  2  for  a  Hartmann  number  \f  =  >5 
The  I)  =  n  2  curve  is  independent  of  the  flux  tube  anisotropy 
factor  i ).  The  middle  and  upper  III  =  0)  curves  are  plotted  for 
(i  =  0.35  (dipolar  mapping)  and  o  =  0  028.  respectively  (As 
discussed  below,  the  value  of  6  may  deviate  significantly  from 
the  dipole  value  in  the  outer  magnetosphere  l  At  small  wave 
numbers  the  decay  time  for  "east-west  variations"  ill  =  01  is 
seen  to  be  considerably  larger  than  that  for  "north-south  vari¬ 
ations"  10  =  it  2).  A  maximum  occurs  in  the  decay  time  at  the 
angle-dependent  modal  number 

fc.tfllk,  =  [-Vf  -  1  ,4(01] 1  •’  (23( 

If  M  <  1  .4(0).  the  maximum  occurs  at  k  =  0  as  for  the  upper 
curve  in  Figure  1  At  the  smallest  scales  the  local  viscosity, 
which  is  assumed  to  act  isotropically  in  the  equatorial  region, 
dominates  the  flow  dynamics  Also  indicated  in  Figure  1  are 
the  three  wave  numbs.  regimes  for  north-south  variations 
where  ionospheric  drag  (finite  Ef).  particle  acceleration  (finite 
Kl.  and  viscous  damping  (finite  v)  are  the  dominant  dissipative 
mechanisms 

The  scale-dependent  and  anisotropic  dissipation  illustrated 
in  Figure  1  suggests  that  relatively  isotropic  eddies  should 
develop  in  the  flow  pattern  in  regions  of  the  magnetosphere 
where  the  relative  maximum  in  the  decay  time  is  nearly  iso¬ 
tropic.  as  for  the  lower  and  middle  curves  in  Figure  I  In 
regions  where  the  maximum  in  the  decay  time  is  highly  aniso¬ 
tropic.  as  for  the  lower  and  upper  curves  in  T igure  I.  one 
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Hg  1  Normalized  damping  lime  .  t,  versus  A/.,  for  wave  vectors  lying  in  Ihe  longitudinal  10  =  0)  and  latitudinal 
It'  -  rr  2l  directions  in  the  ionosphere  for  M  -  35  The  parameter  6  =  0028  (0  351  for  the  upper  (lower!  0  =  0  curves 
Dissipation  due  to  particle  acceleration  dominates  (for  latitudinal  perturbanonsl  at  wave  numbers  1  <  kf.t  <  6  Iono¬ 
spheric  drag  and  viscous  damping  are  dominant  to  the  left  and  right  of  this  interval 


would  expect  the  flow  pattern  to  become  striated  or  fila¬ 
mentary  In  either  case,  the  eday  size  or  strtation  spacing  will 
be  determined  by  the  wavelength  2rr  A.  of  the  slowest  decay¬ 
ing  mode  When  striations  occur,  their  orientation  (x  or  y 
ahgnedi  will  depend  on  the  orientation  of  the  minimally 
damped  mode,  that  is,  on  whether  the  decay  time  is  maximum 
for  >>  =  rr  2  or  0  =  0. 

The  two  sets  of  curves  in  Figure  1  (lower  middle  and 
'ower  upper)  illustrate  only  two  of  six  distinct  regimes  in  the 
\f-<>  parameter  space  defined  by  (20)  and  ( 23).  These  include 
the  cases  1.  .Vf  <  I  <5  <  1 :  2.  1  S  <  M  <  1 :  3.  1  <5  <  1  <  \1 : 
4.  M  <  1  <  1  <j;  5.  1  <  .Vf  <  1  6;  and  6.  1  <  I  6  <  M  The 
last  two  inequalities  are  represented  in  Figure  I.  The  other 
cases  lead  to  modal  decay  curves  similar  to  those  in  Figure  I 
but  with  different  types  of  anisotropy  For  example,  case  4 
implies  that  both  the  t^it  2)  and  r^O)  curves  have  a  maximum 
at  k  =  0.  like  the  upper  curve  in  Figure  1,  with  z/n  2)  <  t/0'. 
for  all  k  as  in  Figure  1  Cases  1-3  lead  to  modal  decay  curves 
analogous  to  those  for  cases  4-6,  respectively,  but  witn  the 
r^O)  and  :/r.  2l  labels  interchanged 

It  is  possible  that  all  six  parameter  regimes  may  be  realized 
within  the  magnetospnere.  For  dipolar  magnetic  field  lines  the 
flux  tube  anisotropy  parameter  depends  only  on  the  magnetic 
latitude  and  lies  in  the  range  J  <  <5  <  I  This  range  of  values 
(or  a  subset  of  iti  is  expected  in  the  inner  magnetosphere.  In 
the  outer  magnetosphere  the  field  line  topology  deviates  sig¬ 
nificantly  from  the  dipole  model,  and  more  extreme  values  can 


be  expected.  For  example,  the  local  value  of  d\r  dv,  may  be 
much  larger  than  the  dipole  value  near  the  magnetopause,  so 
d  may  be  greater  than  I  near  the  magnetopause.  In  the  night- 
side  plasma  sheet  the  field  lines  are  stretched  tailward.  so  both 
dyydy,  and  b  should  be  smaller  than  the  dipole  value  The 
Hartmann  number  is  expected  to  be  large  in  low-latitude  re¬ 
gions  of  the  inner  magnetosphere  where  the  field-aligned  cur¬ 
rent  flows  out  of  the  ionosphere  and  where  the  magnetic  field 
geometry  is  fairly  well  known  (see  Table  1  for  some  numerical 
estimates).  The  value  o*  M  is  more  uncertain  in  the  outer 
magnetosphere.  It  is  probably  also  large  in  the  nightside 
plasma  sheet  owing  to  the  larger  value  of  dy,  dy,  in  the  plasma 
sheet;  it  may  be  less  than  1.  however,  near  the  magnetopause 
if  dx,  dx,  becomes  much  larger  than  the  dipole  value  iNote 
For  orange  segment  mapping,  dy,  dy,  and  therefore  .Vf  are 
inversely  proportional  to  dx,.  dx,.)  The  Hartmann  number 
may  also  be  small  in  regions  where  the  large  scale  field-aligned 
current  flows  into  the  ionosphere  and.  consequently,  where 
both  the  "field-aligned  resistance"  I  X  and  resistive  scale 
length  /,  become  much  smaller  than  what  is  expected  in  re¬ 
gions  of  large-scale  outw  ard  field-aligned  current 

4  Osi -DiMrvst(is.*i  Cos vi  tion 
The  principal  difficulty  with  constructing  exact  solutions  to 
; 1 6)  or  (181  is  due  to  the  convective  nonlinearity.  »  ■  V  Q 
When  the  flow  is  one-dimensional  with  *  =  ix  lalong  lines  of 
constant  latitude  in  the  lonosphcrcl  and  has  a  gradient  only  in 


22 


Lotko  et  al.  :  NonsteaDV  Boundary  Layer  Flow 


SEUI 


TABLE  t  Data  for  Illustrative  Numerical  Examples 


Parameter 

Value 

Basic  Parameters 

Height-integraled  Pedersen  conductivity 

Ip  =  6  mho 

Field  line  conductance  density 

K  =  10  “  mho  rn* 

Ionospheric  latitude 

A  =  73 

Equatorial  distance* 

L  =  12 

Ionospheric  magnetic  field* 

B,  =  6  x  10'5  t 

Equatorial  magnetic  field* 

B,  =  2  x  10”8  t 

Equatorial  height 

H  =  10  Rc 

Maximum  boundary  layer  speed  (>■  =  0) 

i0  —  200  km  s 

Kinematic  viscosity 

V  =  10s  mJ  s 

Boundary  layer  density 

n0  =  10'  prntons/mJ 

Derived  Parameters 

Longitudinal-stretching  factor 

Jxt  dxt  —  42 

Latitudinal-stretching  factor 

dvt  dv,  =  71 

Flux  tube  anisotropy  factor 

<S  =  0.35 

Resistive-coupling  length  lai  ionosphere) 

=  80  km 

Resistive-coupling  length  (at  equatorl 

/i,  =  5700  km 

Resistive-damping  rate 

•  =  3  8  a  10  J/s 

Maximum  boundary  layer  electric  field 

E0  =  4  mV  m 

(y  =  0) 

Effective  Hartmann  number 

M  =  35 

•Calculated  for  a  dipolar  magnetic  field 


the  y  direction  (along  meridians  of  longitude  in  the  iono¬ 
sphere),  the  convective  derivative  is  identically  zero.  We  now 
consider  this  case  which  may  pertain  to  ionospheric  structures 
elongated  in  the  east-west  direction.  For  simplicity  the  neutral 
wind  velocity  appearing  in  (1)  is  taken  to  be  zero. 

With  normalizations. 

r  =  yl  y  =  ;v  =  >■„  A,  (24) 

Equation  (16)  becomes 

(l  -  (\.2)L{n\  +  0  =  0  (25) 

where 

L{0(y.  r)|  =  ^  t) 

M  is  the  effective  Hartmann  number  defined  in  (22).  Using  the 
relation  between  ft  and  the  equatorial  electric  field  £,,  a  first 
integral  of  (25)  provides 

(l-i V)L{£,}  +£,=  £„  (26) 

where  £r  is  an  integration  constant  depending  on  the  bound¬ 
ary  conditions.  With  periodic  boundary  conditions,  it  is  easy 
to  show  that  the  solutions  to  (26)  always  decay  to  the  uniform 
state,  Et  =  Ex  as  r-»  x.  Nontrivial  equilibrium  or  time 
asymptotic  solutions  require  finite  boundary  conditions,  either 
on  a  doubly  bounded  interval  or  a  semibounded  interval. 

Given  a  solution  £,(>-,  r),  which  is  either  periodic  or  bound¬ 
ed.  the  ionospheric  electric  field  £,,  the  equatorial  perpendicu¬ 
lar  current  density  jrx.  averaged  over  the  height  of  the  equa¬ 
torial  region  H.  and  the  field-aligned  potential  drop  At^ty, 
rl  -  )  t)/K  are  given  in  terms  of  £,(y,  r)  as 

Eh.  0  =  7^  [£r  -  L\Ej,y.  t)J]  (27) 

ay, 

jjy-*  )=Jr  +o0L{E,[y.T))  (28) 

S<t>  (y.  t)  =  r,L{cyE,{y.  r)[  (29) 


where 


Ie  BrJve- 
H  B,  Jy,  • 


i  TO) 


Relations  (27)  and  (29|  follow  from  the  developments  m  sec¬ 
tion  2  Relation  ( 28)  is  obtained  using  j  r  =  ff The  inte¬ 
gration  constant  j ,  is  determined  by  the  boundary  conditions 
on  the  force  balance  equation  in  the  equatorial  region,  which 
may  include  a  constant  pressure  gradient  in  the  x  direction 
Notice  that  jyx  is  proportional  to  £,  and  therefore  to  il(  The 
relation  is 

h  dx 

ht  ~  =  7.  ~  a*E,  <3ll 

where  h  is  the  effective  height  of  the  ionosphere.  Evaluating 
(31)  at  two  boundaries  determines  jx  and  E ,  in  terms  of  the 
boundary  conditions  on  jn  and  Relations  (26H29I  also 
imply  that  jyf  =  j  x  -  <r0(£,  —  £  r  -  r,Ad>  I  Therefore,  in  con¬ 
trast  to  the  earlier  model  described  by  Sonnerup  [1980],  we 
find  that  jrf  =  jr  -  a0[Ee  —  E , )  only  if  the  field-aligned  po¬ 
tential  drop  is  zero. 


4.1.  Boundary  Layer  Flows 

We  now  consider  nonsteady  flow  in  a  semibounded  domain 
with  0  <  y  <  x  When  the  flow  velocity  is  fixed  at  a  bound¬ 
ary.  in  this  case  at  y  =  0.  the  velocity  variation  is  confined  to  a 
relatively  narrow  layer  near  the  boundary,  as  occurs  near  the 
low-latitude  magnetopause. 

The  general  solution  to  (26)  on  the  interval  0  s  v  <  x  may 
be  obtained  by  taking  a  Laplace  transform  in  y.  solving  the 
resulting  ode  in  r.  and  then  inverting  the  Laplace  transform. 
This  yields  four  integration  constants  at  y  =  0  (in  addition  to 
£t).  Since  the  solution  is  required  to  be  finite  at  y  =  x.  only 
two  of  the  four  constants  are  independent  A  simpler  approach 
is  to  use  a  sine  or  cosine  Fourier  transform  [Erdelyi  ei  al.. 
1954]  in  y  rather  than  a  Laplace  transform.  In  this  case,  only- 
two  integration  constants  are  obtained,  but  the  solution  is 
explicitly  finite  at  y  =  x.  The  latter  approach  is  less  flexible 
than  the  former  because  the  types  of  boundary  conditions  that 
can  be  treated  in  the  time-dependent  problem  are  restricted, 
only  even  derivatives  of  £,  can  be  specified  at  y  =  0  when  the 
sine  transform  is  used,  whereas  the  cosine  transform  yields 
odd  derivatives  of  E,  at  the  boundary.  Using  either  approach, 
one  can  show  that  a  unique  time-independent  boundary  layer 
state  results  as  r  -♦  x  if  the  boundary  conditons  are  also  time- 
independent.  In  this  section  we  will  demonstrate  this  state¬ 
ment  using  the  simpler  sine  transform  method  and  subse¬ 
quently  analyze  the  properties  of  the  equilibrium  state 

Making  use  of  the  Fourier  sine  transform,  the  solution  to 
(26)  is 


£r(y.  r)  =  £,  +  £,(>.  x) 

+  -  j  [£,,(0)  -  £,,(  x  )]e  ‘ f*'  sin  fcv  dk  (32) 
n  Jo 


where 


£„(  x  )  = 


k*  +  k1  +  Vf 


,  [<l  +  k'lEo  -  E,  -  E.,'1 


(33) 


contains  the  boundary  information  at  y  =  0.  £,(>,  x  I  is  the 
inverse  sine  transform  of  £,,(  x  I,  and  £,,(0)  =  £,,(0l  -  £, . 


23 


sm: 


Lotkm  et  al  .  Nonsteady  Boundary  Layer  Flow 


L 


Y 

Fig  2  Variation  of  the  equilibrium  state  with  the  Hartmann 
number  for  la)  the  equatorial  electric  field,  (hi  the  ionospheric  electric 
held,  and  Irl  the  field-aligned  potential  drop  versus  >•  =  yjk,  =  y,a. 
In  each  panel  the  six  curves  lupper  to  lower,  respectively!  correspond 
to  Vf  =  2.  5.  10.  20.  50.  and  200  Other  parameters  are  A0„o  =  0. 
t,  -  0.  and  dvr  dy,  —  7 1 


where  £,,*(01  is  the  sine  transform  of  the  initial  state.  The 
damping  rate  for  mode  k  is 


r. 


i 

1  +  k2 


(34) 


Here  k  is  the  wave  number  multiplied  by 

As  r  •  x.  the  integral  term  in  (32)  approaches  zero.  The 
time  asymptotic  solution  is 


£,(>.  x ) 


COS  I p 


with 


k  .  =  j(2\t  ±  1)'  2  (36) 

i i>  -  arctan  f  — n  .  ^  (3"1) 

\  ( 4  .Vf  *  —  1 ) 1  2  / 

When  Vf  »  I.  the  oscillation  length  and  exponential  decay 
length  m  (35)  are  nearly  equal  since  k.  ~  k  When  M  < 


k  _  becomes  imaginary,  and  the  equilibrium  held  deerta 
monotonically  from  its  value  at  y  =  0.  This  case  corresponds 
to  a  viscous  dominated  boundary  layer. 

Equations  (32)  and  |35)  show  that  a  unique  boundary  layer 
state  £,(y.  x).  depending  only  on  the  boundary  conditions 
and  the  Hartmann  number  M  and  independent  of  the  initial 
conditions,  is  approached  as  r>  x  The  flow  variation  or 
vorticity  in  the  boundary  layer  extends  over  a  disu  nee  of 
order  2,.k,  This  result  applies  only  to  one-dimensional  flows, 
however,  and  cannot  be  extended  to  two-dimensional  flows 
for  which  nonlinear  mode  coupling  may  be  important 

An  example  of  a  boundary  layer  equilibrium  state  is  show 
in  Figure  2  when  111  the  flow  velocity  lor  electric  t'.eidl  ■> 
specified  at  y  =0.  (2)  the  field-aligned  current  or  potential 
drop  is  zero  at  y  =  0.  and  (3)  Ex  =0.  The  first  condition 
determines  the  integration  constant  £0.  The  second  condition 
determines  the  integration  constant  E0".  From  (29)  and  (35) 
we  find  £0"  =  ,Vf2£0(M  +  1).  A  finite  Ex  simply  adds  a  con¬ 
stant  offset  to  electric  fields.  The  six  curves  in  each  panel  of 
Figure  2  correspond  to  different  Hartmann  numbers:  .Vf  =  2, 
5.  10.  20.  50,  and  200.  The  equatorial  and  ionospheric  electnc 
fields  and  the  field-aligned  potential  drop  are  shown  in  the 
top.  middle,  and  bottom  panels.  The  electric  fields  are  normal¬ 
ized  to  E0  With  this  normalization,  an  equatorial  electric  field 
with  amplitude  1  would  produce  an  ionospheric  electric  field 
with  amplitude  dy^dy ,  if  the  conductivity  along  magnetic  field 
lines  were  infinite  (no  field-aligned  potential  drop).  The  value 
of  dyjdy,  used  to  evaluate  £,  in  Figure  2  is  71  (from  the  dipole 
magnetic  field  parameters  in  Table  1).  Ad>|(  is  normalized  to 
For  reference  the  illustrative  parameters  given  in  Table  1 
are  £0  =  4  mV/m  and  A,  =  5700  km. 

Since  the  scale  length  of  the  boundary  layer  vanes  as  k ,  '. 
which  varies  approximately  as  M  1  1  for  large  .Vf.  the  bound¬ 
ary  layer  width  in  Figure  2  is  smaller  for  larger  Hartmann 
numbers.  It  is  also  apparent  that  the  magnitudes  of  the  field- 
aligned  potential  drop  (and  current)  and  ionospheric  electnc 
field  are  smaller  for  large  Hartmann  numbers.  At  y  =  0  the 
ionospheric  electric  field  is  reduced  by  a  factor  of  1  (.Vf  +  1) 
from  its  perfectly  mapped  value,  and  for  large  Hartmann  num¬ 
bers,  is  substantially  less  than  the  perfectly  mapped  value.  This 
effect  is  a  consequence  of  the  field-aligned  potential  drop. 

For  E0  >  0  (duskside)  a  perpendicular  magnetosphenc  cur¬ 
rent  flows  out  of  the  boundary  layer  at  y  =  0  while  a  perpen¬ 
dicular  ionospheric  current  flows  into  the  boundary  layer  at 
>  =  0.  When  jt  =  £,  =0.  (31)  implies  that  the  net  current 
flowing  into  the  ionospheric  boundary  (at  >■  =  0)  leaves  the 
system  at  the  magnetosphenc  boundary  Consequently,  there 
must  be  a  net  field-aligned  current  out  of  the  ionosphere  as 
shown  in  Figure  2c  Since  there  is  essentially  no  return  current 
(that  is.  into  the  ionosphere)  in  Figure  2c.  this  example  applies 
to  the  higher-latitude,  region  I  current  system  versus  ihc 
lower-latitude,  region  2  current  system  When  £„  0  id  -wn- 

side),  the  sense  of  the  boundary  currents  and  net  field-aligned 
current  is  reversed.  Finite  values  of  jz  and  Er  change  the 
partition  of  incoming  and  outgoing  perpendicular  currents  at 
y  =  0  and  y  =  x  but  do  not  alter  the  current  continuity  of  the 
system  or  the  inferred  direction  of  the  field-aligned  current. 

Given  that  the  equatorial  perpendicular  current  is  pro¬ 
portional  to  the  ionospheric  electric  field  including  a  sign  re¬ 
versal.  a  comparison  of  Figures  2 a  and  2b  shows  that  this 
current  acts,  through  a  j  x  B  force,  to  brake  the  tailward  flow 
As  discussed  by  Vasyhuna^  [1979],  this  force  is  a  consequence 
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of  (he  finite  ionospheric  Pedersen  conductivity.  The  impressed 
ionospheric  electric  field  induces  a  perpendicular  ionospheric 
current.  As  is  the  case  for  a  duskside  boundary  layer,  field- 
aligned  currents  flow  out  of  the  ionosphere  where  gradients 
exist  in  the  ionospheric  perpendicular  current.  Perpendicular 
boundary  layer  currents  are  then  generated  at  the  associated 
gradients  in  the  field-aligned  current.  It  is  emphasized  that  the 
perpendicular  boundary  currents  discussed  above  do  not  drive 
the  boundary  layer  flow;  when  \<t> ,  =  0  at  y  =  0  as  in  Figure 
2,  the  energy  dissipated  by  Ohmic  and  viscous  processes  is 
supplied  entirely  by  a  mechanical  shear  stress  at  the  boundary. 

The  average  transport  of  magnetic  flux  in  the  boundary 
layer  is  proportional  to  the  integral  of  £,  over  the  interval 
0  <  v  <  x.  Figure  2 a  exhibits  a  net  transport  in  the  anti- 
sunward  direction,  although  the  average  value  and  direction 
will  vary  with  the  offset  electric  field  Ex.  For  large  M  the 
average  flow  relative  to  the  offset  value  is  proportional  to 
,Vf'32  and  therefore  negligible  in  large  Hartmann  number 
boundary  layers,  fn  such  cases,  the  average  convection  is  de¬ 
termined  almost  entirely  by  the  offset  electric  field.  The  oc¬ 
currence  of  the  sunward  convecting  "overshoot”  region  in 
Figure  la  suggests  that  in  addition  to  the  general  sunward 
flow  in  the  interior  of  the  magnetosphere  there  should  be  a 
stronger  sunward  flow  just  earthward  of  the  tailward  flow 
region.  Eastman  et  al.  [1985]  have,  in  fact,  shown  two  exam¬ 
ples  from  ISEt  1  data  of  dusk  side  boundary  layer  regions 
exhibiting  such  overshoots.  (It  is  noted,  however,  that  the 
more  or  less  uniform  flow  located  earthward  of  the  observed 
overshoots  is  in  the  tailward  rather  than  sunward  direction  in 
these  data;  this  may  be  due  to  a  (physical)  offset  electric  field 
as  discussed  above. |  In  the  context  of  the  present  model  the 
observed  overshoots  are  interpreted  as  evidence  for  field- 
aligned  potential  drops  As  pointed  out  by  Sonnerup  [1980], 
there  is  no  overshoot  region  for  a  viscous-dominated  bound¬ 
ary  layer,  corresponding  to  W  <  4  in  the  present  model.  It  is 
clear  in  Figure  2a  that  the  effect  of  the  field-aligned  potential 
drop,  that  is,  the  overshoot  region,  becomes  more  prominent 
at  large  Hartmann  numbers. 

4  2.  Comparison  With  Data 

Wc  have  attempted  to  fit  a  particular  equilibrium  solution 
to  observations  of  the  ionospheric  boundary  layer  region  ex¬ 
tending  between  the  poleward  and  equatorward  edges  of  the 
region  1  current  system  (current  away  from  the  earth  on  the 
duskside).  The  polar  cap  boundary  (or  magnetopause  projec¬ 
tion)  may  be  regarded  as  the  poleward  edge  of  the  region  1 
current  system.  To  put  the  model  in  the  context  of  other  work, 
the  equatorward  edge  of  the  region  1  current  system  is  usually 
taken  to  be  a  given  boundary  condition  in  the  Rice  convection 
model  [Hare/  et  al.,  1981]  which  applies  at  latitudes  below 
this  boundary. 

Figure  3  shows  a  comparison  between  the  model  and  obser¬ 
vations  reported  by  Smiday  et  al.  [1980]  for  the  summer  hemi¬ 
sphere  near  1700  MLT  at  an  altitude  of  a  few  hundred  kilom¬ 
eters  between  about  73  and  71  ’  invariant  latitude  (S3-2  data). 
The  asterisks  and  plus  signs  in  the  top  panel  of  the  figure  are 
data  points  inferred  from  Smtddy  et  al  [1980,  Figure  4]  for  the 
observed  magnetic  deflection  and  ionospheric  electric  field,  re¬ 
spectively.  The  dotted  line  is  the  reference  geomagnetic  field 
given  by  Smtddy  et  al  [1980,  Figure  4],  The  upper  and  lower 
solid  curves  in  the  top  panel  are  the  magnetic  deflection  SB, 
and  the  ionospheric  electric  field  Ey,  predicted  by  the  one- 


Y,  (Km) 


o.  :oo.  roc  loc 


’OCC.  ■  AOCC.  <:0C0 


Yg  (Km: 

Fig  3  Comparison  between  a  boundary  layer  equilibrium  stale 
and  tonosphenc  electnc  field  i plus  sign!  and  magnetic  deflection 
(asterisk)  data  inferred  from  SmidJv  et  al.  [1980.  Figure  4]  The  doited 
line  is  ihe  reference  geomagnetic  field  from  Smiddy  et  al  The  solid 
curves  in  (he  top  panel  are  an  approximate  fit  to  the  data  The  predic¬ 
ted  field-aligned  potential  drop  and  equatorial  electric  field  are  shown 
in  the  bottom  panel.  The  horizontal  axis  in  the  top  panel  is  the 
ionospheric  distance  (in  kilometers)  from  the  poleward  edge  of  the 
region  I  current  system,  in  ihe  bottom  panel  it  is  the  equatorial 
distance  (in  kilometersl  from  the  magnetopause  A  one-to-one  corre¬ 
spondence  between  these  distances  is  assumed  so  that  the  mag¬ 
netopause  maps  into  Ihe  poleward  edge  of  the  region  I  current  system 
in  the  ionosphere.  The  equatorward  edge  of  the  region  1  current 
system  is  located  at  ihe  minimum  in  the  observed  magnetic  deflection 


dimensional  boundary  layer  model.  (Smiddy  et  al  used  a  dif¬ 
ferent  coordinate  system  in  which  their  x  and  y  correspond  to 
our  y  and  x,  respectively. 

The  observed  amplitude  of  the  electnc  field  at  the  polar  cap 
boundary  and  its  observed  peak-to-peak  value  from  the  pole- 
ward  to  equatorward  edges  of  the  region  I  current  system  are 
used  to  constrain  two  of  four  model  parameters  required  to 
calculate  £,.,<>■).  These  are  £'0  =  4.6  mV  m  and  £ ,ldyr  d i ,1  - 
—  42m  V  m  The  other  two  parameters  of  the  solution  are  the 
Hartmann  number  and  the  Ohmic  scale  length  In  principle, 
the  Pedersen  conductivity  and  "field-aligned  conductance"  K 
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required  to  calculate  can  be  determined  as  follows.  The 
parameter  K  may  be  estimated  following  the  procedure  de¬ 
scribed  by  Lyons  et  al.  [1979],  wherein  the  field-aligned  poten¬ 
tial  drop  and  current  are  determined  from  the  observed 
characteristics  of  the  electron  precipitation  (This  assumes  that 
most  of  the  field-aligned  current  is  carried  bv  accelerated  elec¬ 
trons,  which  is  usually  a  good  approximation  in  regions  where 
the  potential  drop  exceeds  a  few  kilovolts  !  The  Pedersen  con¬ 
ductivity  (in  mhos)  can  be  estimated  from  the  relation  between 
the  magnetic  deflection  (in  nanoteslasl  and  electric  field  (in 
millivolts  per  meter!  derived  by  Smiddy  et  al..  which  also  fol¬ 
lows  from  our  model: 

A  B'  —  1  =  const 

This  relation  assumes  that  A Bx  may  be  calculated  from  j,  f  in 
the  infinite  current  sheet  approximation.  Two  paired  data 
values  for  A and  Ef,  are  required  to  determine  I,  and  the 
constant.  This  relation  is  also  used  to  calculate  the  predicted 
magnetic  direction  shown  in  Figure  3  from  the  predicted  elec¬ 
tric  field  Unfortunately.  Smiddy  et  al  did  not  provide  enough 
details  of  the  associated  electron  precipitation  to  estimate  the 
parameter  K  as  described  above,  although  they  did  note  that  a 
rather  intense  inverted  V  event  occurred  slightly  to  the  right 
(that  is,  eouatorward)  of  the  ionospheric  convection  reversal. 

A  reasonably  good  fit  to  the  data  was  obtained  by  choosing 
M  =  6.0  and  /.,  =  150  km.  This  value  for  the  Hartmann 
number  is  a  factor  of  6  less  than  the  illustrative  value  given  in 
Table  I.  The  difference  is  probably  due  primarily  to  deviations 
from  dipolar  magnetic  field  mapping  since  M  is  directly  pro¬ 
portional  to  dyr2,dyt2:  a  larger  viscosity  would  also  reduce  the 
Hartmann  number  but  less  so  since  M  -  »•' 1  2.  The  value  of 
the  Ohmic  scale  length  used  in  Figure  3  is  also  larger  by  a 
factor  of  2  than  the  illustrative  value  given  in  Table  1.  Since 
the  Pedersen  conductivity  inferred  from  the  above  relation 
between  A and  Eyl  is  643  and  therefore  not  appreciably 
different  from  the  value  of  6  in  Table  1,  this  difference  is 
attributed  to  a  smaller  value  of  the  field  line  conductance  K. 
Its  inferred  value  is  2.86  x  10"  10  mho  m2.  which  is  in  the 
range  of  values  estimated  by  Fridman  and  Lemaire  [1980]  for 
typical  inverted  V  electron  events. 

The  two  curves  in  the  bottom  panel  of  Figure  3  show  the 
predicted  equatorial  field  and  field-aligned  potential  drop.  In 
order  to  generate  these  curves  it  is  necessary  to  specify  the 
value  of  dy,  dy,.  which  is  taken  here  to  be  the  dipole  magnetic 
field  value  of  70  for  an  invariant  latitude  of  73".  Although 
there  are  no  points  for  comparison  with  the  observations  of 
Smiddy  et  al.  [1980],  both  curves  have  profiles  and  amplitudes 
within  the  range  of  expected  values.  It  is  interesting  that  the  fit 
predicts  a  maximum  field-aligned  potential  drop  of  about  8.5 
kV  It  is  also  worth  noting  that  the  peak  in  the  field-aligned 
potential  drop  and  therefore  in  the  energy  flux  in  the  associ¬ 
ated  inverted  V  precipitation  occurs  equatorward  of  the  iono¬ 
spheric  convection  reversal  as  discussed  by  Smiddy  et  al.  The 
predicted  equatorial  convection  reversal  also  occurs  on  a  mag¬ 
netic  field  line  that  is  equatorward  of  that  on  which  the  iono¬ 
spheric  convection  reversal  occurs.  This  feature  seems  to  be 
consistent  with  the  observation  that  soft  magnetosheathlike 
precipitation  was  found  only  on  the  poleward  side  of  the  iono¬ 
spheric  convection  reversal.  Note  that  tf  the  equatorial  con¬ 
vection  reversal  had  occurred  poleward  of  the  ionospheric 
convection  reversal,  this  would  put  some  of  the  mag¬ 
netosheath  precipitation  on  sunward  convecting  field  lines. 


which  would  be  inconsistent  with  in  situ  particle  observation- 
in  the  equatorial  boundary  layer  region  [Eastman  et  al..  1V85], 

4.3  Flow  Dynamics  in  an  Internal 
Shear  Layer 

As  discussed  earlier,  equilibrium  solutions  other  than  a  uni¬ 
form  flow  do  not  exist  when  the  vorticity  distribution  is  either 
periodic  or  vanishes  at  the  boundaries.  We  now  consider  the 
latter  case  in  an  infinite  domain  with  boundary  conditions 
Ot+x.  r)  =  0.  Since  there  are  no  fixed  boundaries  for  this 
case,  we  do  not  expect  to  find  boundary  layer  phenomena  as 
in  the  previous  section.  Rather,  the  velocity  field  develops  as  a 
free  internal  shear  layer 
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Fig.  4  Dynamics  of  a  small-scale  internal  shear  layer  for  (al  the 
equatorial  electric  field,  (fil  the  ionospheric  electric  field,  and  til  the 
field-aligned  potential  drop  versus  i  =  i,  i,  -  vret.  The  II  curves  for 
each  field  variable  correspond  to  times  ,t  =  0.  J.  ].  1.  2.  5.  10.  20.  30, 
40.  and  x  All  fields  are  zero  at  f  =  x  .  and  E,  is  essentially  zero  al 
t  >  10.  The  initial  condition  is  given  hy  (401  with  L,  =  0  1 
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Equation  (25)  for  the  vorticity  field  is  first  solved  using  ex¬ 
ponential  Fourier  transforms.  The  vorticity  distribution  is 
then  integrated  from  i  =  0  to  >  =  y  to  obtain  the  electric 
field  This  yields 


£,( y.  :l  =  fc,(0.  rl 


By 

17 


ft,(0)t 


dk 


(38) 


where  ft, (0)  is  the  Fourier  transform  of  the  initial  vorticity 
distribution.  f\  is  defined  by  o4i,  and  £,(0.  :)  is  an  integration 
constant  specifying  the  value  of  £,  at  y  =  0  The  particular 
choice  of  £,( 0.  r(  does  not  affect  the  internal  structure  of  the 
shear  layer,  which  is  described  by  the  integral  term  in  (38).  For 
simplicity  it  will  be  set  to  zero 

As  an  example,  we  consider  an  initial  vorticity  distribution 
of  the  form 


ftfv,  0)  =  — ^ —  sech2  —  (39) 

BekfLt  Ls 

The  shear  scale  length  L,  is  normalized  to  The  initial  elec¬ 
tric  field  distribution  is 


£,(y.  01  =  E0  tanh  —  (40) 

Choosing  £,(0,  t)  =  0  allows  the  electric  field  distribution  to 
relax  to  zero  at  both  y  =  ±  x  as  r  -»  x.  If  instead.  £(0,  r)  = 
Ex  (1  —  exp  ( —  r)),  the  electric  field  would  remain  at  £t  at 
y  =  —  x.  As  r— »  x,  it  would  then  become  uniform  and  ap¬ 
proach  the  constant  value  £t. 

The  evolution  of  the  equatorial  and  ionospheric  electric 
fields  (normalized  to  £0)  and  the  parallel  potential  distribution 
(normalized  to  £0a,)  are  shown  in  Figure  4  for  L,  =  0. 1  and 
•Vf  =  35  (the  Hartmann  number  given  in  Table  1).  Eleven 
curves  are  plotted  for  each  field  variable  corresponding  to 
times  y t  =  0.  i,  1.  2,  5  10.  20,  30.  40.  and  x  For  reference 
the  value  of  ■/  1  given  in  Table  1  is  4.4  min. 

The  time  scale  for  evolution  of  the  fields  shown  in  Figure  4 
clearly  depends  on  the  scale  length  of  the  variation.  The  large- 
and  small-scale  length  variations  are  more  rapidly  damped 
than  the  intermediate  scale  variations.  This  is  particularly  ap¬ 
parent  in  Figure  4a  and  is  consistent  with  the  damping 
characteristics  depicted  in  Figure  1.  After  the  large-  and  small- 
scale  variations  have  died  away  a  localized  (intermediate  scale) 
oscillation  remains  on  a  rather  long  time  scale.  This  oscillation 
has  the  characteristic  waveform  of  a  so-called  "V  shock"  and 
is  accompanied  by  the  development  of  small  (downward) 
return  currents  in  Figure  4c.  While  the  overall  structure  of  the 
equatorial  electric  field  changes  dramatically  in  the  course  of 
time,  the  parallel  potential  profile  does  not.  It  resembles  a 
slowly  decaying  “inverted  V"  precipitation  region  that  be¬ 
comes  increasingly  narrow  with  time,  particularly  at  early 
times. 

The  small  and  intermediate  scales  are  mostly  filtered  out  of 
the  ionospheric  electric  field  (Figure  46).  This  is  a  consequence 
of  the  relation  [Weimer  el  al.,  1985] 


£(,(r) 


dy. 

dy,  1  +  k> 


which  shows  that  £,»-*0  as  It  -*  x.  Since  the  Fourier  spec¬ 
trum  of  the  equatorial  field  (compare  (42)  below)  contains 
significant  energy  at  large  scales  (a -»<)),  the  amplitude 
(though  not  the  profile)  of  the  ionospheric  electric  field  at  early 


times  is  very  close  to  its  perfectly  mapped  value  of  i d\,  d\ ,i£  , 
It  decays  at  approximately  an  exponential  rate  given  by  f  ,  = 

Similarly,  (6)  and  (7)  imply 

k: 

*<t>  =  -  yzy-  c’-‘m 

For  k  ^  0  the  field-aligned  potential  drop  is  \o  ,  =  0.  so  this 
relation  also  implies  that  large-scale  variations  m:’p  almost 
perfectly  between  the  ionosphere  and  magnetosphere  fn  addi¬ 
tion.  it  indicates  that  the  scale  length  of  the  largest  field- 
aligned  potential  drops  should  occur  at  the  smallest  scale 
lengths  present  in  the  equatorial  spectrum  The  field-aligned 
potential  in  Figure  4c  exhibits  this  behavior  Finally,  noting 
that  jtr  -  —  a^dy„  dyrlE,.  a  comparison  of  Figures  4a  and  4 h 


Fig  5  Dynamics  of  a  large-scale  internal  shear  layer  Same 
format  as  Figure  4  The  initial  condition  is  given  by  i40i  wuh  L,  =  50 
Ail  fields  are  essentially  zero  at  ,  r  2  5 
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shows  that  the  equatorial  shear  layer  acts  as  a  dynamo 
l]  •  £  c  Oi  except  to  the  left  and  right  of  the  primary  oscil¬ 
lation  in  Figure  4a  Return  flows  and  currents  occur  where 
j  •  E  >  0 

For  comparison  a  solution  with  L(  =  5  is  shown  in  Figure 
5  In  this  case,  the  equatorial  shear  profile  simply  relaxes  at 
approximately  an  exponential  rate  equal  to  Furthermore, 
the  shear  layer  acts  as  a  dynamo  throughout  the  entire  equa¬ 
torial  region.  Since  the  initial  state  now  contains  very  little 
energy  at  small  or  intermediate  scales,  the  oscillatory  and 
nomdcar  behaxic:  attr.butablc  to  parallel  electric  fields  is 
essentially  absent.  These  results  extend  those  obtained  by 
l.ywtk  [1985],  in  which  oscillatory  flow  occurred  for  small- 
scale  but  not  large-scale  imposed  flows  in  a  model  where  the 
equatorial  response  was  described  by  a  simple  lumped  con¬ 
ductance. 

Although  it  has  been  shown  above  that  a  free  internal  shear 
layer  of  the  hyperbolic  tangent  type  can.  under  certain  con¬ 
ditions.  evolve  toward  a  V  shock  structure,  it  is  emphasized 
that  this  behavior  is  not  a  consequence  of  the  initial  hyperbol¬ 
ic  tangent  state  Rather,  one  can  expect  V  shock  signatures  in 
the  evolving  electric  field  distribution  whenever  there  is  signifi¬ 
cant  power  at  the  wavelength  2n  km  of  the  most  weakly 
damped  mode  For  v  <  2r  km  and  \f  »  1.  where  km  ==  M 1  2  is 
the  wave  number  when  is  a  minimum,  one  can  derive  the 
following  expression  for  the  time  asymptotic  electric  field  . 

£i  v.  ri  -  £. .,.(01  “P  (  -  r )  Sln  k.>'  1411 

r  — >  x 


The  initial  electric  field  spectrum  is  defined  as  £,,(0(  = 
24iOi  k.  For  comparison  with  Figures  4  and  5  we  have 
taken  fill.  0)  to  be  symmetric  as  in  (39l.  Relation  (41)  clearly 
shows  that  the  oscillatory  behavior,  present  in  Figure  4u  and 
absent  in  Figure  5u.  is  governed  primarily  by  the  initial  spec¬ 
trum  The  spectrum  associated  with.  1 39l  is 


£J0) 


sinh  [(it  2lk£J 


(42) 


Fvaluating  at  k  -  kt  and  using  \f  =  35.  we  find  £rt<( 0)  = 
l)  I9£„  when  /.,  =  0.1.  while  £,t#(0l  s  IT  x  10_,,£0  when 

/.,  -  s 


5.  bL  MM  ARY 

Although  the  model  and  results  described  in  this  paper 
should  be  viewed  as  illustrative  rather  than  as  applicable  in 
detail  to  the  magnetosphere,  they  do  indicate  a  number  of 
interesting  effects  of  relevance  to  the  low-latitude  boundary 
layer  and  internal  magnetosphenc  shear  layers.  The  spectral 
analysis  described  in  section  3  shows  that  while  mag- 
netospheric  flows  are  nonlocally  dissipated  by  the  ionosphere, 
the  dissipation  becomes  less  effective  at  smaller  scales  in  the 
presence  of  parallel  electric  fields,  leading,  under  certain  con¬ 
ditions.  to  a  minimum  in  the  decay  rate  at  an  ionospheric 
scale  length  of  /,  A/'  2  M  is  an  effective  Hartmann  number 
which  measures  the  ratio  of  lionosphericl  resistive  friction  to 
imagnetosphericl  viscous  friction,  and  a,  is  the  resistive  scale 
length  for  magnetosphere-ionosphere  coupling  defined  by 
/.ions  (19X0]  and  Chiu  and  Cornwall  [1980],  For  large  Hart¬ 
mann  numbers  the  scale  length  at  minimum  damping  is  there- 
lore  less  than  the  inverted  V  scale  (essentially  /.,).  Large  Hart¬ 
mann  number  flows  are  expected  in  low-latitude  regions  of  the 


inner  magnetosphere  where  the  field-aligned  current  is  Ji ... 
ted  out  of  the  ionosphere  and  where  the  magnetic  tic i J  gcoti.v 
try  is  fairly  well  known  In  the  outer  magnetosphere  the  vaaic 
of  the  Hartmann  number  is  somewhat  uncertain  owing  to  the 
uncertainty  in  the  magnetic  held  mapping.  It  may  be  less  than 
1  in  the  immediate  vicinity  of  the  magnetopause  or  in  regions 
where  the  field-aligned  current  is  directed  into  the  ionosphere 
and  consequently  where  the  "field-aligned  conductance"  is 
much  larger  than  what  is  expected  in  regions  of  outward  held 
aligned  current 

For  parameters  illustrative  of  the  low-latitude  boundary 
layer  and  the  high-latitude  ionosphere  the  decay  time  for  fluc¬ 
tuations  at  the  wave  number  k  =  M 1  2  /..  may  be  _ts  large  as  1 
hour.  In  contrast,  the  decay  time  for  large-scale  i k  —0)  fluctu¬ 
ations  may  be  as  small  as  a  few  minutes,  which  is  comparable 
to  the  time  scale  for  the  transverse  Kelvin-Helmholtz  (K-H) 
instability  that  is  thought  to  occur  at  the  magnetopause  [cf. 
Miura,  1984:  Wu,  1986]  One  can  therefore  expect  nonlocal 
ionospheric  dissipation  to  be  an  important  factor  in  anoma¬ 
lous  transport  processes  occurring  near  the  low-latitude  mag¬ 
netopause.  especially  those  involving  large-scale  eddy  motion 
The  modal  decay  rate  can  also  be  anisotropic  in  It  owing  to 
the  anisotropic  mapping  of  flux  tube  elements  between  the 
ionosphere  and  equatorial  magnetosphere.  For  dipolar  mag¬ 
netic  held  mapping  at  auroral  latitudes  the  deray  time  for 
north-south  variations  (It  directed  along  ionospheric  meridians 
of  magnetic  LT  or  longitude)  is  smaller  by  a  factor  of  <5  ~  0.35 
than  the  decay  time  for  east-west  variations  (k  directed  along 
ionospheric  meridians  of  magnetic  latitude).  For  more  accu¬ 
rate  magnetic  held  models,  if  is  likely  to  be  larger  than  this 
value  on  held  lines  near  the  low-latitude  magnetopause  but 
smaller  on  held  lines  threading  the  nightside  plasma  sheet.  The 
modal  decay  times,  which  depend  on  both  6  and  ,Vf,  may 
therefore  vary  significantly  in  different  regions  of  the  mag¬ 
netosphere.  It  is  suggested  that  these  differences  will  lead  in 
some  cases  to  the  formation  of  more  or  less  isotropic  eddies 
and  in  otners  to  striated  or  filamentary  flows. 

As  a  preliminary  step  toward  a  fully  nonlinear.  tw>, 
dimensional  analysis,  the  limiting  case  of  a  one-dimensional 
flow,  mapping  onto  lines  of  constant  latitude  in  the  iono¬ 
sphere.  was  considered.  This  special  case  extends  the  one- 
dimcnsional  steady  state  model  described  by  Sonnerup  [1980] 
and  includes  time-dependent  effects  and  a  more  realistic 
current-voltage  relation  for  the  field-aligned  current.  The  evo¬ 
lution  of  all  one-dimensional  states  involves  relaxation  either 
to  a  uniform  stale  (effectively  unbounded  systems)  or  to  a 
particular  equilibrium  state  (bounded  systems)  that  depends 
on  the  boundary  conditions.  It  is  not  yet  known  whether  these 
equilibrium  states  are  stable  in  two  dimensions.  The  large 
velocity  shear  in  the  equilibrium  flow  profile  suggests  a  K-H 
instability,  although  nonlocal  dissipation  at  large  scales  re¬ 
sulting  from  ionospheric  drag  and  field-aligned  potential 
drops  can  be  expected  modify  the  K-H  instability  threshold 
inferred  from  numerical  studies  of  bonospherically)  decoupled 
magnetosphenc  shear  flows  [Miura  and  Pritchett,  1982]. 

In  the  case  of  one -dimensional,  semibounded  flows,  as  occur 
in  the  low-latitude  boundary  layer  region,  the  flow  eventually 
forms  a  narrow  boundary  layer  The  boundary  layer  flow  is 
"viscous  dominated"  when  M  <  f  and  "current  limited”  [i'orc- 
nerup.  1980]  when  \f  ■»  (  The  distinction  is  in  the  flow  pro- 
tile  In  Ihe  viscous-dominaled  boundary  layer  ihe  flow  profile 
vanes  monoiomcally  lovcrdampcdl.  whereas  it  has  an  over¬ 
shoot  region  lunderdampcd)  in  the  current-limited  boundary 
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layer.  The  convection  overshoot  is  a  direct  consequence  of  the 
lield-aligned  potential  drop  Evidence  for  such  overshoots  in 
the  low-latitude,  duskside  boundary  layer  can  be  found  in  the 
data  reported  by  Eastman  et  al.  [1985,  Figures  2  and  3],  When 
M  »  I.  the  thickness  of  the  current-limited  boundary  layer 
independent  of  the  ionospheric  Pedersen  conductivity  and 
varies  as  |v  Kl'  4  It  is  therefore  relatively  narrow  if  the  vis¬ 
cosity  v  is  small  or  the  field-aligned  "conductance"  K  is  large. 
When  M  «  1.  the  thickness  of  the  viscous-dommated  bound¬ 
ary  layer  is  independent  of  the  field-aligned  conductance  and 
varies  as  (v  £,,)'  2.  as  discussed  previously  by  Sonnerup  [1980], 

The  current-limited  boundary  layer  model  appears  to  be 
consistent  with  convection  profiles  observed  in  the  ionosphere 
within  the  duskside  region  1  current  system.  (Detailed  proper¬ 
ties  of  the  dawnside  boundary  layer  and  region  1  current 
system  have  not  yet  been  examined.)  For  example,  the  main 
features  in  Figure  4  of  the  low-altitude  data  reported  Smiddy 
ft  al.  [1980]  are  reproduced  by  a  boundary  layer  equilibrium 
state  characterized  by  a  Hartmann  number  of  6.  In  one  sense, 
such  comparisons  provide  an  independent  method  of  deter¬ 
mining  the  Hartmann  number.  The  model,  as  presently  config¬ 
ured.  does  not  give  a  good  fit  to  the  data  of  Smiddy  et  al.  at 
latitudes  below  the  equatorward  edge  of  the  region  1  current 
system.  This  region  is  probably  strongly  influenced  by  field- 
aligned  currents  associated  with  the  diversion  of  the  ring  cur¬ 
rent  and  other  sources  of  perpendicular  magnetospheric  cur¬ 
rents.  There  are  also  likely  to  be  large  gradients  in  the  iono¬ 
spheric  conductivity  near  the  duskside  boundary  between  the 
region  1  and  2  current  systems  as  discussed  by  Smiddy  et  al. 
These  effects  are  not  included  in  the  present  model.  One  can 
view  the  boundary  layer  model,  as  applied  to  the  region  1 
current  system,  as  providing  a  boundary  condition  for  global 
convection  models  of  the  inner  magnetosphere,  which  apply  at 
latitudes  within  and  below  the  region  2  current  system  [cf. 
Huret  et  al.,  1981]. 

A  free  internal  shear  layer  that  is  separated  from  the  bound¬ 
ary  and  therefore  that  is  not  constrained  by  fixed  boundary 
conditions  decays  on  a  time  scale  that  depends  on  the  Hart¬ 
man  number  as  well  as  the  initial  state.  If  the  wave  number 
spectrum  of  the  initial  state  rolls  off  at  a  wave  number  less 
than  kt  i  M 1  2  the  entire  flow  pattern,  at  least  for  large 
Hartmann  number  flows,  decays  more  or  less  uniformly  at  an 
approximately  exponential  rate  determined  by  the  ionospheric 
resistive  decay  time  y  '.  For  parameters  characteristic  of  the 
low-latitude  boundary  layer  region,  y“‘  is  estimated  to  be 
roughly  several  minutes.  If  the  initial  spectrum  extends 
beyond  k,  or  contains  significant  energy  at  fc,,  then  the  dis¬ 
turbed  flow  decays  at  a  much  slower  rate  and  develops  local¬ 
ized  oscillations  at  a  wavelength  2 n/fc..  In  the  example  depict¬ 
ed  in  Figure  4  these  oscillations  persist  for  about  1  hour.  They 
resemble  the  so-called  “V  shocks”  that  have  been  identified  on 
the  S3-3  satellite  at  altitudes  of  about  I  Rc  [Morer  et  al., 
1977;  Temenn  el  al..  1981]  and  on  the  ISEE  I  satellite  at 
altitudes  between  2.5  and  7  R£  [Moier,  1981]  This  suggests 
that  the  observed  V  shocks  are  a  natural  progesssion  in  the 
evolution  of  free  magnetospheric  shear  flows  containing 
energy  at  scales  of  order  2rr/fc>.  It  is  worth  emphasizing  that 
even  though  the  electric  field  (or  flow)  profile  undergoes  sub¬ 
stantial  redistribution  during  its  evolution,  the  field-aligned 
current  profile  does  not  (although  it  decays  similarly)  This 
suggests,  for  example,  that  a  V  shock  may  or  may  not  be 
associated  with  an  inverted  V  precipitation  region  depending 
on  the  time  of  observation. 


The  two-dimensional  nature  of  the  flow  dynamics  has  re¬ 
ceived  very  little  attention  in  this  paper  and  is  left  for  future 
study.  As  in  Navier-Stokes  flow,  turbulent  behavior  can  be 
expected  at  sufficiently  large  Reynolds  numbers  However 
since  ordinary  viscous  damping  must  be  augmented  by  nonlo¬ 
cal  damping,  which  produces  dissipation  at  both  small  and 
large  scales,  a  new  class  of  phenomena  can  also  be  expected  A 
study  of  two-dimensional  turbulence  including  these  etTects  is 
currently  underway. 
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of  Auroral  Shear  Layers 
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ABSTRACT 

The  stability,  dynamics  and  energetics  of  an  auroral  shear  layer  are  considered 
in  the  framework  of  incompressible,  one-fluid  magnetohydrodynamics,  under  condi¬ 
tions  where  current  flow  through  the  system  is  limited  by  a  resistive  boundary  condi¬ 
tion.  The  model  includes  a  magnetospheric  region  where  currents  resulting  from  polar¬ 
ization  electric  fields  and  viscous  forces  arc  important,  an  ionospheric  substrate  of  uni¬ 
form  conductivity,  and  a  force-free  acceleration  region,  characterized  by  a  linear 
current-voltage  relation  and  located  at  an  intermediate  altitude  between  the  magnetos¬ 
pheric  viscous/polarization  layer  and  the  ionosphere.  It  is  assumed  that  the  Alfven 
wave  transit  time  across  the  viscous/polarization  layer  is  small  compared  with  the 
eddy  time.  Neutral  stability  of  the  model  system  is  determined  for  a  class  of  one¬ 
dimensional  equilibria  in  which  a  specified  current  distribution  at  the  upper  boundary 
of  the  viscous/polarization  layer  produces  a  potential  structure  with  convergent,  local¬ 
ized  reversals  in  the  transverse  (E  x  B)  electric  field.  The  calculated  neutral  curves 
depend  on  three  nondimensiona!  parameters  related  to  the  intensity  of  the  imposed 
field-aligned  current,  the  shear  layer  scale  size,  and  the  ratio  of  resistive  to  viscous 
drag  at  equilibrium.  Numerical  simulations  of  unstable  configurations  shows  that  (1) 
2D  quasi-steady  rotational  states  arise  when  the  equilibrium  is  weakly  unstable;  (2) 
eddy  shedding  turbulent  states  can  arise  when  the  equilibrium  is  strongly  unstable;  and 
(3)  the  flow  kinetic  energy  and  energy  input/dissipation  rates  in  the  model  system  arc 
reduced  as  a  consequence  of  the  instability.  Power  spectral  densities  for  the  electric 
and  magnetic  fields  arc  also  evaluated  along  sample  ‘satellite’  cuts  through  the  shear 
layer.  An  application  to  post-noon  auroral  forms  confirms  the  tendency  for  2D  rota¬ 
tional  motion  and  periodic  bright  spots,  although  the  observed  intensity  of  the  upward 
field-aligned  current  suggests  that  magnetoinductive  effects  such  as  Alfven  waves  may 
be  more  important  than  is  impl:'’d  by  the  assumed  condition  for  resistive  current  limi¬ 
tation. 
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1.  Introduction 


The  term  auroral  shear  layer,  as  used  in  this  paper,  refers  to  an  extended  region  of  horizontal 
E  x  B  shear,  typically  observed  in  the  topside  polar  and  auroral  ionosphere  and  lower  magnetosphere. 
An  auroral  shear  layer  entails  both  velocity  and  magnetic  shear  because  current  conservation  at  the 
ionosphere  requires  field-aligned  current  at  locations  of  electric  field  divergence  or  convergence;  the 
average  current  in  the  layer  is  directed  out  of  or  into  the  ionosphere  when  the  transverse  (E  x  B)  elec¬ 
tric  field  has  a  local  convergence  or  divergence,  respectively  [cf.  Burke  et  al.,  1984].  Satellite  observa¬ 
tions  show  that  strongly  convergent  electric  fields  are  associated  with  the  precipitation  of  kilovolt  elec¬ 
trons  [Gumett  and  Frank,  1973;  Burch  et  al.,  1976],  and  it  is  now  evident  that  the  energetic  electrons  in 
such  precipitation  regions  are  produced  by  a  field-aligned  potential  drop,  located  at  a  nominal  altitude 
of  1  Re  [e.g.,  Mozer  et  al.,  1980;  Weimer  et  al.,  1985],  It  is  also  evident  from  ground-based  and  satel¬ 
lite  images  of  auroral  luminosity  [Davis,  1978;  Oguti,  1981;  Lui  et  al.,  1989]  that  auroral  shear  layers 
frequently  exhibit  some  form  of  two-dimensional  rotational  motion.  In  addition,  in  situ  measurements  of 
small-scale  vortices  [Burke  et  al.,  1983]  and  broadband,  low  frequency  turbulence  [Kintner,  1976;  Kel¬ 
ley  and  Carlson,  1977;  Gumett  et  al.,  1984;  Basu  et  al.,  1988]  in  and  near  auroral  shear  layers  indicate 
that  they  are  sites  of  considerable  energy  dissipation  and  variability  in  the  lower  magnetosphere  and 
ionosphere. 

The  observed  rotational  motions  are  apparently  a  consequence  of  two  different  types  of  macros¬ 
copic  instabilities,  originally  identified  [Webster  and  Hallinan,  1973]  as  the  charge  sheet  instability  and 
the  current  sheet  instability.  The  charge  sheet  instability  discussed  is  a  prototype  of  the  electrostatic 
Kelvin-Helmholtz  or  shear  flow  instability:  the  current  sheet  instability  [Murty,  1961]  is  a  type  of  elec¬ 
tromagnetic  tearing  instability  [Furth  et  al.,  1963;  White,  1986]  of  a  strongly  magnetized  sheet  current 
with  zero  flow  in  the  unperturbed  slate.  Webster  and  Hallinan  [1973]  suggested  that  the  large  scale 
motions  identified  by  them  as  auroral  spirals  [sec  also  Oguti,  1974;  Davis  and  Hallinan,  1976;  Hallinan, 
1976]  evolve  from  the  current  sheet  instability.  They  also  suggested,  and  numerical  simulations  [Miura 
and  Sato,  1978;  Wagner  et  al.,  1981;  1983]  of  various  2D  charge  sheet  configurations  seem  to  confirm, 
that  the  small  scale  rotational  motions  called  curls  and  folds  [Hallinan  and  Davis,  1970]  evolve  from  a 
charge  sheet  instability. 

The  simulations  are  noteworthy,  not  only  for  their  successes  in  reproducing  many  features  of 
observed  rotational  motions,  but  also  because  they  do  so  in  the  framework  of  a  local  model,  i.c„  effects 
resulting  from  the  closure  of  field-aligned  currents  in  the  ionosphere  arc  not  included.  The  implication 
is  that  finite  transit-time  effects,  associated  with  the  propagation  of  shear  Aflv6n  waves  between  the 
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magnetospheric  location  of  the  instability  and  the  ionosphere,  are  negligible.  A  local  approximation  is 
reasonable  if,  for  example,  the  instability  is  initiated  in  a  strong  shear  layer  located  far  from  the  iono¬ 
sphere.  If  the  linear  growth  time  (proportional  to  the  eddy  time  =  shear  scale  length/velocity  jump)  is 
small  compared  to  the  Alfv6n  transit  time,  then  the  linear  phase  of  the  instability  should  proceed 
locally,  uninhibited  by  any  knowledge  of  the  ionosphere.  The  eventual  fate  of  the  instability  cannot  be 
discerned  from  a  local  model,  however,  because  information  about  the  ionosphere  is  eventually  com¬ 
municated  to  the  distant  plasma  by  returning  Alfven  waves.  In  addition,  a  local  model  gives  no  infor¬ 
mation  on  the  stability  of  configurations  for  which  the  eddy/linear  growth  time  is  on  the  order  of  or 
larger  than  the  Alfven  transit  time;  nor  can  it  be  used  to  address  the  issue  of  whether,  or  under  what 
conditions,  a  mixed  magnetic/velocity  shear  layer  can  be  regarded  primarily  as  a  charge  sheet 
configuration  or  primarily  as  a  current  sheet  configuration,  if  such  distinctions  are  even  meaningful  in 
the  time-asymptotic  limit. 

Some  recent  3D  numerical  studies  by  Seylcr  [1988],  based  on  reduced  equations  of  two-fluid 
magnetohydrodynamics,  provide  some  insights  into  these  questions.  In  a  simple  model,  the  ionosphere 
may  be  represented  either  as  an  infinitely  conducting  boundary  or  a  nonconducting  boundary.  Not 
surprisingly,  the  electrical  current  and  potential  within  the  shear  layer  are  regulated  very  differently  in 
the  two  cases.  When  the  ionosphere  is  represented  as  a  short  circuit  boundary  (infinite  conductivity), 
Seyler  reports  that  a  type  of  collisionless  tearing  instability  dominates  the  shear  layer  dynamics  because 
large  field-aligned  currents  and  magnetic  shear  exist  with  minimal  cross-field  potential  drops.  The  shear 
layer  in  this  configuration  resembles  an  electromagnetic  current  sheet.  Alternatively,  when  the  iono¬ 
sphere  is  represented  as  an  open  circuit  boundary  (zero  conductivity),  the  shear  flow  instability  dom¬ 
inates  because  a  large  electric  potential  and  velocity  shear  can  be  maintained  across  magnetic  field  lines 
with  minimal  current  flow  through  the  system.  In  this  configuration,  the  current  density  and,  therefore, 
the  induced  magnetic  field  are  limited,  so  the  shear  layer  more  closely  resembles  an  electrostatic  charge 
sheet.  Neither  of  these  two  rather  extreme  boundary  conditions  is  realized  exactly  in  the  ionosphere, 
however,  and  to  improve  upon  Scylcr’s  model,  it  is  necessary  to  model  the  ionospheric  plasma  as  a  dis¬ 
tributed  medium  with  finite  conductivity. 

Open  and  short  circuit  boundary  conditions  correspond  to  the  respective  limits,  pIpvA  <  1  and 
pIPvA  1,  where  p  is  the  permeability  of  free  space.  Ip  is  the  height-integrated  ionospheric  Pedersen 
conductivity  and  vA  is  the  characteristic  Alfvdn  speed  at  the  magnetospheric  end  of  the  flux  tube 
[Lysak,  1990],  Both  limits,  as  well  as  the  intermediate  regime,  are  of  interest  because  Ip  can  be  very 
low  in  the  nightside  winter  ionosphere,  very  high  in  the  daysidc  summer  ionosphere,  and  anywhere  in 
between  depending  on  season  and  diurnal  location  (Vickrey  et  al„  1981].  A  hydromagnctic  modet. 


33 


-  3  - 

including  magnetoinductive  feedback,  in  the  flow  dynamics,  as  well  as  the  finite  ionospheric  conduc¬ 
tivity,  is  required  to  treat  the  full  range  of  values.  Some  progress  has  been  made  in  developing  such  a 
model  [Seyler,  private  communication].  Results  from  a  more  restrictive  electrostatic  model  [Keskinen  et 
al.,  1988],  appropriate  to  the  low  conductivity  limit,  show  that  the  finite  Pedersen  conductivity,  in  con¬ 
junction  with  a  neutral  wind  and  plasma  density  dynamics,  reduces  the  growth  rate  of  the  shear  flow 
instability  in  the  linear  phase  and  inhibits  the  formation  of  eddies,  which  are  supplanted  by  nonlinear 
structures  resembling  breaking  waves.  The  calculated  power  spectral  densities  of  the  electric  field  and 
plasma  density  fluctuations  in  the  model  shear  layer  appear  to  be  consistent  with  spectral  densities 
measured  in  the  vicinity  of  relatively  small  scale  shear  layers  [Basu  et  al.,  1988], 

The  study  reported  in  this  paper  is  also  concerned  with  the  dynamics  of  an  auroral  shear  layer  in 
the  electrostatic  approximation,  but  under  somewhat  less  severe  conditions  than  arc  implied  by  the  ine¬ 
quality  pvAZp  cl.  In  particular,  it  is  shown  that  when  a  field-aligned  potential  drop  exists  above  the 
ionosphere,  this  inequality  should  be  replaced  by  the  less  restrictive  condition  |ivAZP  c  l+^2/L2. 
Here,  Ls  is  the  horizontal  scale  size  of  the  shear  layer,  and  X,  =  (Ep/K)'*  is  a  resistive  scale  length 
[Lyons,  1980;  Chiu  and  Cornwall,  1980]  based  on  EP  and  a  field-aligned  conductance  density  K  that 
characterizes  the  effects  of  the  field-aligned  potential  drop.  An  expression  for  the  parameter  K  can  be 
derived,  under  certain  restrictions,  from  an  adiabatic  particle  model  [Knight,  1973;  Lyons  et  al.,  1979; 
Fridman  and  Lemaire,  1980];  an  alternative  expression  can  also  be  derived  from  a  local  Ohm’s  law 
involving  an  enhanced  resistivity  (cf.  the  Appendix;  Lysak  and  Hudson,  1987).  When  Ls  >  X,,  the  more 
general  condition  given  above  is  approximately  equivalent  to  pvAEP  c  1.  However,  if  L,  <  X,,  current 
limitation  and  an  electrostatic  response  is  expected  when  |ivA(KL2)  <*:  1,  which  is  independent  of  the 
Pedersen  conductivity.  In  this  case,  the  low  effective  conductance  KL,2  of  an  enhanced  resistive  layer  in 
the  lower  magnetosphere  promotes  the  shear  flow  instability. 

The  model  to  be  analyzed  here  is  similar  in  some  respects  with  the  one  proposed  by  Keskinen  et 
al.  [1988].  In  both  models,  the  field-aligned  current  closes  via  Pedersen  currents  in  the  ionosphere  and 
via  electric  polarization  currents  in  the  magnetosphere.  Keskinen  et  al.  also  include  the  effects  of  a 
constant  inhomogeneous  neutral  wind  and  incompressible  density  dynamics  (which  arc  neglected  here), 
but  do  not  include  the  effects  of  cither  a  field-aligned  potential  drop  or  microscopically  enhanced 
viscosity  (which  arc  included  here).  In  addition,  the  boundary  conditions  implemented  by  Keskinen  et 
al.  correspond  to  a  boundary  shear  layer,  i.c.,  a  transition  from  one  flow  state  to  another  at  large  hor¬ 
izontal  distances  from  the  shear  layer.  In  the  present  study,  as  well  as  in  the  one  reported  by  Seyler 
(I988|,  a  spatially  localized,  ExB  flow  reversal  is  maintained  by  fixing  the  field-aligned  current  distri¬ 
bution  on  the  upper  boundary  plane  of  the  magneiosphcric  region.  (Two  examples  of  observed  shear 
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layers  of  this  type  are  shown  in  Fig.  1.)  While  this  type  of  boundary  condition  is  not  entirely  satisfac¬ 
tory  because,  in  reality,  one  would  expect  the  current  distribution  to  evolve  sclf-consistently  at  distances 
beyond  this  somewhat  artificial  upper  boundary,  we  have  found  it  difficult  to  understand  how  an  inter¬ 
nal  layer,  containing  spike-like  flow  reversals,  can  be  maintained  without  some  type  of  forcing  at  the 
upper  boundary.  In  cases  where  the  shear  layer  is  not  maintained  by  boundary  conditions,  Lotko  et  al. 
[1987]  show  that  an  initial  ID  boundary  shear  layer  can  decay  into  an  internal  shear  layer,  while  Lotko 
and  Schultz  [1988]  show  that  anisotropic  magnetic  field  mapping  can  cause  decaying  E  x  B  turbulence 
to  organize  into  turbulent  internal  shear  layers.  We  comment  briefly  in  the  concluding  remarks  on  simi¬ 
larities  and  differences  in  the  two-dimensional  dynamics  of  decaying  and  forced  auroral  shear  layers. 

The  basic  equations  of  the  model  are  discussed  in  the  following  Section  2,  and  its  linear  stability 
properties  are  analyzed  in  the  subsequent  Section  3.  The  effect  of  the  field-aligned  potential  drop  is 
demonstrated  in  Fig.  2,  which  shows  that  an  auroral  shear  layer  is,  in  fact,  more  unstable  than  one 
would  otherwise  conclude  from  the  numerical  results  reported  by  Keskinen  ct  al.  [1988]  or  from  the 
scaling  argument  given  by  Cornwall  [1988].  Numerical  solutions  of  the  fully  nonlinear,  time-dependent 
equations  arc  discussed  in  Section  4,  which  also  includes  an  analysis  of  the  energetics  of  the  model  sys¬ 
tem  and  the  power  spectra  that  would  be  observed  by  a  satellite  traversing  the  shear  layer  at  different 
locations.  Owing  to  the  one-fluid  approximation  employed  here,  the  results  of  the  study  apply  primarily 
to  relatively  ‘large  scale’  auroral  shear  layers  with  characteristic  transverse  scale  sizes  exceeding  the  ion 
gyroradius  and  the  electron  inertial  length.  While  this  includes  certain  classes  of  fields  associated  with 
‘inverted  V’  precipitation  regions  [Gumctt  and  Frank,  1973;  Burch  et  al.,  1976],  the  approximation  is 
perhaps  marginal  for  applications  to  ‘paired  electrostatic  shocks’  [Temerin  ct  al.,  1981]  which  are  often 
observed  with  scale  sizes  comparable  to  the  ion  gyroradius  or  electron  inertial  length.  It  is  worth 
emphasizing,  however,  that  paired  electrostatic  shocks  and  'inverted  V’  precipitation  regions  are  rather 
extreme  examples  of  an  auroral  shear  layer.  Many  other  observed  auroral  shear  layers,  to  which  our 
results  may  also  apply,  arc  not  particularly  striking  in  terms  of  the  associated  electron  energization.  For 
example,  the  electron  precitation  may  be  either  sub-luminous  or  at  background  levels,  especially  when 
the  field-aligned  current  in  the  layer  is  directed  into  the  ionosphere.  In  the  final  Section  5,  we  illustrate 
how  the  model  may  be  applied  to  observed  shear  layers  by  comparing  the  results  to  observed  properties 
of  post-noon  auroral  forms  exhibiting  periodic  bright  spots  [c.g.,  Robinson  ct  al.,  1984;  Lui  ct  al.,  1989; 
Potemra  ct  al.,  1990;  Bruning  ct  al.,  1990]. 
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2.  Model  Formulation 


Physical  description 

The  main  elements  of  the  model  have  been  described  previously  by  Lotko  et  al.  [1987]  and  Lotko 
and  Schultz  [19881.  Briefly,  three  distinct  regions  along  a  magnetic  flux  tube  are  modeled:  (1)  a  low  P 
magnetospheric  region  where  viscosity  and  the  divergence  of  magnetic  field-aligned  currents  into  polari¬ 
zation  currents  are  important.  We  refer  to  this  region  as  the  viscous/polarization  layer;  (2)  an  ionos¬ 
pheric  substrate  characterized  by  a  height-integrated  Pedersen  conductivity  Zp,  assumed  to  be  uniform 
and  constant  (the  Hall  conductivity  and  neutral  wind  velocity  are  also  assumed  to  be  uniform  and  con¬ 
stant  and  therefore  do  not  explicitly  enter  the  formulation),  and  (3)  a  force-free  region,  intermediate  in 
altitude  between  the  ionosphere  and  the  viscous/polarization  layer,  where  a  field-aligned  potential  drop 
may  exist.  This  region  is  refered  to  as  the  acceleration  region.  The  field-aligned  potential  drop  is 
assumed  to  be  linearly  proportional  to  the  field-aligned  current  evaluated  at  the  ionospheric  substrate 
tef.  the  Appendix);  the  proportionality  constant  K  has  the  units  of  mho/m2.  The  field-aligned  current  at 
the  ionospheric  substrate  is  diverted  entirely  into  a  Pedersen  current  when  the  neutral  wind  velocity  and 
ionospheric  conductivities  are  uniform. 

The  ionospheric  substrate  together  with  the  intermediate  region  provide  a  lower  boundary  condi¬ 
tion  on  the  magnetospheric  flow.  This  boundary  condition  relates  the  field-aligned  current  at  the  boun¬ 
dary  to  the  electric  potential  there.  Above  this  boundary,  the  electric  potential  does  not  vary'  with  z,  the 
coordinate  along  the  magnetic  field;  however,  the  field-aligned  current  density  varies  linearly  with  z  in 
this  region.  This  type  of  variation  (or  lack  of  variation  with  z)  may  be  formally  demonstrate  1  from  the 
MHD  equations  under  conditions  where  the  field-aligned  current  in  the  system  is  limited  by  the  boun¬ 
dary  conditions  and  when  the  Alfven  Mach  number  MA  =  vo.vA  for  the  flow  is  small  and  of  the  same 
order  as  (L^/La)2.  L  and  LH  are  characteristic  scale  lengths  for  variation  perpendicular  and  parallel  to 
the  d.  c.  magnetic  field  B0  =  Bz  assumed  to  be  uniform  in  the  magnetospheric  region;  vn  is  a  charac¬ 
teristic  velocity  for  the  flow;  vA  =  B/\pp0  is  the  Alfven  speed,  and  p0  is  the  characteristic  mass  density 
of  the  magnetospheric  region.  The  small  Mach  number  limit  and  the  assumed  relation  between  MA  and 
L_  L  imply  that  the  Alfven  wave  transit  time  along  the  magnetic  field  in  the  magnetospheric  region  is 
small  compared  to  the  characteristic  eddy  time  Lj/vq.  Alfven  waves  therefore  do  not  enter  the  formula¬ 
tion  to  lowest  order  in  the  small  parameter  e  -  (Lj,/L(|)2  ~  N.A.  It  can  be  shown,  with  mpropriatc  scal¬ 
ing.  that  current  flow  is  limited  by  the  lower  boundary  condition  when  the  nondimcnsional  parameter 
M-fV,\  based  on  the  Alfven  speed  in  the  viscous/polarizalion  layer  is  much  smaller  than  1  + 
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where  X  =  (BiZ^BK)'^  is  the  resistive  length  scaled  by  the  ratio  (Bj/B)'4  of  the  flux  tube  dimension  in 
the  viscous/polarization  layer  to  that  in  the  ionosphere.  (Throughout  this  paper,  the  subscript  ‘i’  will  be 
used  to  denote  a  value  at  the  ionospheric  substrate;  unsubscripted  variables  denote  values  in  the 
viscous/polarization  layer.)  Current  limitation  implies  that  magnetic  induction  is  weak,  so  the  model  is 
essentially  electrostatic  when  the  MHD  equations  arc  expanded  to  0(1)  in  e. 

Basic  Equations 

The  dynamical  variables  u  cd  to  characterize  the  viscous/polarization  layer  include  the  stream 
function  vy,  mass  density  p,  magnetic  field-aligned  velocity  v(,  and  magnetic  ficld-atigned  current  j„.  The 
stream  function  is  related  to  the  electric  potential  through  the  relation  y  =  -  0/B.  The  perpendicular 
velocity  is  defined  in  terms  of  the  stream  function  as  Vj_  =  x  z.  Subject  to  the  above  restrictions,  the 
reduced  equations  describing  the  magnetospheric  flow  are 


-±p  H  0t  +  Vi  •  Vj)p  =  0 

(1) 

(  m  ”  vVj2  )V"  =  ° 

(2) 

iLvipvi¥  =  -Bajll  +  vvipviviv 

(3) 

dzY  =  5zp  =  0 

(4) 

The  parameter  v  is  an  effective  kinematic  viscosity,  and  =  xd,  +  ydy.  The  effective  viscosity  should 
be  regarded  as  an  enhanced  viscosity  attributed  to  kinetic  or  fluid  processes  occurring  on  time  and  spa¬ 
tial  scales  smaller  than  those  considered  here. 

Relations  (3)  and  (4)  imply  that  jj,  is  at  most  a  linear  function  of  z,  i.c.,  it  is  uniquely  determined 
by  its  values  at  the  z  boundaries  of  the  magnetospheric  region,  which  we  take  to  be  z  =  0  (upper  boun¬ 
dary)  and  z  =  H  (lower  boundary).  The  field-aligned  current  density  is  therefore  given  by 

j||  =  jn-^+jo(l--^)  (5) 

where  j0  (x,  y,  t)  and  j|t  (x,  y,  t)  are  the  values  of  j,,  at  z  =  0  and  z  =  H,  respectively.  At  this  point,  we 
identify  the  length  H  with  the  characteristic  scale  size  L#. 

Current  continuity  at  the  ionospheric  substrate,  the  ionospheric  Ohm’s  law,  and  the  linear 
current-voltage  relation,  j,,,  =  K(<t>,  -  <J>)  where  <t>,  is  the  electric  potential  at  the  ionospheric  substrate, 
imply  the  following  relation  between  jM  and  (Chiu  and  Cornwall,  1980;  Lyons,  1980): 
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(1  -  X2V,2  )j„  =  BIpV.V  (6) 

It  is  noted  that  perpendicular  spatial  derivatives  in  the  ionosphere  generally  do  not  map  into  isotropic 
spatial  derivatives  in  the  magnetospheric  region  owing  to  the  anisotropic  mapping  of  flux  lube  dimen¬ 
sions  [cf.  Lotko  et  al.,  1987;  Lotko  and  Schultz,  1988).  This  anisotropy  would  enter  the  formulation  in 
equation  (6)  but  will  not  be  included  in  the  present  study.  See  Sec.  5  for  additional  comments  on  this 
effect. 

Once  the  field-aligned  current  density  j0  at  z  =  0  is  specified,  and  the  initial  and  x-y  boundary 
conditions  on  p  and  y  are  given,  the  stream  function  \\i  (x,  y,  t)  is  completely  determined  by  equations 
(1)  ana  (3)  -  (6).  Note  that  v(|  is  an  ‘enslaved’  variable  and  can  be  evaluated  directly  from  (2)  once  y, 
and  therefore  v^,  is  known.  If  j0  =  0,  the  system  is  undriven,  and  any  initial  state  will  decay  as  t  — »  °°. 
Numerical  studies  of  undriven  systems  have  been  described  by  Lotko  and  Schultz  [1988].  A  nonzero 
value  of  j0  permits  energy  to  flow  into  the  system  through  the  boundary  at  z  =  0.  Examples  of  driven 
systems  will  be  analyzed  in  detail  below.  Henceforth,  it  is  assumed  that  p  is  constant  initially  and,  as  a 
consequence  of  (1),  p  remains  constant  for  all  time.  Periodic  boundary  conditions  will  be  implemented 
in  the  x-y  plane. 


3.  Equilibrium  and  Stability 


Method 

The  equilibrium  states  considered  here  are  assumed  to  have  a  flow  in  the  y  direction  which  varies 
in  the  x  direction,  t.c,  v  =  (0,  vy(x),  0).  As  a  consequence,  the  divergence  of  the  polarization  current 
represented  by  the  left  side  of  (3)  is  zero  in  equilibrium;  in  the  viscous/polarization  layer,  the  equili¬ 
brium  field-aligned  current  is  therefore  locally  diverted  into  a  transverse  current  resulting  solely  from 
the  viscous  force.  If  the  viscous  force  were  zero,  then  any  ID  velocity  profile  is  an  equilibrium,  as  in 
the  Lyons  1 1 980 1  and  Chiu  and  Cornwall  [1980]  models. 

Specification  of  the  equilibrium  state  and  its  stability  arc  facilitated  by  making  use  of  the  assumed 
periodic  boundary  conditions  in  the  x-y  plane.  The  equilibrium  stream  function  is  denoted  as  and 
will  be  specified  in  terms  of  its  Fourier  amplitudes  and  the  Fourier  amplitudes  of  the  boundary  current 
j„(k).  Equations  (3),  (5)  and  (6)  imply 

j„(k)  =  -  BZ>  k2  TkVeq(k)  (7) 
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rk  = 


kV 

M2 


1 

+  1  +  k2X2 


(8) 


The  composite  parameter  M  is  an  effective  Hartmann  number  defined  by  the  relation 


M2 


yX2  _  Ep  SB, 
v  ~  pvHK 


(9) 


The  Hartmann  number  is  a  measure  of  the  ratio  of  resistive  or  magnetic  friction  to  viscous  friction. 
Magnetic  friction  dominates  when  M  is  large  (cf.  Lotko  et  al.,  [1987]  and  Lotko  and  Schultz  [1988]  for 
additional  discussion  of  the  significance  of  the  Hartmann  number  and  the  effects  of  nonlocal  dissipation 
represented  by  the  factor  Tk).  The  parameter  y=  ZPB2/pH,  defined  implicitly  in  (9),  is  the  RC  decay 
rate.  This  is  the  rate  at  which  an  initially  imposed  but  unsustained  transverse  potential  drop  decays  by 
discharging  currents  through  the  resistive  ionosphere.  As  defined  by  Mitchell  et  al.  [1975],  the  effective 
capacitance  of  the  viscous/polarization  layer  is  Cm  =  J(p/B2)ds  =  pH/B2. 

We  now  consider  the  effect  of  small  perturbations  yp  about  the  equilibrium  state  y^,.  The 
Fourier  amplitudes  for  the  stream  function  arc  represented  as  y(k,  q,  t)  =  y^k)  +  yp(k,  q,  t).  Lineariz¬ 
ing  (3)  with  respect  to  yp  and  using  (5)  and  (6)  results  in  the  following  eigenvalue  equation  for  the 
Fourier  amplitudes  of  the  perturbed  stream  function: 


dtyp(k,  q,  t)  =  X  c(k.  9-  •0't'«,(k-k')H'p(k\  q,  t)  -  yrKyp(k,  q,  t)  (10) 

k' 

Here,  k  =  (k2  +  q2)Vl  is  the  magnitude  of  the  2D  wavevector  (k,  q).  and 

C(k,  q,  kO  =  'JO  (q2  -  k2  +  2kk0  (1 1 ) 

k  +  q* 

is  a  mode  coupling  coefficient. 

The  eigenvalues  s  of  the  truncated  system  (10)  are  determined  by  letting 
yp(k,  q,  t)  =  e“yp(k,  q,  0).  The  system  is  stable  if  for  all  eigenvalues  Re(s)  <  0.  The  system  is  unstable 
if  for  at  least  one  eigenvalue  Rc(s)  >  0.  The  system  is  neutrally  stable  if  Re(s)  =  0  for  one  or  more 
eigenvalues  with  Rc(s)  <  0  for  the  remaining  eigenvalues.  Non-dimcnsionalizing  (10)  by  letting 
y  —>  y/Xv0  and  (k,k',  q)  — »  (k,  k',q)X  shows  that  the  linear  stability  of  the  system  depends  on  the  three 
parameters,  M,  v^yX,  and  Lj/X,  as  well  as  the  functional  form  of  j0(k). 
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Neutral  stability 

The  field-aligned  current  density  at  z  =  0  is  chosen  so  that  the  equilibrium  stream  function  has  a 
Gaussian  profile.  The  equilibrium  flow  velocity  is  then  a  derivative  Gaussian  resembling  two  adjacent, 
localized  and  oppositely  flowing  streams.  The  spike-like,  oppositely  directed  electric  fields  accompany¬ 
ing  this  reversed  flow  configuration  are  similar  to  the  observed  electric  field  structures  shown  in  Fig  1. 

In  coordinate  space,  the  equilibrium  stream  function  is  chosen  to  be 

V<=q  =  vo  a  exp(-x2/c2)  (12) 


The  characteristic  scale  length  Lx  introduced  in  the  previous  section  should  now  be  identified  as  a.  The 
Fourier  transformed  boundary  current  j0(k)  required  to  produce  this  is 


jo(k)  =  ■  kV  Vk  ***** 


Neutral  stability  curves  resulting  from  this  boundary  current  are  shown  in  Figure  2  for  several 
values  of  the  Hartmann  number  M.  The  system  is  unstable  when  the  velocity  v0  is  sufficiently  large 
(parameter  values  above  each  curve);  the  critical  velocity  decreases  as  the  Hartmann  number  increases, 
which  reduces  the  stabilizing  influence  of  viscous  dissipation.  For  any  finite  Hartmann  number,  the  vor¬ 
tex  layer  is  stable  when  the  scale  size  a  is  sufficiently  large  or  sufficiently  small.  Stabilization  at  small 
scale  sizes  is  due  to  viscous  drag,  whereas  at  large  scale  sizes,  ionospheric  resistive  drag  on  the  feet  of 
the  magnetic  field  lines  impedes  the  instability. 


Scaling  relations 

Qualitative  features  of  the  neutral  stability  curve  can  be  understood  by  considering  the  competi¬ 
tion  between  the  various  dissipative  forces  and  the  nonlinear  inertial  force  in  (3),  which  drives  the  per¬ 
turbing  modes.  The  inertial  force  acts  on  the  eddy  time  scale,  te  =  o/v0.  Instability  occurs  when  the 
driver  acts  more  rapidly  than  resistive  and  viscous  relaxation,  i.c.,  when  xe  is  smaller  than  both  the 
resistive  decay  time  y-1  and  the  viscous  decay  time  tv  =  o2/v. 

At  large  scale  lengths,  when  viscous  relaxation  is  negligible,  the  condition  for  instability  is 
yte  <  1/b],  where  bj  is  a  number  of  order  unity.  This  implies 

T  -blT 

yk  X 

On  a  log-log  plot  (as  in  Figure  1),  the  threshold  is  a  line  with  slope  1  and  a  y-intersept  at  log  b,.  This 
is  the  asymptote  at  large  v0  and  o  in  the  figure.  The  value  of  bj  deduced  from  the  figure  is 
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approximately  2.5.  The  neutral  curves  for  a  wall  bounded  shear  layer  (cf.  Fig.  3  in  the  paper  by 
Keskinen  et  al.  (1988])  also  obey  this  scaling  relation  if  allowance  is  made  for  a  different  value  of  the 
parameter  bj. 

At  small  scale  lengths,  when  resistive  relaxation  is  negligible,  the  condition  for  instability  is 
<  b2,  where  b2  is  another  number  of  order  unity.  Note  that  t</tv  is  the  inverse  of  the  mechanical 
Reynolds  number.  This  condition  implies 

h  >  JIlA 

yX  ~  M2  a 

On  a  log-log  plot,  the  viscous  dominated  threshold  is  a  line  with  slope  -1  and  y-intersept  log  (b2/M2). 
This  is  the  M-dependent  family  of  asymptotes  at  large  v0  and  small  a.  The  zero  viscosity  limit 
corresponds  to  M  — »  The  value  of  b2  deduced  from  the  figure  is  approximately  6.  Of  course,  the  pre¬ 
cise  values  of  bj  and  b2  depend  on  the  particular  form  of  the  equilibrium  slate,  but  the  asymptotic 
behavior  predicted  by  this  scaling  analysis  is  general. 

The  deviation  of  the  large  M  neutral  curves  from  the  dotted  line  in  Fig.  2  illustrates  the  influence 
of  the  field-aligned  potential  drop.  The  dotted  line  is  the  neutral  curve  predicted  by  the  scaling  relation 
given  above  in  the  zero  viscosity  and  zero  field-aligned  potential  drop  limits.  At  relatively  small  v0,  the 
calculated  threshold  occurs  at  larger  scale  sizes  than  the  threshold  predicted  by  the  simple  scaling 
analysis,  i.e.,  the  actual  neutral  curve  lies  below  the  zero  viscosity,  zero  field-aligned  potential  neutral 
curve.  Because  the  field-aligned  potential  increases  at  smaller  scale  sizes,  which  effectively  reduces  the 
electric  field  impressed  on  the  ionosphere  and,  therefore.  Ohmic  dissipation,  the  marginal  stability  thres¬ 
hold  is  lower  than  what  would  be  expected  from  cquipotential  mapping.  A  better  predictor  of  the  neu¬ 
tral  curve  is  obtained  if,  in  the  above  scaling  relations,  y  is  replaced  by  y/(l  +  4A 2/a2),  which  represents 
the  denominator  in  the  second  term  in  the  dissipation  rate  Tk  given  by  (8)  with  k  =  2/cr. 


4.  Shear  Layer  Dynamics 


Simulation  method  and  parameters 

We  now  consider  the  dynamics  of  an  unstable  shear  layer,  including  nonlinear  effects.  Equations 
(3),  (5)  and  (6)  with  p  constant  are  solved  in  discrete  Fourier  space  using  a  pseudo-spectral  method. 
The  initial  Fourier  amplitudes  for  the  stream  function  have  a  Gaussian  spectrum  generated  from  the 
discrete  Fourier  transform  of  (12).  Superimposed  on  this  ID  Gaussian  spectrum  is  an  isotropic  white 
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noise  spectrum  with  random  phases.  The  power  spectral  density  of  the  white  noise  has  the  form 
2ttk| k\(/(k) |2  =  constant;  the  intensity  of  the  constant  white  noise  spectral  density  is  generally  smaller 
than  the  peak  value  of  the  equilibrium  Gaussian  spectrum  by  a  factor  of  10“3  or  less.  The  algorithm  for 
time-advancing  the  Fourier  amplitudes  is  a  variable  time-step  Adams-Moulton  predictor-corrector 
scheme.  Aliasing  terms  resulting  from  the  nonlinear  term  in  (3)  are  removed  using  Orszag’s  [1971] 
pseudo-spectral  method.  The  numerical  solutions  described  below  are  constructed  from  relatively  low 
resolution,  truncated  Fourier  expansions  of  size  64  x  64  or  128  x  128  (k^j  =  32  or  64,  respectively). 

Parameters  for  the  four  cases  examined  in  detail  are  listed  in  Table  1.  In  all  cases,  the  effective 
Hartmann  number  defined  by  Eq.  (9)  is  fixed  at  M  =  10.  At  Hartmann  numbers  somewhat  larger  than 
10,  we  began  to  encounter  significant  truncation  errors  for  comparable  spatial  resolutions  (642  or  1282). 
This  numerical  effect  is  typical  of  nonlinear  spectral  algorithms  and  can  always  be  minimized  by 
appropriately  increasing  to  resolve  the  dissipation  range. 

The  four  runs  identified  in  Table  1  differ  primarily  in  the  scale  size  of  the  shear  layer  (o/X)  and 
the  velocity  amplitude  (v0/yX).  It  was  necessary  to  use  different  values  of  2tcct/L,  the  ratio  of  the  shear 
layer  scale  size  to  box  size,  in  each  run  to  adequately  resolve  both  the  driver  spectrum,  which  is  deter¬ 
mined  by  o/X  (cf.  Eq.  13)  and  the  scale  dependent  dissipation  rate  Tk  defined  by  relation  (8).  The  scale 
size  of  the  shear  layer  determines  the  primary  dissipation  processes,  as  follows: 

Run  (1)  —  Small  scale  shear  layer  (<j/X  =  .1,  v0/yX  =  2). 

The  energy  flux  incident  at  the  upper  boundary  z  =  0  is  dissipated  almost  completely  in  the 
magnetospheric  region  by  local  viscous  heating.  The  flow  dynamics  are  practically  decou¬ 
pled  from  the  ionosphere  and  acceleration  region,  and  the  magnetospheric  electric  field 
maps  very  imperfectly  to  the  ionosphere. 

Runs  (2),  (3)  —  Sub-intermediate  scale  shear  layers  (o/X  =  .5,  v0  /  yX  =  2, 10). 

The  dissipation  rates  for  viscous  heating  and  fast  particle  production  by  the  the  field-aligned 
potential  drop  are  initially  comparable  (though  not  time-asymptotically)  and  are  substan¬ 
tially  greater  than  the  ionospheric  Ohmic  healing  rate.  The  magnetospheric  flow  is  weakly 
coupled  to  the  ionosphere  in  these  runs. 

Run  (4)  —  Intermediate  scale  shear  layer  (o/X  =  1,  v0/  yX  =  2). 

Ionospheric  Ohmic  heating  and  fast  particle  production  by  the  field-aligned  potential  drop 
arc  roughly  comparable  initially,  as  well  as  time-asymptotically,  and  are  much  larger  than 
the  viscous  heating  rate.  The  magnetospheric  flow  is  moderately  influenced  by  coupling  to 
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the  ionosphere. 

Run  1,  which  has  a  relatively  small  mechanical  Reynolds  number,  and  Run  4,  which  has  a  relatively 
large  ratio  of  eddy  time  to  RC  decay  time,  are  more  weakly  driven  than  Runs  2  and  3.  Run  3  is  most 
strongly  driven  owing  to  the  large  driving  amplitude,  v0/y\  =  10,  as  compared  with  2  for  the  other 
three  cases.  Runs  2  and  3  will  be  described  in  detail  below.  Similarities  and  differences  in  the  flow 
dynamics  for  the  other  two  cases  will  be  indicated  by  comparison. 

Referring  to  Table  1,  it  is  seen  that  the  linearly  most  unstable  mode  number  is  slightly  larger  than 
2 nJa  lor  all  cases  considered  (determined  by  the  product  of  qro  and  2tro/L  in  Table  1).  The  growl!)  rate 
of  the  linearly  most  unstable  mode  scales  roughly  with  the  eddy  time.  The  mode  number  and  growth 
rate  of  the  linearly  most  unstable  mode,  as  well  as  the  linear  regime  bandwidth  predicted  by  the  linear 
analysis  in  the  previous  section,  have  been  verified  by  the  numerical  simulations.  Several  linearly  stable 
cases  were  also  simulated  to  verify,  at  least  qualitatively,  the  marginal  stability  curves  indicated  in  Fig¬ 
ure  1.  The  energy  and  mean  square  vorticity  (enstrophy),  as  well  as  their  sources  and  sinks  (cf.  Eq.  14 
below),  were  monitored  throughout  the  runs.  The  energy  budget  balanced  to  within  about  0.1%;  the 
enstrophy  budget,  which  is  typically  more  sensitive  to  truncation  errors  than  energy,  balanced  to  within 
about  1%. 

Energetics 

The  overall  dynamics  of  an  unstable  shear  layer  is  best  appreciated  by  considering  the  energetics 
of  the  model  system.  The  equations  given  in  Sec.  2  can  be  combined  to  form  the  following  energy 
equation  (cf.  Lotko  and  Schultz  ( 1988]  for  a  derivation  including  all  terms  except  the  forcing  term  con¬ 
taining  j0): 

■^JVipv/Hdxdy  =  -  Jpv<o2Hdxdy  -  J dx.dy,  -  ^-jl^dx.dy,  -  J<t>j0dxdy  (14) 


Energy  flux  sources  at  the  x-y  boundaries,  which  arc  included  in  the  derivation  by  Lotko  and  Schultz 
[1988],  do  not  appear  in  (14)  owing  to  the  periodic  boundary  conditions.  The  equation  also  does  not 
include  effects  resulting  from  a  nonzero  neutral  wind  velocity  in  the  ionosphere.  Notations  include  the 
z-component  of  vorticity  (co  =  -  V|\y),  the  field-aligned  current  density  at  the  ionospheric  substrate 
(ill.  =  JuBi/B),  the  height-integrated  perpendicular  current  at  the  ionospheric  substrate  (I1L),  and  the  Cowl¬ 
ing  conductivity  defined  in  terms  of  the  Pedersen  and  Hall  conductivities  as  Ec  =  IP  +  Z,2/Ip.  H  is  the 
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height  of  the  viscous/polarization  layer  as  discussed  in  Sec  3,  and  dx,dy,  is  an  area  element  at  the  ionos¬ 
pheric  substrate.  The  term  on  the  left  is  the  time  rate  of  change  in  flow  kinetic  energy.  The  first  three 
terms  on  the  right  are  negative  definite  and  represent,  in  order  of  appearance,  power  dissipation  by 
viscous  friction  (Pv),  the  production  of  particle  energy  flux  attributed  to  the  field-aligned  potential  drop 
(P|(),  and  Ohmic  heating  in  the  ionosphere  (Pq).  The  last  term  on  the  right  can  be  shown  to  be  the 
integral  of  the  Poynting  flux  (Ps)  over  the  upper  boundary  surface  of  the  magnetospheric  region  at  z  = 
0.  The  field-aligned  current  density  jo(x,y)  is  fixed  at  this  boundary,  which  sustains  the  system  energy. 
The  Poynting  flux  at  the  boundary  and  its  integral  are  not  constant  in  time,  however,  because  the  elec¬ 
tric  potential  there  may  vary  with  time. 

Figure  3  shows  time-histories  for  Runs  2  and  3  of  the  magnitude  of  each  term  on  the  right  side  of 
equation  (14)  normalized  to  the  initial  value  of  the  input  power  at  z  =  0  (the  boundary  integrated  Poynt¬ 
ing  flux,  Ps).  The  flow  kinetic  energy  normalized  to  its  initial  value  is  also  plotted.  The  net  run  time 
displayed  in  Figs.  3  (i.e.,  t  =  100  on  the  horizontal  axis)  corresponds  to  680  te  (eddy  time)  for  Run  2 
and  426  xe  for  Run  3.  The  input  power  at  z  =  0,  flow  kinetic  energy,  and  energy  dissipation  rates 
shown  in  the  figure  all  decrease  as  a  consequence  of  the  instability.  As  shown  below,  this  decrease  is 
accompanied  by  the  formation  eddies  within  the  shear  layer.  Most  of  the  system  energy  resides  in  the 
eddies,  which  are  also  the  principal  sites  of  dissipation  within  the  layer.  The  input  Poynting  flux  is 
reduced  because  the  flow  velocity  and,  therefore,  the  electric  field  and  potential  are  substantially 
reduced  from  their  initial  values  in  the  regions  between  eddies  (cf.  the  following  discussion  of  power 
spectral  densities). 

Near  the  end  of  Runs  2  and  3,  the  energy  dissipation  attributed  to  the  field-aligned  potential  drop 
exceeds  both  the  viscous  and  Ohmic  heating  rates.  Note,  however,  that  the  viscous  heating  rate  is  ini¬ 
tially  largest  in  both  runs.  In  contrast,  Ohmic  healing  and  fast  particle  production  are  negligible  for  the 
duration  of  Run  1  of  Table  1,  which  is  dominated  by  viscous  heating;  in  Run  4  of  Table  1,  the  Ohmic 
heating  and  fast  particle  production  rates  are  comparable  throughout  the  run  and  are  much  larger  than 
the  viscous  heating  rate.  The  relative  energy  dissipation  rates  for  all  four  runs,  evaluated  at  the  end  of 
each  run,  arc  compared  in  the  last  column  of  Table  2. 

A  somewhat  more  detailed  examination  of  the  simulations  shows  that  in  all  four  cases,  the  system 
undergoes  an  initial  transient  phase  in  which  the  ID  equilibrium  flow  breaks  up  into  eddies;  the  number 
of  eddies  present  during  the  initial  transient  phase  is  determined  by  the  linearly  most  unstable  mode 
number.  This  primary  transient  phase  is  clearly  evident  in  Fig.  3  when  the  energy  and  dissipation  rale 
rapidly  decrease.  The  primary  transient  phase  is  followed  by  a  secondary  transient  phase  in  which 
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spectral  energy  is  distributed  to  other  perturbing  modes,  principally  to  integral  harmonics  of  the  linearly 
most  unstable  mode.  Most  of  the  excited  harmonics  are  linearly  stable  modes.  The  secondary  transient 
phase  is  exemplified  in  Figs.  3  by  a  slower  rate  of  decrease  in  the  flow  kinetic  energy.  During  and  sub¬ 
sequent  to  the  secondary  transient  phase  in  Fig.  3,  irregular  oscillations  appear  the  flow  kinetic  energy 
and  dissipation  rates.  These  oscillations  are  associated  with  eddy  merging  and  splitting.  Owing  to  the 
finite  run  time,  we  cannot  say  whether  eddy  merging  and  splitting  is  a  statistically-steady  process,  simi¬ 
lar  to  hunting  in  a  nonlinear  control  system,  or  whether  it  is  a  longer  time-scale  transient  process 
involving  some  type  of  damped  oscillatory  motion.  The  more  weakly  driven  cases  1  and  4  identified  in 
Table  1  (but  not  shown  in  Fig.  3)  show  no  evidence  of  eddy  merging  or  splitting  for  the  duration  of  the 
runs  which  extend  to  190  te  and  167  tc,  respectively.  In  both  cases,  the  flow  kinetic  energy  and  dissipa¬ 
tion  rates  are  practically  constant  during  the  last  half  of  the  run,  indicating  that  Runs  1  and  4  may  have 
actually  reached  a  time-asymptotic  steady-state. 

A  curious  feature  of  the  nonlinear  dynamics,  which  is  correlated  with  the  relative  linear  growth 
rate  and,  'hcrefore,  with  how  strongly  the  system  is  initially  driven,  is  the  ratio  of  final  to  initial  flow 
kinetic  energy  in  the  system.  This  ratio  is  given  in  column  2  of  Table  2;  the  ratio  of  the  final  to  initial 
dissipation  rate  (which  is  also  equal  to  the  ratio  of  final  to  initial  input  power  at  the  upper  boundary)  is 
also  tabulated  in  column  3.  In  all  four  cases,  the  net  result  of  the  instability  is  to  cause  the  system  to 
undergo  a  transition  from  a  one-dimensional  state  of  relatively  high  energy  and  high  rate  of  dissipation 
to  a  two-dimensional,  vortex  flow  state  of  lower  energy  with  a  correspondingly  lower  dissipation  rate. 
The  reduction  in  energy  and  dissipation  rate  becomes  more  severe  when  the  system  is  more  strongly 
unstable,  as  in  Run  3  where  the  final  energy  is  only  24%  of  the  initial  energy. 

Flows  and  currents 

Time  sequences  for  the  velocity  field  in  the  viscous/polarization  layer  and  contours  of  constant 
field-aligned  current  density  at  z  =  H  (i.e.,  at  the  bottom  of  the  magnetospheric  region)  are  shown  for 
Run  2  in  Figures  4  and  5.  The  current  density  at  the  ionosphere  is  identically  distributed  but  is  larger  in 
amplitude  by  the  constant  scaling  factor  Bj/B.  In  both  figures,  the  dc  magnetic  field  points  into  the 
plane  of  the  figure.  The  numerical  time-step  is  indicated  at  the  right  side  of  the  figures.  Only  the  central 
region  of  the  simulation  box  containing  the  shear  layer  is  shown  at  each  sample  time-step.  Outside  the 
central  region,  the  field  amplitude  is  significantly  reduced,  with  little  apparent  activity  on  the  linear  con¬ 
tour  level  scale  used  in  the  plots. 
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The  initial  flow  field  depicted  in  Fig.  4  is  generated  by  the  Gaussian  stream  function  given  in  Eq. 
(12).  Since  the  velocity  is  the  derivative  of  the  stream  function,  the  initial  velocity  field  consists  of  a 
reversed  flow  moving  to  the  right  above  the  midplane  and  to  the  left  below  it  (the  arrow  directions  for 
velocity  are  not  very  well-resolved  in  Fig.  4).  The  corresponding  electric  field  is  orthogonal  to  the  flow 
velocity  and  dc  magnetic  field  and  initially  points  toward  the  midplane.  The  initial  field-aligned  current 
density  in  Fig.  5  is  maximum  at  the  midplane,  falls  off  exponentially  and  symmetrically  away  from  it, 
and  changes  sign  at  the  transition  from  solid  contours  (positive  values)  to  dotted  contours  (negative 
values).  However,  the  bulk  of  the  current  resides  near  the  midplane,  so  the  flow  channel  sustains  a  net 
current  out  of  the  figure. 

Recalling  that  one  numerical  time  unit  in  Run  2  is  equivalent  to  6.80  Te,  we  see  that  the  unstable 
shear  layer  in  Fig.  4  starts  to  break  up  within  a  few  eddy  times;  by  30  xe,  eight  eddies,  corresponding  to 
the  linearly  most  unstable  mode  8,  are  well-formed.  At  later  times  nonlinear  mode  couplings  become 
increasingly  important,  and  two  pairs  of  eddies  merge,  leaving  6  eddies  at  one  point;  after  t  =  100  the 
last  time-step  shown  in  Fig.  4,  one  eddy  subsequently  splits,  leaving  7  eddies.  (The  final  eddy  solitting 
can  be  seen  in  the  current  density  contours  in  Fig.  5  which  is  a  slightly  longer  record  than  Fig.  4.)  The 
eddy  structure  is  also  apparent  in  the  field-aligned  current  density  contours  shown  in  Fig.  5,  which 
shows  concentrated  current  filaments  near  the  center  of  the  eddies. 

Figure  6  shows  the  field-aligned  current  density  at  z  =  H  for  the  more  strongly  driven  Run  3.  The 
eddy  structure  is  less  well-ordered  than  in  Run  2,  and  more  fluctuation  activity  appears  on  the  eddy 
periphery.  The  dominance  of  the  linearly  most  unstable  mode  5  is  apparent  at  lime  steps  2  and  4  (9.3 
and  18.6  xe),  but  subsequent  nonlinear  couplings  (eddy  merging)  eventually  produce  a  larger  scale  order 
dominated  by  mode  3  at  time  step  100.  Another  difference  between  Run  3  and  the  previous  Run  2  is 
that  free  eddies  arc  created  when  the  driving  amplitude  is  sufficiently  large.  Notice  in  Fig.  6  that  the 
rightmost  eddy  at  time  step  10  has  moved  out  of  and  below  the  main  shear  layer  by  time  step  20.  After 
time  step  20,  it  continues  to  move  away  from  the  shear  layer  while  convecting  to  the  left  in  the  direc¬ 
tion  of  the  average  flow  velocity.  This  free  eddy  decays  as  it  moves  away  from  the  shear  layer,  and 
between  time  steps  20  and  30  another  eddy  forms  in  the  shear  layer  to  take  its  place.  The  phenomenon 
of  eddy  shedding  is  somewhat  better  resolved  in  the  flow  field  shown  in  Figure  7. 

The  flows  and  current  densities  in  the  more  weakly  driven  Runs  1  and  4  (not  shown)  exhibit 
much  less  activity  than  those  in  Runs  2  and  3.  A  linear  array  of  vortices  forms  in  the  main  shear  layer, 
and  the  number  of  vortices,  corresponding  to  the  linearly  most  unstable  mode,  remains  constant 
throughout  both  runs  (no  splitting  or  merging). 
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Power  spectral  density 

Since  a  vortex  shear  layer  is  very  inhomogeneous,  the  power  spectral  density  that  would  be 
recorded  by  a  spacecraft  traversing  the  shear  layer  will  depend  on  its  particular  path  through  the  layer. 
To  give  some  idea  of  the  possible  variations,  power  spectral  densities  have  been  evaluated  for  six 
different  "satellite"  trajectories  as  indicated  in  Figure  8.  The  vortex  layer  shown  in  the  figure  is  a 
snapshot  of  Run  3  at  time  step  80.  At  this  time  the  shear  layer  is  evolving  very  slowly,  in  terms  of  a 
‘satellite’  crossing  time  (10  sec  or  so  for  a  layer  of  10-50  km  across  and  a  satellite  velocity  of  5 
km/scc),  so  the  ‘measured’  frequency  spectrum  is  primarily  a  result  of  Doppler  shifted  spatial  variations 
[e.g.  Kintner,  1976]. 

Figures  9  and  10  show  the  electric  field  spectral  density  in  the  magnetospheric  and  the  ionos¬ 
pheric  regions,  respectively.  Figure  11  shows  the  magnetic  spectral  density.  The  spectral  densities  for 
the  x  and  y  components  of  the  fields  are  identified  in  each  figure.  Significant  harmonic  structure  is 
apparent  in  the  streamwise  spectra  (generated  from  x-cuts)  in  all  three  figures.  The  mode  number  of  the 
fundamental  corresponds  to  the  number  of  eddies  in  the  simulation  box,  three  in  this  case.  The  origin  of 
the  harmonic  structure  is  due  to  nonlinear  coupling  between  the  fundamental  and  higher  order  modes, 
most  of  which  are  otherwise  linearly  stable.  Note  that  the  intensity  tends  to  decrease  as  the  satellite  tra¬ 
jectory  moves  from  x  =  0  to  x  =  15.  Furthermore,  the  harmonic  structure  has  disappeared  in  the  x  =  15 
cut,  which  is  outside  the  main  shear  layer  region. 

In  contrast  with  the  streamwise  spectra,  the  spanwisc  spectra  (generated  from  y-cuts)  exhibit  no 
harmonic  structure.  The  lack  of  harmonic  structure  is  a  consequence  of  the  essentially  exponential 
decay  of  the  field  transverse  to  the  shear  layer,  a  remnant  of  the  spatial  distribution  of  the  forcing 
current  imposed  at  the  upper  boundary  of  the  viscous  polarization  layer.  The  spanwisc  spectra  in  E,  and 
By  closely  resemble  the  exponential  forcing  spectrum  represented  by  Eq.  (13),  especially  through  a  vor¬ 
tex  center  (e.g.,  near  y  =  0).  However,  the  power  in  these  two  field  components  decreases  in  the 
regions  between  eddies  (compare  the  spectrum  generated  along  y  =  0  with  the  one  generated  at  y  =  15). 
At  small  spatial  scales,  in  the  viscous  dissipation  range,  the  spectrum  tends  to  become  relatively  isotro¬ 
pic  and  homogeneous.  The  spanwisc  spectra  for  Ey  and  B,  are  significantly  augmented  relative  to  the 
their  initial  values  as  a  consequence  of  the  instability.  Recall  that  the  initial  spectrum  is  composed  of  a 
ID  Gaussian  spectrum  for  E,  and  By,  corresponding  to  the  ID  equilibrium  shear  layer,  and  a  superim¬ 
posed,  isotropic  noise  spectrum  with  an  initial  intensity  that  is  smaller  than  the  Gaussian  part  by  a  fac¬ 
tor  of  10-3. 


47 


-  17  - 


A  comparison  of  Figs.  9  and  10  shows  that  the  electric  field  spectrum  is  less  intense  in  the  ionos¬ 
pheric  substrate  than  in  the  magnetospheric  region  and  contains  less  power  at  large  wavenumbers.  This 
effect  is  a  direct  consequence  of  the  field-aligned  potential  drop;  as  discussed  by  Weimer  et  al.  (1985) 
and  Lotko  and  Schultz  (1988),  the  effect  is  analogous  to  a  low  pass  filter  when  electric  fields  are 
mapped  from  the  magnetosphere  to  the  ionosphere  in  the  wavenumber  domain.  Other  than  this  filtering 
effect  the  electric  field  spectra  in  the  ionosphere  and  magnetosphere  are  qualitatively  similar.  By  con¬ 
struction,  the  magnetic  field  spectra  in  Fig.  11  are  identical  in  the  magnetospheric  and  ionospheric 
regions,  except  for  an  amplitude  scaling  factor  of  B,/Be  which  results  from  mapping  the  field-aligned 
current  density  between  the  two  regions. 


5.  Discussion 


Summary  of  Results 

At  this  point  it  is  worth  reiterating  one  of  the  basic  assumptions  of  the  model:  a  temporally  con¬ 
stant  or  slowly  varying  field-aligned  current  is  produced  in  some  outer  region  of  the  magnetosphere,  and 
any  feedback  between  this  outer  region  and  the  highly  tenuous,  low  p  plasma  region  below  it  does  not 
appreciably  modify  the  source  distribution  of  field-aligned  current  flowing  through  the  outer  boundary. 
Whether  this  assumption  makes  sense  for  a  given  application  depends  on  the  particular  processes  that 
produce  the  field-aligned  current,  the  spatio-temporal  scales  of  interest,  etc.  The  application  described 
below,  to  post-noon  auroral  forms  resulting  from  field-aligned  currents  generated  in  the  low  latitude 
boundary  layer,  is  an  example  where  it  seems  reasonable  to  distinguish  between  the  current  source 
region  and  the  plasma  load  region  modeled  here. 

Given  this  assumption,  and  a  ID  form  for  the  field-aligned  current  entering  the  upper  boundary  of 
the  viscous/polarization  layer,  e.g.,  equation  (7),  then  the  neutral  stability  diagram  of  Fig.  2,  together 
with  the  simulation  results  of  Sec.  4,  suggest  the  following  interpretation  for  the  structure  and  dynamics 
of  an  auroral  shear  layer.  If  all  of  the  field-aligned  current  entering  (or  leaving)  the  upper  boundary  of 
the  layer  can  be  closed  through  the  combined  action  of  ion-neutral  drag,  leading  to  ionospheric  Peder¬ 
sen  currents,  and  viscous  body  forces  in  the  viscous/polarization  layer,  then  there  is  no  need  to  close 
any  of  the  current  via  polarization  currents.  In  this  case,  the  configuration  will  remain  in  equilibrium  as 
a  ID  flow  state.  If  all  of  the  current  al  the  upper  boundary  cannot  be  closed  in  this  way,  then  the 
configuration  is  unstable,  and  polarization  currents  will  develop  in  the  viscous/polarizaiion  layer  in 
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order  to  dose  the  unbalanced  portion  of  the  field-aligned  current.  The  resulting  2D  configuration,  in  the 
unstable  case,  is  either  a  quasi-steady  rotational  state,  when  the  field-aligned  current  is  weakly  unbal¬ 
anced,  or  a  turbulent  state,  when  the  field-aligned  current  is  strongly  unbalanced. 

Turbulent  and  quasi-steady  rotational  states  arise  when  the  field-aligned  current  density  is 
sufficiently  large  or,  equivalently,  when  the  associated  ExB  velocity  is  sufficiently  large.  How  large  is 
sufficient  depends  on  the  shear  layer  scale  size  <7,  as  well  as  three  intrinsic  parameters,  as  indicated  in 
Fig.  2:  the  RC  decay  rate  y  =  2y'Cm,  where  Lp  is  the  height-integrated  Pedersen  conductivity  of  the 
ionosphere  and  Cm  =  J(p/B2)ds  is  the  effective  capacitance  of  the  viscous/polarization  layer;  the  resis¬ 
tive  scale  length  X*  =  Vlp/K,  where  K  is  the  effective  field-aligned  conductance  densiiv  of  the  accelera¬ 
tion  region;  and  an  effective  Hartmann  number  M  =  VyX'Vv,  where  v  is  the  effective  kinematic  viscosity 
of  the  viscous/polarization  layer.  When  polarization  currents  develop  as  a  consequence  of  the  instability, 
both  the  flow  kinetic  energy  and  energy  input/dissipation  rates  of  the  system  are  reduced  relative  to  the 
ID  equilibrium  configuration,  by  a  large  margin  for  turbulent  states,  and  more  modestly  for  2D  quasi¬ 
steady  rotational  states  (cf.  Fig.  3  and  Table  2).  Turbulent  shear  layers  shed  free  eddies,  which  are  dissi¬ 
pated  in  the  formerly  unperturbed  region  outside  the  shear  layer. 

The  power  spectral  densities  computed  along  sample  spanwise  ‘satellite’  cuts  through  an  unstable 
shear  layer  are  characteristic  of  the  power  spectral  density  of  the  imposed  distribution  of  field-aligned 
current  density  imposed  at  the  upper  boundary  of  the  viscous/polarization  layer.  For  streamwise  cuts, 
the  spectrum  exhibits  peaks  at  the  dominant  wavelength  and  its  harmonics  when  the  shear  layer  is 
weakly  unstable.  The  valleys  between  spectral  peaks  become  progressively  shallower  when  the  system 
is  more  strongly  driven.  The  fundamental  wavenumber  of  a  harmonic  spectrum  corresponds  to  the 
linearly  most  unstable  mode  in  the  case  of  weakly  unstable  shear  layers  and  is  apparently  smaller  than 
the  linearly  most  unstable  mode  when  the  shear  layer  is  more  strongly  unstable;  in  the  latter  case,  how¬ 
ever,  non-steady  effects  associated  with  merging  and  splitting  of  vortices  results  in  a  dynamic  spectrum, 
for  which  a  fundamental  mode  may  not  be  well-defined.  For  streamwise  cuts  outside  the  region  of 
large  velocity  shear,  the  power  spectral  density  is  reduced  relative  to  that  within  the  large  shear  region, 
and  sufficiently  far  from  the  shear  layer,  it  becomes  broadbanded  with  no  special  peaks.  The  field 
fluctuations  in  the  exterior  region  may  be  characterized  as  spatially  decaying  turbulence.  Owing  to  the 
spatial  filtering  effect  of  field-aligncu  potential  drops  [Wcimer  ct  al„  1985;  Lotko  and  Schultz,  1989). 
the  electric  field  spectral  density  at  scale  lengths  smaller  than  the  resistive  scale  length  X  defined  above 
is  reduced  in  the  ionospheric  substrate  relative  to  that  in  the  viscous/polarization  layer. 
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Relation  to  Decaying  Shear  Layers 

For  comparison,  we  also  considered  the  dynamics  of  an  initial  state  that  is  identical  to  one  of  the 
unstable  equilibrium  states  described  in  Sec.  4,  but  with  the  boundary  source  current  j0(x)  turned  off. 
Such  a  state  can  never  be  in  static  equilibrium  and  will  decay  to  a  zero  flow/currcnt  state  as  t  — »  «>. 
However,  relative  to  the  initial  configuration  of  the  decaying  state,  one  finds  that  the  system  may  still 
be  unstable  (using  Liapunov's  definition  of  the  stability  of  phase  space  paths),  because  the  approach  to 
the  zero  flow  state  becomes  qualitatively  different  as  one  crosses  a  neutral  stability  curve  in  Fig.  2.  On 
the  stable  side  of  the  neutral  curve,  the  initially  ID  state  is  a  decaying  ID  state  for  all  time,  similar  in 
form  to  the  decaying  ID  shear  layers  analyzed  by  Lotko  et  al.  [1987];  on  the  unstable  side,  the  other¬ 
wise  ID  decaying  shear  layer,  develops  2D  rotational  motion  similar  to  the  driven  unstable  shear  layer. 
The  difference  between  driven  and  decaying  unstable  shear  layers  is  a  lack  of  organization  of  the  eddies 
in  the  latter  case.  Once  formed,  the  eddies  tend  to  move  away  from  the  original  region  of  large  velocity 
shear,  in  more  or  less  random  directions  as  they  decay.  A  similar  situation  arises  if  one  abruptly  turns 
off  the  driving  current  j0(x)  after  the  shear  layer  has  developed  eddies;  the  eddies  decay  as  they  move 
a* ay  from  the  original  location  of  the  shear  layer.  One  can  envision  (and  examine  with  this  model)  a 
continuum  of  related  configurations  in  which  the  distribution  of  boundary  current  density  van  s  dynami¬ 
cally  throughout  the  period  of  interest. 

In  the  study  reported  by  Lotko  and  Schultz  [1988],  decay  turbulence  developed  striated  flows  with 
time  that  resemble  ID  shear  layers.  This  organizing  effect  is  a  consequence  of  anisotropic  magnetic 
field  mapping  between  the  ionosphere  and  magnetosphere.  It  is  not  clear  exactly  what  effect  such  aniso¬ 
tropy  would  have  on  the  driven  systems  examined  in  tho  paper.  If  the  anisotropic  mapping  tends  to 
reinforce  the  one-dimensionality  of  the  driven  shear  layer,  then  the  configuration  may  be  more  stable 
than  indicated  by  the  neutral  curves  in  Fig.  2;  alternatively,  it  may  be  more  unstable  if  the  mapping 
tends  to  counteract  the  one-dimensionality  of  the  equilibrium  state. 


Application  to  Post-Noon  Auroral  Forms 

Nearly  all  images  from  the  Viking  satellite  show  dynamic  dayside  auu.al  luminosity  with  fre¬ 
quent  occurrences  of  spatially  periodic  bright  spots  distributed  in  magnetic  local  time  :n  the  1400  to 
1600  MLT  region  [Lui  et  al.,  1989;  Potcmra  et  al.,  1990].  Similar  features  have  also  been  identified  in 
electron  density  maps  inferred  from  the  Sondrcstrom  radar  [Robinson  et  al..  1984).  These  bright  spots 
resemble  the  current  filaments  and  vortices  shown  in  Figs.  4-7;  moreover,  the  meridional  electric  field 
measured  over  post-noon  auroral  forms  [e.g.,  Bruning  et  al.,  1990)  exhibits  h»cali/.cd,  spikc-ltkc 
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reversals  that  also  resemble  the  derivative  Gaussian  initial  condition  implied  by  equation  (12).  It  is 
therefore  natural  to  ask  whether  the  model  under  consideration  here  actually  predicts  periodic  bright 
spots.  Because  daysidc  auroral  forms  arc  produced  by  relatively  soft  electron  precipitation,  the  Hall  and 
Pedersen  conductivities  are  relatively  uniform  [cf.  Robinson  ct  al.,  1984],  and  our  simple  ionospheric- 
model  is  reasonably  well-justified. 

The  observed  periodic  forms  are  typically  located  in  the  post-noon  ionosphere  at  an  invariant 
magnetic  latitude  of  about  75°.  Lui  et  al.  and  Potemra  et  al.  note  that  such  auroral  forms  are  most  likely 
the  ionospheric  projection  of  ExB  plasma  flows  that  map  along  field  lines  to  the  low  latitude  boundary 
layer  region.  We  therefore  apply  the  model,  in  this  case,  at  points  along  field  lines  from  the  F-region 
ionosphere  up  to  the  effective  lower  boundary  of  the  LLBL.  This  effective  boundary  is  defined  as  the 
transition  from  the  higher  altitude,  higher  P  plasma  of  the  outer  magnetosphcric  region  to  the  lower  alti¬ 
tude,  lower  p  plasma  of  the  middle  magnetosphere.  The  transition  occurs  roughly  at  a  distance  of  xh  the 
length  of  the  field  line,  as  measured  from  its  ionospheric  foot  to  the  point  where  it  crosses  the  equa¬ 
torial  plane.  Above  this  effective  boundary,  field-aligned  currents  are  produced  by  processes  that  are 
still  not  well-understood;  an  enhanced  viscous  interaction  between  the  magnetosheath  and  magnetos- 
pheric  plasmas  and  an  enhanced  resistive  interaction  between  merging  magnetosheath  and  magnetos- 
pheric  magnetic  fields  are  possible  mechanisms.  The  mechanism  that  generates  field-aligned  currents  in 
the  LLBL  region  will  not  actually  be  specified  here;  rather  we  assume  that  some  quasi-steady  process 
generates  the  field-aligned  current  and  that  it  is  sufficient  to  model  its  distribution  on  the  effective 
boundary  at  z  =  0  by  the  ID  Gaussian  function  j0(x)  given  by  the  inverse  transform  of  (13).  Below  the 
effective  boundary,  the  flow  state  is  initially  characterized  by  the  ID  equilibrium  state  (12),  although  it 
may  not  remain  in  this  state  if  the  configuration  is  unstable.  While  this  model  does  not  allow  feedback 
to  the  LLBL  processes  that  produce  the  field-aligned  current,  one  might  expect  an  instability  of  the 
configuration  to  occur  first  in  the  middle  magnctospheric  layer  where  the  stabilizing  effects  of  magnetic 
shear  are  comparatively  weak. 

We  now  estimate  the  parameters  v^yX  and  a/X  that  arc  needed  to  determine  the  stability  of  the 
ID  flow  state.  Using  the  approximate  formula  C^,  =  10F(n/l  cm'3)(L/10)7  for  the  capacitance  of  the 
viscous/polarization  layer,  we  estimate  a  minimum  capacitance  of  a  few  100F,  corresponding  to  L  =  15 
(75°  invariant  latitude  in  the  ionosphere)  and  a  density  of  a  few  particlcs/cm5.  The  height-integrated 
Pedersen  conductivity  in  the  I40()  to  1600  MLT  auroral  oval  is  about  5-10  mho  (Robinson  ct  al.,  1984], 
The  RC  decay  rate  y  =  Ep/Cm  is  therefore  estimated  to  be  of  order  y~  0.02/scc.  Potemra  et  al.  [1990] 
report  an  average  field-aligned  current  density  in  the  region  of  periodic  auroral  forms  of  about  2|iA/m2, 
projected  to  the  ionospheric  altitude,  a  value  that  is  also  consistent  with  the  estimates  reported  by 
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Burning  et  al.  and  Robinson  et  al.  Electron  and  ion  velocity  distributions  measured  over  the  post-noon 
aurora  show  evidence  of  acceleration  by  a  field-aligned  potential  drop  of  1-3  kV  [Burning  et  al.,  1990; 
Robinson  et  al.,  1984],  Assuming  1  kV  for  the  field-aligned  potential  drop  and  2|iA/m2  for  the  field- 
aligned  current  density,  we  estimate  a  field-aligned  conductance  density  of  K  =  j||/A([>||  =  2xl0~9mho/m2. 
This  value,  together  with  IP  =  7mho,  implies  a  resistive  scale  length  of  X,  =  VSp/K  =  50km,  projected 
to  the  ionospheric  reference  altitude.  Potemra  ct  al.  report  an  average  bright  spot  separation  of  about  Vi 
hour  of  MLT  corresponding  to  about  200  km  at  75°  invariant  latitude.  This  distance  should  be  approxi¬ 
mately  equal  to  the  wavelength  q^  of  the  linearly  most  unstable  mode.  Because  2rra/qm  =  1,  this 
implies  that  o  =  30km.  Thus  a/X  is  in  the  range  0.5  to  1.  This  value  is  also  consistent  with  the  meas¬ 
ured  nonh-south  electric  field  profile  reported  by  Bruning  et  al.,  which  has  a  peak  electric  field  of  about 
100  mV/m  when  a  sliding  20  sec  average  is  applied  to  the  data  or  about  400  mV/m  when  the  field  is 
examined  at  the  instrument  resolution  of  0.4  sec.  The  measurement  reported  by  Bruning  et  al.  was 
made  at  a  geocentric  distance  of  3RE  at  75.5°  invariant  latitude,  where  the  inferred  east-west  ExB  flow 
maximum  is  about  5  km/sec  or  20  km/scc,  depending  on  whether  average  or  instantaneous  data  is  used. 
At  the  ionospheric  reference  altitude,  ignoring  field-aligned  potential  drops  in  the  mapping,  the  refer¬ 
ence  velocity  is  1-4  km/sec.  Our  estimate  for  the  parameter  vo/yX  is  therefore  in  the  range  1  to  4 
because  yX,  =  1  km/sec. 

Referring  now  to  Fig.  2,  the  neutral  stability  curves  al  a/X  =  1  predict  an  unstable  shear  layer  if 
v(/yX  >  .6  at  a  Hartmann  number  M  =  10  and  v^yX  >  5  at  M  =  1.5.  Since  M2  =  y X2/v,  these  two  values 
for  the  Hartmann  number  imply  an  effective  viscosity  at  the  bottom  of  the  LLBL  (i.e.,  the  top  of  the 
polarization  layer)  of  5xl08m2/sec  and  2xl010m2/sec,  respectively.  Although  the  effective  viscosity  is 
the  least  certain  parameter  of  the  model,  the  higher  value  surpasses  by  an  order  of  magnitude  the  eddy 
viscosity  estimate  =  .02ov„  =  109m2/scc  deduced  from  numerical  simulations  IMiura  and  Sato, 
1978;  Miura,  1 984 J.  From  these  estimates,  and  using  the  neutral  stability  calculation,  it  is  therefore 
\crv  plausible  that  2D  rotational  states  should  occur  in  the  post-noon  sector  of  the  auroral  zone. 

In  concluding  this  section,  we  ask  whether  the  values  estimated  above  arc  consistent  with  the 
assumption  of  resistive  current  limitation,  i.e.,  is  the  inequality  |iZpvA/(l  +  4X2/a2)  «  1,  where  vA  is  the 
Alfven  speed  near  the  top  of  the  polarization  layer,  satisfied?  Using  the  previous  estimates,  this  condi¬ 
tion  requires  that  vA  <  600km/scc.  At  the  top  of  the  polarization  layer  at  a  geocentric  distance  of  9  RE 
we  estimate  vA  =  650  km/scc  for  a  density  of  a  few  cm'3.  Thus,  the  electrostatic  approximation  appears 
to  he  marginal.  As  proposed  by  Potemra  ct  al.  (1990),  this  would  indicate  that  magnctoinductive 
effects  involving  Alfv6n  waves  are  very  likely  an  important  part  of  the  structure  and  dynamics  of  post- 
noon  auroral  systems. 
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Appendix 


The  local  Ohm’s  law  in  the  acceleration  region  is 


E|,(S)  =  r|(s)j|t(s) 


CA1) 


where  s  is  the  coordinate  along  the  magnetic  field.  If  the  acceleration  region  is  force-free  then 


jtl(s)  =  B(s)^ 


(A2) 


Now  express  E|,  in  terms  of  an  electrostatic  potential,  E||(s)  =  -ds<J>(s);  use  (A2)  for  j(|(s);  and  integrate 
(Al)  from  the  bottom  of  the  acceleration  region,  denoted  by  s,,  to  the  top,  denoted  by  se  (i.e.,  from  the 
ionospheric  substrate  to  the  bottom  of  the  viscous  polarization  layer)  to  obtain 


-<t)=  ^fB(s)Ti(s)ds 
i 


(A3) 


The  proportionality  constant  in  the  linear  current-voltage  relation  (A3)  determines  the  field-aligned  con¬ 
ductance  density  K: 


K-'  = 


-g- j  B(s)t)(s)ds 


(A4) 


For  the  application  to  post-noon  auroral  forms  discussed  in  See  5.,  K  was  estimated  as  2x  10”9  mho/m2. 
To  sec  what  this  implies  for  a  resistivity,  wc  approximate  (A4)  as  K  =  B,/(BTfAs)  where  As  is  the 
effective  length  of  the  acceleration  region,  and  an  overbar  signifies  mean  value  in  the  acceleration 
region.  For  a  nominal  acceleration  region  located  at  high  latitude  (75°  in  the  post-noon  application),  al 
about  1  R|.;  altitude,  extending  along  the  magnetic  field  a  distance  of  about  I  R]-:,  the  estimate  of 
2x  l(r9mho/m2  for  K  requires  a  mean  resistivity  Tf  =  600ohm-m. 
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TABLE  1.  Simulation  Parameters 


Run 

CT/X 

vyx 

YTe 

R 

27T0/L 

Vt* 

Box 

1 

0.1 

2. 

4 

.21 

.05 

20 

.263 

3.80 

642 

2 

0.5 

2. 

8 

.33 

.25 

100 

.147 

6.80 

1282 

3 

0.5 

10. 

5 

.38 

.05 

500 

.235 

4.26 

642 

4 

1.0 

2. 

4 

.24 

.50 

200 

.300 

3.33 

1282 

Glossary 

cr/X 

Vq/YX 

^m”^e 

Yte 

R 

2nafL 

/t. 

Box 

For  all  cases, 


ratio  of  shear  layer  scale  size  to  resistive  scale  length 

nondimensional  shear  layer  velocity  amplitude;  y  is  the  inverse  of  the  RC  decay  lime, 
mode  number  of  the  most  unstable  linear  mode  (wavenumber  scaled  to  (T  is  •  27CCT/L). 
growth  rate  of  linear  mode  scaled  to  the  eddy  time  Te  =  0/vo. 
ratio  of  eddy  time  to  RC  decay  time. 

mechanical  Reynolds  number  (R  =  C2/V'te,  the  ratio  of  viscous  decay  time  to  eddy  time). 

ratio  of  shear  layer  scale  size  to  box  size. 

ratio  of  numerical  time  unit  to  eddy  time  ( =romanL/2na ). 

box  size. 

the  effective  Hartmann  number  is  M  =  \/RyXc  XlCS  =10. 


TABLE  2.  Comparison  of  Simulation  Results 


Run 

Ef/Eo 

Pf/Po 

Relative  dissipation  rates 

1 

CO 

48 

Pv  P||  Pq 

2 

.45 

.48 

Pv  25  P||/  2  ~  Pq 

3 

.24 

.30 

Pv  =  P|,/4  =  Pu/2 

4 

.78 

.84 

Pv  P||  =  Pq 

Ef /  Eo  is  the  ratio  of  final  to  initial  flow  kinetic  energy.  Pf/Po  is  the  ratio  of  final  to  initial  dissipation  rate,  also 
equal  to  the  ratio  of  final  to  initial  input  power  at  the  upper  boundary.  Pv,  P||  and  Pn  arc,  respectively,  the  final  dis¬ 
sipation  rales  attributed  to  viscous  heating,  fast  particle  porduction  by  the  field-aligned  potential  drop  and  ionos¬ 
pheric  Ohmic  healing. 


Table  3.  Nominal  Parameters  for  Post-Noon  Aurora 


MLT  sector 
Invariant  latitude 
L  shell 


1400-1600 

75° 

15 


Mean  periodicity  of  bright  spots  in  local  time  (km) 

Peak  east- west  ExB  velocity  projected  to  IRe  (km/sec) 
Meridional  scale  size  projected  to  1 RE  (km) 

Field-aligned  current  density  projected  to  1 RE  (pA/m2) 
Field-aligned  potential  drop  (kV) 

Ionospheric  Pedersen  conductivity  (mho) 

Estimated  particle  density  above  acceleration  region  (m-3) 


200 

14 

30 

2 

1 

7 

3  x  106 


Capacitance  of  the  viscous/polarization  layer  C™  =  J(p/B2)  ds  (Farad) 
RC  decay  rate  y  =  5VCm  (sec*1) 

Field-aligned  conductance  density  K  =  j,/A<{i||  (mho/m2) 

Resistive  scale  length  at  ionosphere  X,  =  \IZyJ K  (km) 


300 

.02 

2x  10~9 
50 


Viking  orbit  852  date  86-07-28 


Figure  1 .  Examples  of  the  meridional  electric  field  distribution  in  an  auroral  shear  layer  from  the  DE- 1 
satellite  in  the  evening  auroral  oval  [from  Weimer  et  al.,  1987]  and  from  the  Viking  satellite  in  the 
post-noon  auroral  oval  [from  Braning  et  al.,  1990]. 


RUN  3 
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Figure  4.  Time-sequence  snapshots  of  the  velocity  field  in  the  viscous/polarization  layer  for  Run  2.  The 
not  very  well-resolved  arrows  represent  the  direction  of  velocity;  their  length  represents  the  relative 
magnitude  of  velocity.  The  dc  magnetic  field  points  into  the  plane  of  the  figure.  Numbers  to  the  right  of 
each  snapshot  represent  the  run  time  (1  unit  =  6.80  t,). 
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Figure  6.  Same  as  Figure  5  for  Run  3  except  that  1  unit  of  run  time  now  corresponds  to  4.26  x, . 
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Figure  7.  Eddy  Shedding.  The  snapshot  of  the  velocity  field  for  Run  3  at  time  step  30  shows  the  full 
simulation  plane.  The  free  eddy  is  apparent  below  the  shear  layer  and  to  the  right  side. 
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Xj  x2  x3 


Figure  8.  Sample  ‘satellite’  cuts  for  evaluating  power  spectral  densities.  The  velocity  field  for  Run  3  at 
time  step  80  is  used  to  illustrate  spectral  features. 
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Figure  9.  Spectral  density  for  the  magnetospheric  electric  field  in  the  viscous/polarization  layer.  Clock¬ 
wise  from  upper  left  are  the  spectral  densities  for  the  spanwise  electric  field  (£,)  for  three  stream  wise 
cuts  (y,,  y 2  and  y3),  the  spanwise  electric  field  for  three  spanwise  cuts  (xtl  x2  and  x3),  the  streamwise 
electric  field  for  streamwise  cuts,  and  the  streamwise  electric  field  for  spanwise  cuts. 
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Figure  10.  Spectral  density  for  the  magnetospheric  magnetic  field  at  the  bottom  of  the 
viscous/polarization  layer.  Same  format  as  Figure  9. 
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Figure  11.  Spectral  density  for  the  electric  held  at  the  ionospheric  substrate.  Same  format  as  Figure  9. 
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Self-Consistent  Model  of  the  Low-Latitude  Boundary  Layer 

T.  D.  Phan,  B.  U.  6.  Sonnerup,  and  W.  Lotko 

Thayer  School  oj  Engineering,  Dartmouth  College,  Hanover,  New  Hampshire 

A  simple  two-dimensional,  steady  state,  viscous  model  of  the  downside  and  duskside  low-latitude 
boundary  layer  (LLBL)  has  been  developed.  It  incorporates  coupling  to  the  ionosphere  via  field- 
aligned  currents  and  associated  field-aligned  potential  drops,  governed  by  a  simple  conductance 
law.  and  it  describes  boundary  layer  currents,  magnetic  fields,  and  plasma  flow  in  a  self-consistent 
manner.  Slab  geometry  is  assumed,  with  no  variations  along  the  flow  direction  -i  and  with  the 
layer  on  closed  field  lines.  The  currents  in  the  layer  are  regulated  by  coupling  to  the  ionosphere. 
The  magnetic  field  induced  by  these  currents  leads  to  two  effects:  ( 1 )  a  diamagnetic  depression  of 
the  magnetic  field  in  the  equatorial  region  and  (2)  bending  of  the  field  lines  into  parabolas  in  the 
rz  plane  with  their  vertices  in  the  equatorial  plane,  at  z  =  0,  and  pointing  in  the  flow  direction, 
i.e.,  tailward.  Both  effects  are  strongest  at  the  magnetopause  edge  of  the  boundary  layer  and 
vanish  at  the  magnetospheric  edge.  The  diamagnetic  depression  corresponds  to  an  excess  of 
plasma  pressure  in  the  equatorial  boundary  layer  near  the  magnetopause.  This  pressure  drops 
off  both  with  increasing  distance  z  from  the  equatorial  plane  and  with  increasing  distance  y  from 
the  magnetopause.  It  reaches  the  magnetospheric  level  for  r  =  ±H  as  well  as  for  y  —  oo.  The 
boundary  layer  structure  is  governed  by  a  fourth-order,  nonlinear,  ordinary  differential  equation 
in  which  one  nondimensional  parameter,  the  Hartmann  number  M ,  apperr*  A  second  parameter, 
introduced  via  the  boundary  conditions,  is  a  nondimensional  flow  velocity  v*  at  the  magnetopause. 

It  is  shown  that  for  large  M  values  the  coupling  to  the  ionosphere  is  weak;  in  that  limit,  or  when 
v *  is  small,  the  model  reduces  to  that  discussed  by  Lotko  et  al.  (1987)  in  which  induced  magnetic 
fields  are  neglected.  Numerical  results  from  the  model  are  presented  and  the  possible  use  of 
observations  to  determine  the  model  parameters  is  discussed.  The  general  predictions  of  the 
model  in  terms  of  region  1  currents  and  associated  ionospheric  signatures  are  similar  to  those 
obtained  earlier  by  Lotko  et  al.  and  by  Sonnerup  ( 1980).  Those  predictions  are  in  qualitative  and 
approximately  quantitative  agreement  with  a  number  of  observations.  The  main  new  contribution 
of  the  study  is  to  provide  a  better  description  of  the  field  and  plasma  configuration  in  the  LLBL 
itself  and  to  clarify  in  quantitative  terms  the  circumstances  in  which  induced  magnetic  fields 
become  important.  In  particular,  it  appears  that  for  the  low  values  of  the  field-aligned  conductance 
expected  on  the  duskside  of  the  magnetosphere,  these  fields  may  remain  relatively  unimportant, 
at  least  in  the  noon  to  dusk  segment  of  the  LLBL. 


1.  Introduction 

The  low-latitude  boundary  layer  (LLBL)  is  a  narrow  mag¬ 
netospheric  region,  located  on  the  earthward  side  of,  and 
immediately  adjacent  to,  the  magnetopause  at  low  to  mod¬ 
erate  geomagnetic  latitudes  and  containing  magnetosheath 
like  plasma  streaming  across  geomagnetic  field  lines  in  the 
general  antisolar  direction.  This  plasma  layer  was  first  ob¬ 
served  along  the  flanks  of  the  geomagnetic  tail  [Hones  et 
al.,  1972]  but  subsequently  has  been  found  to  be  present, 
at  least  intermittently,  inside  the  entire  low-latitude  portion 
of  the  dayside  magnetopause.  Its  thickness  is  difficult  to 
determine  from  single-satellite  observations  but  appears  to 
increase  with  increasing  longitudinal  distance  from  the  sub¬ 
solar  point,  at  least  in  the  local-time  segment  of  ±6 h  from  lo- 
.  cal  noon  [Haerendel  et  al.,  1978;  Eastman  and  Hones.  1979; 

Mitchell  et  al.,  1987];  beyond  that  segment  along  the  magne¬ 
tospheric  flanks,  the  change  of  thickness  with  distance  down 
the  tail  is  less  apparent.  Typical  average  thicknesses  there 
may  be  of  the  order  0.5-1  Re.  and  there  is  an  indication 
that  the  thicknesses  may  be  greater  for  the  northward  than 
for  the  southward  interplanetary  magnetic  field  [Mitchell  et 
al.,  1987], 

The  plasma  in  the  LLBL  has  properties  similar  to  those 
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observed  in  the  adjacent  magnetosheath  [Eastman  et  al., 
1976,  1985;  Eastman  and  Hones,  1979]  although  sometimes 
with  a  significant  contribution  of  magnetospheric  or  iono¬ 
spheric  particles  [Sckopke  et  al.,  1981;  Peterson  et  al.,  1982; 
Lundin  et  al.,  1987],  The  flow  speed  is  comparable  to,  but  on 
average  somewhat  less  than,  the  speed  in  the  adjacent  mag- 
netoshealh  [Eastman  et  al.,  1985].  Although  the  data  are 
highly  variable,  indicating  the  possible  presence  of  turbu¬ 
lence  in  the  layer,  the  plasma  density  and  velocity  generally 
decrease  with  increasing  distance  from  the  magnetopause, 
sometimes  with  a  velocity  reversal  near  the  magnetospheric 
edge  of  the  layer.  The  LLBL  appears  to  be  located  prin¬ 
cipally  on  closed  field  lines  [Eastman  and  Hones.  1979],  al¬ 
though  there  is  also  evidence  that,  at  times,  part  of  the  layer 
may  be  on  open  field  lines,  i.e  .  on  field  lines  with  only  one 
foot  in  the  ionosphere  [Mitchell  et  al.,  1987], 

Theoretical  models  of  the  LLBL  have  been  discussed  in 
the  literature,  starting  with  the  early  qualitative  work  by 
Coleman  [1971]  and  Eastman  et  al.  [1976]  in  which  the 
coupling  of  the  layer  to  the  dayside  auroral  region  iono¬ 
sphere  plays  a  prominent  role.  This  coupling  produces  what 
is  known  as  the  region  1  field-aligned  currents  [/ytma  and 
Potemra,  1976a,  6]  with  the  correct  sense,  namely  into  the 
ionosphere  on  the  dawnside  and  out  of  it  on  the  dusk¬ 
side.  On  the  basis  of  the  ideas  contained  in  those  early 
papers,  Sonnerup  [1980]  developed  an  illustrative  quanti¬ 
tative  model  in  which  the  LLBL  consists  of  a  slab-shaped 
region  containing  steady  state  viscous  plasma  flow  at  right 
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angles  to  a  uniform  magnetic  field  so  that  the  layer  acts  as 
a  viscously  driven  MHD  generator.  Field-aligned  currents 
j II  connect  the  generator  to  the  resistive  load  provided  by 
the  auroral  ionosphere,  and  field-aligned  potential  drops  are 
allowed  for  in  an  ad  hoc  manner  in  order  to  limit  the  mag¬ 
nitude  of  the  field- align'  -i  currents  to  values  commensurate 
with  observations.  The  ionospheric  signatures  of  the  LLBL 
predicted  by  this  model  are  not  unlike  those  observed  near 
the  convection  reversal  [e  g.,  Bythrow  et  al .,  1981].  In  par¬ 
ticular.  broad  inverted  V  structures  containing  field-aligned 
potential  drops  of  a  few  kilovolts  and  widths  of  the  order 
of  50-100  km  are  predicted  on  the  eveningside  of  the  mag¬ 
netosphere.  Similar  results  were  obtained  by  Kan  and  Lee 
[1980],  who  discussed  a  nonviscous  model  in  which  the  cou¬ 
pling  to  the  ionosphere  causes  the  boundary  layer  plasma  to 
slow  down  gradually  as  it  moves  in  the  antisolar  direction. 

More  recently,  Lotko  et  al.  [1987]  have  reexamined  and 
improved  the  viscous  model  discussed  above.  In  particu¬ 
lar.  these  authors  incorporated  field-aligned  potential  drops 
Ae>n  in  a  more  satisfactory  manner  by  use  of  a  simple  con¬ 
ductance  model  [Lyons,  1980;  Chiu  and  Cornwall,  1980] 
in  which  Ad||  is  proportional  to  jy.  They  obtained  one¬ 
dimensional  steady  state  LLBL  structures  similar,  on  the 
whole,  to  those  found  by  Sonnerup  [1980]  but  also  discussed 
one-dimensional  time-dependent  shear  layers  and  outlined 
some  of  the  spectral  properties  of  the  basic  equations  in 
two  dimensions  and  time.  Numerical  simulations  of  decay¬ 
ing  turbulence  have  also  been  performed  [Lotko  and  Schultz. 
1988], 

The  present  paper  contains  an  extension  of  the  one¬ 
dimensional  steady  viscous  model  by  Lotko  et  al.  [1987], 
the  extension  consisting  of  incorporating  the  induced  mag¬ 
netic  field  in  the  boundary  layer  in  a  self-consistent  manner. 
The  presentation  is  organized  as  follows.  Section  2  contains 
a  qualitative  description  of  the  model.  In  section  3,  the 
basic  model  equations  and  the  boundary  conditions  are  de¬ 
veloped.  Section  4  contains  results  obtained  by  numerical 
integration  of  the  model  equations,  along  with  discussion  of 
those  results.  In  particular,  the  problem  of  determining  the 
model  parameters  by  use  of  observations  is  discussed.  Fi¬ 
nally.  section  5  contains  a  brief  discussion  of  results  obtained 
from  the  study. 

2  Model 

The  following  basic  features  of  the  model  to  be  analyzed 
here  are  the  same  as  in  the  work  of  Sonnerup  [1980]:  the 
LLBL  is  assumed  to  be  located  on  closed  field  lines,  to  be 
time  independent,  and  to  have  slab  geometry  in  which  an 
equilibrium  exists  between  viscous  forces  driving  the  flow 
in  the  antisoiar  direction  -z  and  j  x  B  forces.  The  vis¬ 
cous  forces  ate  transmitted  across  the  magnetopause  from 
the  streaming  magnetosheath  plasma.  No  inertia  forces  are 
present,  and  the  plasma  moves  in  a  unidirectional  manner 
with  d/dz  =  0.  As  in  the  earlier  model,  we  also  have  Bv  B  0. 
y  being  the  coordinate  orthogonal  to  the  slab  (and  to  the 
magnetopause),  and  thus  a  boundary  layer  thickness  that 
is  independent  not  only  of  i  but  of  z,  the  coordinate  due 
north,  as  well.  In  reality,  the  boundary  layer  has  curvature 
in  the  equatorial  and  meridional  planes  but,  as  for  ordinary 
fluid  mechanical  boundary  layers,  modest  curvature  of  this 
type  is  not  expected  to  influence  the  results  in  an  important 
manner  as  long  as  the  boundary  layer  thickness  is  much  less 


than  the  radius  of  curvature.  However,  other  simplify. ng 
sumptions  are  more  restrictive:  in  reality  the  boundaiy  layer 
thickness  is  expected  to  increase  in  the  Sow  direciion,  at 
least  on  the  front  lobe  of  the  magnetosphere  where  the  force 
equilibrium  discussed  above  has  not  been  reached.  This  ef¬ 
fect  may  be  counterbalanced  to  some  extent  by  a  spreading 
out  of  the  boundary  layer  flow  in  the  z  direction  as  the  dis 
tance  from  the  subsoiar  region  increases.  On  the  oth<  r  hand, 
mass  addition  to  the  boundary  layer  by  diffusion  across  the 
magnetopause,  an  effect  discussed  by  Sonnerup  [1980],  is 
likely  to  lead  to  an  increase  of  the  boundary  layer  thickness 
with  increasing  distance  from  the  subsolar  point  Thj  lat¬ 
ter  effect  is  not  included  in  our  model.  Rather  it  is  assumed 
that  such  mass  diffusion  occurs  only  upstream  of  the  region 
analyzed.  On  the  whole,  it  seems  that  the  best  potential 
region  of  applicability  for  our  model  is  on  the  low-latitude 
flanks  of  the  magnetosphere  where  existing  gradients  d/dx 
may  be  small.  Even  there,  some  of  the  assumptions  to  be 
made,  for  example,  those  of  a  steady  state  and  of  symmetry 
between  the  northern  and  southern  hemispheres,  represent 
an  oversimplification  of  the  real  situation.  For  this  reason, 
the  model  should  be  considered  mainly  as  illustrative.  It  has 
the  advantage  of  permitting  precise  mathematical  analysis, 
identification  of  significant  dimensionless  groups  governing 
the  system,  and  insight  into  the  main  effects  to  be  expected 
in  the  interaction  between  a  rapidly  moving  viscous  layer 
in  the  magnetosphere  and  the  auroral  ionosphere.  However, 
future  detailed  comparisons  with  observations  are  likely  to 
show  the  need  for  substantial  improvements  in  the  model 
assumptions. 

A  schematic  drawing  of  the  geometry  in  Figure  1  shows 
the  dawnside  of  the  magnetosphere  and  its  coupling  to  the 
ionosphere.  The  system  is  divided  into  three  parts:  the 
LLBL  region,  the  high-latitude  (auroral)  ionosphere,  and 


Fig.  1 .  Schematic  drawing  of  the  dawnside  low-latitude  bound¬ 
ary  layer  (LLBL)  and  its  coupling  to  the  auroral  ionosphere  in¬ 
cluding  a  field-aligned  potential  drop  Ad| ,  in  the  so-called  accel¬ 
eration  region.  The  boundary  layer  occupies  the  region  |x|  <  H 
in  which  the  plasma  velocity  v*(y)  is  as  shown.  Pedersen  cur¬ 
rents  and  electric  fields  in  the  auroral  ionosphere  are  shown  in 
the  insert.  Regions  1  and  2  correspond  to  the  field-aligned  cur¬ 
rent  regions  found  by  /i; ima  and  Potemn  [1976a,  1). 
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the  intermediate-altitude  region,  or  particle  acceleration  re¬ 
gion,  connecting  the  above  two  parts.  Since  the  plasma  in 
the  LLBL  is  practically  collisionless,  the  viscosity  is  assumed 
to  be  produced  by  wave-particle  interactions  occurring  on 
scale  lengths  comparable  to  the  ion  gyroradius,  as  in  the 
work  of  Lotko  et  al.  [1987],  or  possibly  by  macroscopic  tur¬ 
bulence,  as  discussed  by  Sonnerup  [  1980],  Sato  [1982],  and 
Miura  [1987],  In  the  latter  case,  the  equations  to  be  devel¬ 
oped  here  describe  the  time-averaged  behavior  of  the  bound¬ 
ary  layer. 

As  mentioned  above,  the  basic  force  balance  in  the  flow 
direction  for  a  fluid  element  in  the  boundary  layer  has  two 
terms:  viscous  forces  which  act  to  accelerate  the  element  in 
the  downstream  direction  and  Maxwell  stresses  associated 
with  magnetic  field  lines,  curved  in  the  xz  plane,  which  op¬ 
pose  the  viscous  forces.  The  field  line  curvature  is  produced 
via  Ampere’s  law  by  currents  )y  flowing  across  the  layer;  the 
associated  Maxwell  stresses  can  be  expressed  as  a  net  force 
jyB,  per  unit  volume  opposing  the  flow.  As  one  moves  from 
the  magnetopause  edge  of  the  LLBL  toward  the  inner  edge 
of  that  layer,  the  plasma  velocity  and,  with  it,  the  velocity 
gradients  decrease,  the  result  being  a  decreasing  value  of  the 
net  viscous  force  on  a  fluid  element.  The  Maxwell  stresses 
opposing  the  flow  must  also  decrease  proportionately,  which 
requires  the  current  jv  to  be  deflected  gradually  to  join  cur¬ 
rents  in  the  xz  plane.  The  latter  currents  have  components 
perpendicular  to  B  which  produce  a  force  component  j  x  B 
in  the  negative  y  direction.  This  component  serves  to  bal¬ 
ance  the  decreasing  plasma  pressure  in  the  LLBL  as  one 
moves  toward  its  inner  edge.  There  is  also  a  field-aligned 
component  of  the  current  which  flows  into  the  ionosphere  in 
the  northern  and  southern  hemispheres.  The  ionosphere  is 
treated  as  a  resistive  load,  characterized  by  an  Ohm’s  law 
and  the  requirement  of  current  continuity.  In  the  absence  of 
electric  field  components  along  the  magnetic  field,  the  iono¬ 
spheric  electric  field  can  be  obtained  from  the  equatorial 
field  — v  x  B  in  the  LLBL  by  mapping  of  potentials  along 
the  magnetic  field  from  the  LLBL  to  the  ionosphere.  How¬ 
ever,  the  coupling  between  the  two  regions  is  not  perfect 
in  the  model:  an  electric  field  component  along  B,  related 
to  the  field-aligned  current  via  a  simple  conductance  law,  is 
incorporated. 


3.  Basic  Model  Equations 


3.1.  Low- Latitude  Boundary  Layer 

We  assume  the  boundary  layer  flow,  located  within  a  dis¬ 
tance  H  north  and  south  of  the  equatorial  plane  as  shown 
in  Figure  1,  to  be  steady,  unidirectional,  and  independent 
of  the  coordinate  x,  i.e.,  v  =  ftvx(y,  z).  The  magnetic  field 
is  assumed  to  be  confined  to  the  xz  plane,  i.e.,  Bv  =  0. 
To  satisfy  V  •  B  =  0,  the  field  component  B,  can  depend 
on  y,  but  not  on  z.  Thus  the  total  field  may  be  written 
B  =  StBx(y,z)  +  i B,(y).  We  also  assume  the  frozen-field 
condition  to  hold  in  the  LLBL.  It  then  follows  that  the 
velocity  vt  must  be  independent  of  the  z  coordinate,  i.e., 
v  =  ftvz(y).  In  a  velocity  field  of  this  type,  mass  conserva¬ 
tion  is  automatically  satisfied,  and  one  can  allow  the  plasma 
density  to  vary  in  both  y  and  z  so  that  p  =  p(y,  z). 

With  the  previous  assumptions  concerning  the  magnetic 


field  and  the  flow  velocity  of  the  plasma,  the  law  of  conser¬ 
vation  of  momentum  applied  to  the  boundary  layer  yields 

x  component 


®  =  JyB,(y)  +  (1) 

y  component 

0  =  _aE^l£)  _]xBt{y)+JiBx{y 
dy 

z  component 

o=-^-, (>l 

where  p  is  the  plasma  pressure,  assumed  to  obey  the  ideal 
gas  law 

p(y<x)  -  p(y,z)RT(y,z)  (4) 

Also,  Tj  is  the  dynamic  viscosity,  which  for  simplicity  we 
assume  to  be  a  function  only  of  the  temperature  T.  i.e.. 
j)  =  r)(T).  A  more  realistic  expression  for  the  viscosity 
should  probably  include  a  dependence  on  density  as  well 
as  magnetic  field.  However,  since  the  mechanism  responsi¬ 
ble  for  creating  the  effective  viscosity  is  not  well  understood, 
such  an  improved  viscosity  model  is  not  available  at  present. 

To  describe  currents  and  magnetic  fields  self-consistentlv. 
Ampere’s  law  is  used.  The  three  components  of  the  current 
are  given  by 


1 

dB,(y) 

Mo 

dy 

1 

dBt(y,z) 

MO 

dz 

1  dBz(y,  z) 

Mo  dy 


(5) 

(6) 
(') 


By  use  of  these  expressions,  (2)  and  (3)  may  be  integrated 
to  give 


P  + 


(Bj ±  B\) 
2po 


=  C](z)  =  Cl 


(8) 


P+7T-=C2(V)  (9) 

2  M0 

from  which  it  follows  that  B)/2po  =  ct(z)  -  cj(y).  Since  we 
have  shown  that  B,  —  B,(y),  we  conclude  that  Ci(z)  is  in 
fact  independent  of  z,  i.e.,  ci(x)  =  ci. 

Finally,  the  potential  distribution  in  the  equatorial  region 
can  be  written  in  terms  of  vx  and  B,  as 


<t>{v) 


vx(y)B,{y)dy 


(101 


3.2.  Coupling  to  the  Ionosphere 

In  the  remainder  of  the  paper,  all  quantities  referring  to 
the  ionosphere  carry  the  subscript  t,  while  those  without  a 
subscript  refer  to  the  equatorial  region.  For  simplicity,  we 
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assume  the  magnetic  field  B,  to  be  constant  over  the  ef¬ 
fective  height  of  the  ionosphere  and  to  be  independent  of 
y, .  The  height-integrated  ionospheric  Hall  and  Pedersen 
conductivities,  Hh  and  Dp,  respectively,  together  with  the 
neutral  wind  velocity  are  also  taken  to  be  independent  of 
y,.  The  ionospheric  field-aligned  current  density  is  then  re¬ 
lated  to  the  ionospheric  potential  distribution  through  the 
equation 

-'ll  •(*'■)  =  (>i) 

It  is  also  related  to  the  potential  drop  between  the  equatorial 
region  and  the  ionosphere  through  the  formula 

J||.(jf»)  =  K[4>,(y<)  ~  «>(»)]  (12) 

[Lyons,  1980;  Chiu  and  Cornwall ,  1980]  where  K  is  a  con¬ 
ductance  per  unit  area  which  we  shall  also  take  to  be  inde¬ 
pendent  of  y, .  It  is  seen  that  a  large  K  value  corresponds 
to  good  coupling  between  the  two  regions.  Note  also  that  a 
positive  value  of  jy,  corresponds  to  current  flowing  from  the 
ionosphere  into  the  magnetosphere. 

We  now  assume  that  there  is  no  current  perpendicular  to 
the  magnetic  field  in  the  intermediate-altitude  region.  This 
assumption  is  expected  to  be  valid  because  the  viscous  forces 
as  well  as  the  plasma  0  values  are  assumed  very  small  in 
this  region.  We  can  then  relate  the  ionospheric  field-aligned 
current  to  the  field-aligned  current  at  z  =  ±H  by  use  of  the 
conservation  of  magnetic  flux  and  field-aligned  current: 

>||.(S6)  =  =  ±ff)  03) 


strict  attention  to  the  case  of  symmetrical  conditions  in  ;:i 
boundary  layer  for  z  >  0  and  j  <  0.  In  this  case.  B ,  and 
j,  are  both  zero  at  the  equatorial  plane  and  then  increase 
linearly  with  z.  Furthermore,  from  (9)  and  (4)  it  follows 
that  for  fixed  y,  the  pressure  p  and  the  density  p  have  one 
and  the  same  quadratic  variation  with  r  such  that  they  de¬ 
crease  from  their  maximal  values  at  z  —  ()  to  the  background 
levels  poo  and  at  z  =  ±H  It  should  be  notid  that  un¬ 
der  the  given  assumptions,  the  z  variations  described  above 
are  exact.  In  other  words,  they  do  not  represent  simply  the 
leading-order  terms  of  a  nontruncating  series  expansion  in 
powers  of  z. 

For  simplicity,  we  now  assume  the  plasma  tempe.atu. 
T  to  be  independent  of  y  as  well  as  of  z.  In  other  words, 
we  consider  the  case  of  a  fully  isothermal  boundary  layer. 
We  shall  also  assume  that  at  the  magnetosphere  edge  of  the 
LLBL,  i.e.,  as  y  — >  oo,  the  plasma  pressure  p  and  velocity 
vx,  as  well  as  the  magnetic  field  Bs,  all  approach  constant 
asymptotic  values  p0 0,  vx,  and  Boc,  respectively,  and  that 
B j,  j y ,  and  j,  ail  approach  zero  Note  that  we  take  the 
pressure  to  be  p^  both  at  z  =  ±H  and  along  the  entire 
inner  edge  of  the  boundary  layer. 

As  discussed  above,  we  now  have 

Bz  =  POjyZ  (16) 

and 


Substitution  of  (16)  into  (9),  with  the  constant  cj(y)  evalu¬ 
ated  at  z  =  ±H,  leads  to 


The  mapping  of  a  north-south  length  element  in  the  iono¬ 
sphere  d y,  to  a  corresponding  length  element  dy  in  the  equa¬ 
torial  region  is  obtained  by  use  of  the  law  of  conservation  of 
flux  in  a  magnetic  flux  tube: 


dy,  B,(y)  dx 

i;  =  -BTdT,  (H) 

where  the  ratio  dz/dx,  is  the  mapping  factor  for  length  el¬ 
ements  in  the  east- west  direction,  i.e.,  the  i  direction.  For 
simplicity,  we  assume  the  ratio  dx/dz,  to  be  independent  of 
y.  By  integration  of  (14)  the  relationship  between  y,  and  y 
can  be  obtained. 

Finally,  to  convert  derivatives  in  the  ionosphere  to  deriva¬ 
tives  in  the  LLBL  region,  the  following  relation  will  be  used 
[Lotko  et  al.,  1987]: 


P  =  +  ^PoJy(ff2  -  r2)  (18) 

Furthermore,  substitution  of  (16)  and  (18)  into  (8)  leads  to 
the  formula 


By  use  of  (19)  and  the  dimensionless  dependent  variables 
v‘  and  to  be  defined  presently,  the  equation  of  motion 
for  the  plasma,  equation  (1),  becomes 

«*"  =  -J*\/l  -0 */M)s  (20) 

where  M  is  an  effective  Hartmann  number  defined  by 


—  =  (£l\ 

dy,  \  dy,  / 


d_ 

dy 


(15) 


M  = 


zPB*n  /dx.y 

y/l/nh’BooKd*/ 


(21) 


3.3.  Equations  for  t,  and  jv 

We  have  already  shown  that  in  our  model,  the  quantities 
V,  and  B,,  and  from  equation  (5)  therefore  also  jM,  have 
no  z  variation  but  are  functions  of  y  only.  If  we  addition¬ 
ally  assume  the  viscosity  to  be  independent  of  z  (which  for 
tj  =  q(T)  means  that  the  boundary  layer  plasma  is  isother¬ 
mal  along  field  lines),  it  follows  from  (1)  that  jy  must  be  a 
function  of  y  only.  From  (6)  and  (7)  it  is  then  seen  that  Bx 
and  j,  must  both  be  linear  in  z.  For  simplicity  we  further  re- 


The  significance  of  this  nondimensional  parameter  will  be 
discussed  later.  Also,  in  (20)  a  prime  denotes  differentiation 
with  respect  to  y’,  the  nondimensional  y  coordinate  The 
dimensionless  variables  are  defined  by 

y*  =  y/M /Xe 

}'  =  jyMnoH/Bsc  (22) 

v‘  =  Vx/l’t 
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where 

A,  =  \,(dx,/dx)(B,/ Bno)  (23) 

is  the  equatorial  counterpart  of  the  characteristic  iono¬ 
spheric  scale  length  A,  introduced  by  CViiti  and  Cornwall 
[1980]  and  L  yons  [1 980] : 

A,  =  n/Ep/A'  (24) 

The  scaling  of  y  and  jy  with  M  in  (22)  is  such  that  y"  and 
}'  remain  of  order  unity  for  M  >>  1  (see  equations  (36)  and 
(28)  of  Lotko  et  at.  [1987]).  Finally,  the  quantity  vc  is  a 
characteristic  boundary  layer  velocity  given  by 


It  can  be  shown  that  for  perfect  coupling  to  the  iono¬ 
sphere.  this  velocity  represents  the  flow  speed  in  the  bound¬ 
ary  layer  at  y  —  0  for  which  the  induced  magnetic  field 
at  y  =  0,  z  =  0,  which  opposes  the  ambient  field  B0 o,  is 
equal  to  46%  of  Bn «  (see  section  4.1).  For  imperfect  cou¬ 
pling,  the  flow  speed  needed  to  satisfy  this  condition  exceeds 
i>„.  Note  that  by  use  of  (25),  the  nondimension  al  velocity 
v *  can  be  viewed  as  a  modified  magnetic  Reynolds  number 
Rm  =  yoT,l>vI(dx,/dz)2(B,/ Boo). 

Equation  (20)  provides  a  relationship  between  the  current 
j*  and  the  velocity  v‘ .  A  second  relationship  between  these 
variables  is  obtained  by  differentiating  (12)  with  respect  to 
y ,  dividing  the  resulting  equation  by  Bt,  and  then  differen¬ 
tiating  once  more  with  respect  to  y.  By  use  of  (10),  (11), 
(13),  (14),  and  (17),  one  may  then  eliminate  0,  and  0  in 
favor  of  jy  and  vz,  the  result  being 

{(i  -  u’/M)2r]p  [/a  -  u7M)2r,/2]'}' 

=  ;  *'/M  +  v*'  (26) 

Bv  one  more  differentiation  of  (26)  with  respect  to  y’  and 
subsequent  use  of  (20).  the  velocity  e*  may  be  eliminated  to 
yield  the  following  fourth-order  nonlinear  differential  equa¬ 
tion  for  j'\ 

{(1  -  (;7W)J)-,/2  [/(l  -  07 M)V/2]'} 

=  ;*"/A/-j*(i-07A/)2),/2  (27) 

From  this  equation,  with  appropriate  boundary  conditions, 
the  current  distribution  j’(y')  can  be  calculated.  The  veloc¬ 
ity  distribution  v“(y')  can  then  be  obtained  by  integration 
of  (26),  which  leads  to 

a  -  (// M)2)-'12  [j*'(i  -  o7M)jri/j]' 

=  //M  +  v*-«4  (28) 

where  j’(oo)  =  0  has  been  used.  The  constant  of  integration 
represents  the  nondimensional  flow  speed  in  the  magne¬ 
tosphere  with  positive  values  representing  sunward  flow.  A 
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more  general  version  of  these  equations  is  given  in  the  ap¬ 
pendix. 

As  pointed  out  by  Lotko  et  at.  [1987],  the  effective  Hart¬ 
mann  number  M ,  defined  by  (21),  plays  an  important  role  in 
the  theory  of  viscous  magnetospheric  boundary  layers  cou¬ 
pled  to  a  resistive  ionosphere.  The  regular  Hartmann  num¬ 
ber  for  MHD  channel  flows  [e.g.,  Cowling.  1976]  is  of  the 
form  Bd(<r/rf)'/2 ,  where  d  is  the  channel  width  and  tr/rj  is 
the  ratio  of  electrical  conductivity  to  viscosity.  Its  square 
represents  the  ratio  of  j  x  B  forces,  estimated  as  ovB2.  to 
viscous  forces,  estimated  as  yv/d2 .  in  the  channel  In  the 
present  model,  these  two  forces  in  fact  have  exactly  the  same 
magnitude.  The  version  of  M 2  used  here  can  still  be  inter¬ 
preted  as  the  ratio  of  a  j  x  B  force  to  a  viscous  force,  pro¬ 
vided  the  former  force  is  estimated  as  o^vB2^  and  the  latter 
force  as  yu/Xl,  where  (Too  =  (Ep/ H)(B,/ B^  )(dx,/dx )  is  the 
effective  boundary  layer  conductivity  derived  by  Sonneruy 
[1980],  and  \e  is  the  characteristic  boundary  layer  width 
given  by  (23).  Since  the  actual  forces  in  general  deviate 
systematically  from  these  estimates,  the  Hartmann  number 
defined  by  (21)  does  not  have  to  be  equal  to  unity 

It  is  noted  that,  in  the  limit  of  weak  coupling  between  the 
boundary  layer  and  the  ionosphere,  i.e.,  for  small  values  of 
the  field-aligned  conductance  A',  the  Hartmann  number  ,Vf 
becomes  large.  If  terms  of  order  M~2  are  neglected  in  (20). 
(27),  and  (28),  these  equations  reduce  to  the  steady  state 
version  of  the  equations  analyzed  by  Lotko  et  at.  [1987], 
which  do  not  take  into  account  the  nonuniform  (induced) 
magnetic  fields  in  the  boundary  layer.  Thus  the  simpli¬ 
fied  time-asymptotic  boundary  layer  structures  presented  by 
Lotko  et  al.  [1987]  are  valid  for  weak  coupling,  i.e..  for  large 
values  of  the  Hartmann  number.  They  are  also  valid  in  the 
limit  of  small  flow  speed  t>*,  where  induced  magnetic  fields 
are  again  negligible. 

3.4.  Boundary  Conditions 

To  illustrate  the  basic  features  of  the  model,  the  following 
boundary  conditions  will  be  used: 

1.  At  the  magnetospheric  edge  of  the  boundary  layer, 
i.e  ,  as  y’  — *  oo,  the  current  j‘  and  its  derivatives  vanish 
For  simplicity  we  also  assume  =  0.  It  is  evident  from 
(27)  and  (28)  that  yf  0  merely  represents  a  shift  in  the 
zero  level  of  the  velocity.  Such  a  shift  leaves  the  current 
distribution  unchanged. 

2.  At  the  magnetopause  edge  of  the  boundary  layer,  i.e., 
at  y*  =  0,  we  assume  j'  to  be  known  and  j‘  to  vanish.  It 
is  shown  below  that  these  conditions  are  equivalent  to  the 
specification  of  the  velocity  and  the  field-aligned  current  at 
y  =  0. 

As  can  be  seen  from  (17),  djv/dy  =  0  implies  that  j,  =  0 
for  all  z  values.  Thus  the  condition  (0)  =  0  means  that 
the  field-aligned  current  is  put  equal  to  zero  at  y  =  0,  This 
condition  is  based  on  the  idea  that  field-aligned  currents 
are  fed  from  a  high-latitude  (mantle)  generator  [Sucoe  and 
Sanchez ,  1987]  along  the  morningside  magnetopause  down 
to  the  low-latitude  boundary  layer,  |z|  <  H,  where  they 
cross  the  magnetopause  and,  gradually,  are  deflected  into  a 
field-aligned  (region  1)  current  flowing  into  the  ionosphere 
In  such  a  picture,  the  field-aligned  current  reverses  sign  at 
the  magnetopause  edge  of  the  boundary  layer. 
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Using  the  conditions  j*  (0)  =  0  and  =  0,  (28),  evalu¬ 
ated  at  v  =  0,  becomes 

v 'o'  =  — 1  *(0)  =  -/'lOi/il  -  (/(0)/AY)2)  (29) 

Thus  for  a  given  value  of  j‘(0j.  (27)  can  be  integrated  and 
the  quantity  j*  (0)  evaluated  Equation  (29)  then  allows 
one  to  calculate  i-q.  the  nondimensional  plasma  velocity  at 
y  -0. 

4.  Results 

In  this  section,  results  of  numerical  integration  of  (27) 
are  presented,  subject  to  the  boundary  conditions  given  in 
section  3.4.  The  velocity,  magnetic  field,  density,  electric  po¬ 
tential,  and  field-aligned  current  profiles,  which  are  related 
to  the  current  j ’ ,  will  also  be  shown.  The  section  is  divided 
into  two  parts.  Relationships  between  dimensionless  param¬ 
eters  will  be  discussed  in  part  one.  In  part  two,  illustrative 
numerical  examples  will  be  given 

4.1.  Dimensionless  Parameters 

With  the  boundary  conditions  described  in  section  3.4.  the 
overall  boundary  layer  characteristics  are  described  by  the 
following  six  nondimensional  parameters:  M,  v£,  B*0,  do, 
jo,  and  h‘.  Here  Vg  =  uo/t<  and  Bl0  =  B,(0)/ Bx  are 
the  nondimensional  plasma  flow  speed  and  equatorial  field 
strength  at  the  magnetopause  edge  of  the  boundary  layer, 
respectively.  Furthermore,  do  is  the  ratio  of  plasma  pres¬ 
sure  to  magnetic  pressure  in  the  equatorial  plane  at  y  ~  0 
and  jo  is  the  nondimensional  current  density  jv  at  y  =  0. 
Note  that  2jJJ9oo/mo  M  represents  the  total  current  per  unit 
length  along  z  fed  into  the  boundary  layer  from  the  mag¬ 
netopause  within  the  region  |z|  <  H .  Finally,  we  define 
the  boundary  layer  thickness  h\  as  the  y  value  at  which  the 
plasma  flow  speed  reverses  from  the  antisunward  to  the  sun¬ 
ward  direction  (if  such  a  reversal  occurs),  the  corresponding 
nondimensional  thickness  is  h‘  =  hiVW/ We  empha¬ 
size  that  the  entire  boundary  layer  region  described  by  the 
model  extends  well  beyond  y  =  hi.  Other  boundary  layer 
thicknesses  of  potential  interest  are  /12.  which  is  associated 
with  the  reversal  of  jy,  and  hi,  which  is  associated  with  the 
reversal  of  j||  and  therefore  with  the  transition  from  region 
1  to  region  2  currents  [Itjtma  and  Potemra,  1976a,  6],  Re¬ 
versals  of  t>i,  ;y,  and  j||  are  present  for  M  >  1/2  and  absent 
for  Af  <  1/2  (as  in  the  analysis  of  Lotko  et  al  [1987]),  and 
furthermore  we  have  hs  >  hz  >  h  1,  as  shown  in  Figure  1. 

Among  the  six  nondimensional  parameters  mentioned 
above,  Af  and  t»o  can  be  viewed  as  the  fundamental  ones 
from  which  all  the  others  can  be  calculated.  In  Figure  2  we 
show  the  relationship  B'0(vg,  Af ).  It  is  seen  that  for  fixed 
t>o ,  the  magnetic  field  depression  in  the  equatorial  plane  at 
y  =  0  decreases  with  increasing  Af  value.  In  other  words, 
the  diamagnetic  effect  is  weaker  the  weaker  the  coupling 
of  the  LLBL  to  the  ionosphere.  This  result  is  not  surpris¬ 
ing  because  weaker  coupling  means  weaker  currents,  and 
weaker  currents  mean  smaller  deviations  of  the  magnetic 
field  from  the  magnetospheric  level,  B'x  —  1.  For  a  fixed 
value  of  B*0,  B’0  =  0.54  say,  the  velocity  vg  =  vg/ve  in¬ 
creases  with  increasing  Af.  Again  this  result  is  expected 
if  one  remembers  that  v,  is  the  characteristic  speed  in  the 


boundary  layer  at  which,  for  perfect  coupling  1  \1  -■  m  tli 
induced  magnetic  field  is  46%  of  the  background  tv  Id  B  . 
so  that  B',o  —  0.54.  When  the  coupling  is  weaker,  i.e  when 
Af  is  larger,  the  flow  speed  needed  to  maintain  the  samt  size 
of  the  induced  magnetic  field  should  increase,  as  indeed  it 
does:  for  A/  =  1,  Vg  a  2,  and  for  Af  —  15,  v'  a  17  (as¬ 
suming  Bio  -  0.54).  When  —  00.  the  curves  in  Figure 
2  approach  B]0  =  0  for  all  Af  >  (J.  For  perfect  coupling. 
Af  =  0,  the  equations  may  be  integrated  in  closed  form  and 
it  may  be  shown  that  B*0  =  cosvg.  Thus  the  curve  cor¬ 
responding  to  Af  =  0  in  Figure  2  reaches  B *,,  =  ti .54  at 
Vo  =  1.  and  it  reaches  zero  at  vg  =  rr/2. 

The  plasma  J  in  the  equatorial  plane  at  y  =  ti.  J<  m.  ed  i  . 
do,  can  be  calculated  directly  from  B’t(J  and  Jo:.  the  magne¬ 
tospheric  d  value,  from  the  pressure  balance  across  the  field 
in  the  equatorial  plane  (as  noted  earlier,  the  assumed  sym¬ 
metry  between  northern  and  southern  hemispheres  implies 
Bx ( z  =  0)  =  0).  The  result  is 

do  =  (1  +3x)/B:l  -  1  (30) 

It  is  perhaps  surprising  that  the  plasma  pressure  and  with  it 
the  plasma  density  distribution  in  the  boundary  cannot  be 
specified  arbitrarily.  The  explanation  for  this  lies  in  the  con¬ 
dition  p  =  poo  at  |z|  =  H  where  px  is  assumed  independent 
of  y. 

The  current  Jo(vo,M)  =  Af(l  —  Bio)'12  can  also  be 
calculated  from  B',0(vo,  M).  For  a  given  Af  value,  it  in¬ 
creases  monotonically  with  increasing  Vg.  The  ratio  jo/Af 
approaches  unity  as  t’J  —  oc. 

The  boundary  layer  thickness  h]( tij,  Af )  is  shown  in  Fig¬ 
ure  3.  For  fixed  vg,  the  thickness  decreases  with  increasing 
Af.  Given  that  Af2  is  inversely  proportional  to  the  viscos¬ 
ity,  this  result  is  expected.  For  fixed  Af,  the  boundary  layer 
thickness  increases  with  increasing  flow  speed  eg.  a  result 
that  is  opposite  to  the  case  of  ordinary  viscous  fluid  me- 
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Fig.  2.  Nondimensional  equatorial  magnetic  field  strength  at 
the  magnetopause  edge  of  the  boundary  layer,  B'l0  =  B,{0)/ Boo, 
as  a  function  of  nondimensional  plasma  flow  speed  at  the  mag¬ 
netopause  edge,  Ug  =  vg/ve,  and  the  Hartmann  number  Af  The 
sixteen  curves  correspond  to  Af  =  0,1,2 . 15.  The  curve  cor¬ 

responding  to  Af  =  0  reaches  xero  at  vj  =  e/2,  whereas  for 
M  >  0.  Big  approaches  zero  aa  —  oo. 
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Fig.  3.  Nondimenaional  boundary  layer  thickness  h’  =  hi/\t, 
determined  as  the  y*  value  at  which  flow  velocity  reverses  from 
the  antisunward  to  the  sunward  direction,  as  a  function  of  normal¬ 
ized  speed  Vq  and  Hartmann  number  Af .  The  curves  correspond 
to  Af  =  1,2,3 . IS.  All  curves  extend  to  infinity  in  both  vj  and 


chanical  boundary  layers.  In  the  limit  v£  —  0,  the  thickness 
is  given  by 


hi  = 


it  -  2  arctan 


(A/  —  1)  /  2.W  +  1  1 
(Af  +  1)  V  2 M  -  1  J 


(31) 


a  result  that  can  be  obtained  directly  from  the  model  dis¬ 
cussed  by  Lotko  et  al.  [1987],  It  is  seen  that  —  oo  as 
M  —  1/2.  This  does  not  mean  that  the  effective  boundary 
layer  width  becomes  infinitely  large  but  rather  that  the  flow 
reversal  feature  used  to  define  h\  disappears.  For  M  <  1/2, 
a  better  measure  of  the  boundary  layer  width  might  be  the 
y'  value  at  half-maximum  flow  speed.  In  the  same  limit, 
«o  — ►  0,  it  may  be  shown  that 


(Aj  -  = 


ir  —  2  arctan 


1 

x/4Af  J  -  1 


} 


(32) 


and  that 


(*>3  -  hi)  = 


+  2  arctan 


(Af  -  1)  /2Af  +  1 1 
(Af  +  1)  V  2Af  -  1  / 
(33) 


Numerical  results  obtained  for  v£  yi  0  indicate  that  (AJ  — 
hi)  and  (hi  —  AJ)  are  approximately  independent  of  vj  and 
therefore  can  be  obtained  from  the  above  formulas,  as  long 
as  Bio  remains  substantially  different  from  zero.  Note  that 
the  formulas  (31)  to  (33)  as  well  as  Figure  3  refer  to  the 
case  via  =  O'  For  /  0,  hj  and  h]  remain  the  same  as  for 
tiJo  =  0.  On  the  other  hand,  hi  decreases  for  increasingly 
positive  values  of  via  (••«■.  for  increasing  sunward  convection 
at  the  inner  edge  of  the  LLBL). 

The  layer  thicknesses  in  the  ionosphere,  corresponding  to 
(hi,hi,h3)  and  obtained  by  mapping  along  the  magnetic 


field,  are  denoted  by  [hi,,  hi,,  hi,).  Because  of  the  [■;• 
of  field-aligned  potential  drops,  the  location  y,  =  hi,  is  not 
associated  with  any  easily  identifiable  feature  in  the  iono¬ 
sphere  At  y,  =  h] i  the  ionospheric  Pedersen  current  and. 
for  vanishing  neutral  wind  (£,  ^  =0,  which  corresponds  to 
the  case  =  0),  the  associated  ionospheric  electric  field 
reverse  sign.  For  y,  <  hi,,  the  field-aligned  current  from 
the  morningside  LLBL  is  deflected  into  a  northward  flowing 
ionospheric  current  while  for  y,  >  hi,  it  is  deflected  equator- 
ward  and  forms  as  part  of  a  closed  current  loop,  as  shown 
in  Figure  1.  The  magnetic  field  line  connecting  the  two 
points  y  =  hi  and  y,  =  hi,  thus  serves  as  a  separatrix  for 
the  currents.  Finally,  the  location  y,  —  hi,  corresponds  to 
the  minimum  in  the  ionospheric  electric  field  which  occurs 
where  the  field-aligned  current  leverses  sign.  The  thick¬ 
nesses  hi,  =  h 2,/A,  and  hj,  =  hi,/ X,  are  shown  in  Figure  4 
as  functions  of  t'o  and  Af .  It  is  seen  that  for  large  Af  values 
these  thicknesses  become  essentially  independent  of  e* 

4.2.  Illustrative  Numerical  Examples 

Examples  of  velocity,  density,  current,  and  magnetic  hdd 
profiles  are  presented  in  this  section.  The  parameter  v,  1- 
ues  used  in  these  examples  are  listed  in  Table  1.  Some  cr 
these  values  are  chosen  on  the  basis  of  observations.  How¬ 
ever,  other  parameter  values,  such  as  kinematic  viscosity, 
field-aligned  conductance,  and  mapping  factors,  are  highly 
uncertain.  For  this  reason,  results  shown  in  this  section  serve 
mainly  as  an  illustration  of  the  model  More  reliable  esti¬ 
mates  of  the  above  parameters  can  in  principle  be  obtained 
by  comparing  the  model  results  quantitatively  to  observa¬ 
tions,  as  discussed  in  the  next  subsection 

Figure  5  shows  the  magnetic  field  configuration  in  the 
LLBL  for  Hartmann  number  A/  =  0.85  and  with  con¬ 
ductance  K  =  10~8  mho/m2,  mapping  factor  dx/di,  = 
100,  0oo  =  0,  and  kinematic  viscosity  vo  —  y/po  =  10"  m2/s 
at  y  =  0.  It  is  seen  that  field  lines  are  bent  into  parabolas 
with  their  vertices  pointing  in  the  flow  direction.  Such  cur¬ 
vature  is  compatible  with  the  tailward  distortion  of  field 
lines  observed  in  the  LLBL  region  [Eastman  et  ai.  1985] 
As  in  the  observations,  the  bending  is  strongest  at  the  mag¬ 
netopause  edge  of  the  layer  and  decreases  as  one  approaches 
the  magnetosphere.  Other  factors  being  equal,  the  bending 
becomes  less  pronounced  the  larger  .he  Hartmann  number 
and  the  smaller  the  velocity  parameter  tv  In  Figure  5,  large 
values  of  K  and  vo  were  chosen  in  order  to  produce  signif¬ 
icant  bending.  For  conditions  that  may  be  representative 
of  the  dusltside  boundary  layer  ( K  =  10-9  mho/m2.  v0  = 
10*  m2/s,  dx/dz,  =  100),  the  field  line  deformation  is  found 
to  be  small.  Thus  the  simpler  analysis  of  Lotko  et  al.  [1987] 
may  be  applicable,  at  least  in  the  noon  to  dusk  LLBL. 

It  may  be  added  that  for  |z|  >  H  the  field  line  slope  at  any 
chosen  y  value  remains  the  same  as  the  slope  at  |i,  =  U . 
shown  in  the  figure  for  that  y  value.  However,  the  field 
magnitude  is  constant  and  equal  to  B ^  for  |z|  >  H:  the 
shear  in  the  field  is  caused  entirely  by  field-aligned  currents. 

Velocity  and  current  profiles  in  the  LLBL  for  different 
values  of  Af  are  given  in  Figures  6  to  8.  The  four  velocity 
distributions  shown  in  Figure  6  illustrate  the  presence  of  a 
region  of  sunward  flowing  plasma  on  the  magnetospheric  side 
of  the  main  boundary  layer,  i.e.,  for  y  >  hi  Such  a  region 
is  present  for  Af  >  1/2.  The  magnitude  of  the  sunward  flow 
speed  increases  with  increasing  Hartmann  number,  as  men- 
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Fig.  4.  (>)  Nondimensiona]  ionospheric  boundary  layer  thick¬ 

ness  6J,  =  Aj./A,,  where  the  ionospheric  Pedersen  current  and 
the  associated  ionospheric  electric  field  reverse  sign,  as  a  function 
of  normalized  speed  vj  and  Hartmann  number  M  The  curves 
correspond  to  M  =  1,2,3,  ,  15.  It  is  noted  that  for  large  values 

of  M  this  thickness  is  essentially  independent  of  tig.  (4)  Same 
diagram  as  in  Figure  4o  but  for  thickness  hj,  =  As, /A,,  where 
the  field-aligned  current  reverses  sign. 

tioned  earlier  It  should  be  added  that  by  allowing  vxoo  /  0 
the  maximum  speed  of  this  reverse  flow  may  be  adjusted  to 
any  desired  level.  The  second  feature  apparent  in  Figure  6 
is  the  thickening  of  the  boundary  layer  as  the  kinematic  vis¬ 
cosity  increases.  However,  to  produce  hi  values  of  -he  order 
of  1  Re,  a  kinematic  viscosity  in  excess  of  1010  mJ/s  would 
be  needed,  other  parameters  remaining  unchanged 

The  electric  current  density  components  j,  and  in  the 
boundary  layer  are  shown  in  Figure  7  for  the  same  parame¬ 
ter  values  as  those  used  in  Figure  6.  The  dependence  of  the 
boundary  layer  thickness  on  the  viscosity  is  again  apparent, 
and  it  is  seer  that  the  currents  increase  in  magnitude  with 


increasing  A  value,  i.e.  with  increasing  couphnu  '•>  :  1  ■  •  ■  "no 
sphere.  The  current  component  jv.  but  not  ; ,  ■  1 1 - 1  lay.  , 
sign  reversal  at  y  =  hi  '  ich  is  located  substantially  earth- 
ward  of  the  reversal  in  flo'v  speed,  i.e..  A 2  ;■  6,  1  sc  figure 
6).  The  2  component  of  the  current  density  in  tli»  boundary 
layer  reverses  sign  at  y  =  hi.  where  h  1  >  6  ITi*-  distribu 
tion  of  this  curret,'  tor  various  2  values  is  shown  m  f  igure  8 
for  one  set  of  parameter  values 

In  Figure  9a  the  equatorial  diamagnetic  field  depression 
in  the  boundary  layer  is  show  as  a  'unction  of  y  As  ex 
pected,  the  depression  m  larger  the  smaller  the  \t  value, 
i.e.,  the  stronger  the  coupling  to  the  ionosphere  I  hi  Mini 
ber  density  of  the  boundary  layer  plasma  in  tin  'qiMtoria 
plane  is  shown  in  Figure  96  as  a  function  of  y  tor  the  case 
where  the  magnttospheric  plasma  pressure  and  density  are 
assumed  to  be  zero,  i .<  .,  3**  —  0.  By  use  of  the  pressure  bal 
ance  across  the  layer,  the  plasma  temperature  in  the  LI, 31- 
can  be  calculated  for  eacn  of  the  three  examples  in  Fig¬ 
ure  9  These  temperatures  are  T  =  1.5  x  10'  °K  for  the 
M  =  0  85  case,  T  =  4.2  x  10*  °K  for  the  two  M  =  2.7  cases, 
and  T  =  6.2  x  101  °K  for  M  —  8.5.  The  fact  that  these 
temperatures  are  very  small  is  an  indication  that  in  reality 
the  magnetospheric  density  n<»  /  0  so  that  0^  0.  For 

doc  =  1,  the  values  are  T  —  2.44  x  10®  °K  for  M  =  0.85. 
T  =  2.34  x  10®  °K  for  M  -  2.7,  and  T  =  2.30x6  °K  for 
M  =  8.5. 

Field-aligned  current  density  profiles  and  electric  field  pro¬ 
files  in  the  ionosphere  are  shown  in  Figure  10.  As  is  seen 
from  (11),  these  two  diagrams  are  related:  the  field-aligned 
current  is  given  by  jj,  =  -EpdE,/dy.  When  compared  to 
observations  [Iijima  and  Potemra ,  1976a],  the  field-aligned 
currents  are  much  too  large  for  K  =  10_s  mho/m2  but  are 
or  about  the  right  size  for  K  =  10-9  mho/m2.  The  field- 
aligned  potential  drops  Ad||,  obtainable  as  ;||,/A\  have  max¬ 
ima  of  about  600  V  for  K  —  10-8  mho/m2  and  of  1.5-2  kV 
for  K  —  i0~9  mho/m2.  The  latter  values  are  in  the  range  of 
the  electron  energies  observed  in  typical  inverted  V  events 
[e  g..  Lin  and  Hoffman ,  1982],  but  the  potential  drop  has  the 


TABLE  1.  Data  for  Illustrative  Numerical  Examples 


Parameter 

Value 

Boundary  layer  density 

n0  =  r'  protons/ cm* 

II 

0 

*» 

II 

0 

Height- integrated  Pedersen 

Dp  =  6  mho 

conductivity 

Field  line  conductance  per 

K  =  10  10  9  mho/m  i 

unit  area 

Kinematic  viscosity  at  y  ^  0 

vfoo  —  ^  —  K)H  1  nr/s 

Ionospheric  latitude 

A  =  73° 

Equatorial  distance 

L  =  IS  Rt 

Equatorial  height 

H  =  10  Rf; 

Mapping  factor' 

dx/dx ,  =  100 

Characteristic  boundary  layer 

=  442  km/s 

speed 

Maximum  boundary  layer 

t*0  —  *200  km/s 

speed  (y  =  0) 

Ionospheric  magnetic  held 

B,  =  6  >  10-5t 

Magnetospheric  magnetic 

B oo  =  2  x  10~st 

field  (y  —  oo) 

'Orange  segment  m a,  •  in-  -ives  dx/dx ,  =  5)  3,  which  should 
be  considered  a  lo  ,v*r  limit 
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Fig.  5.  Magnetic  field  configuration  in  the  LLBL  for  M  = 
0.85  ( K  —  10~*  mho/m2;  rj/po  =  vo  =  109  mJ/s;dx/dx,  = 

1 00;  Qoo  —  0).  The  curve*  correspond  to  a  range  of  V  value*  from 
y  =  0  (magnetopause  edge)  to  y  — •  oo  (magnetosphere  edge). 
The  bending  of  the  magnetic  field  lines  is  strongest  at  y  =  0  and 
decreases  as  y  — *  oo. 

correct  sense  only  on  the  duskside  where  the  field-aligned 
current  flows  out  of  the  ionosphere.  Thus  curves  2  and  4  in 
Figures  6,  7,  9,  and  10,  for  which  K  =  10~9  mho/m2,  may  b 
representative  of  conditions  in  the  duskside  boundary  layer. 
(Note  that  these  figures  have  been  drawn  for  the  dawnside; 
to  adapt  them  to  the  duskside,  one  should  replace  y  by  -y 
and  j||,  by  -jj,.)  Such  a  small  value  of  the  field-aligned 
conductance  is  compatible  with  the  observational  study  of 
auroral  arcs  by  Lyoni  et  al.  [1979]  and  also  with  the  analysis 
of  Frtdman  and  Lemaire  [1980].  The  situation  on  the  dawn- 
side  where  the  region  1  currents  flow  into  the  ionosphere  is 
more  uncertain  and  will  be  dealt  with  in  a  separate  paper 
Here,  we  merely  note  that  the  field-aligned  conductance  may 
be  far  larger  and  the  Hartmann  number  far  smaller  on  the 
dawnside  than  on  the  duskside. 

4.3.  Thought  Experiment 

Finally,  we  illustrate  how,  in  principle,  one  may  deter¬ 
mine  some  of  the  basic  unknown  parameters  in  the  model 
from  nr  easurements  in  space  during  specific  events.  These 
unknown  parameters  are  the  height-integrated  ionospheric 
Pedersen  conductivity  the  mapping  factor  dz,/dz,  the 
field-aligned  conductance  A’,  the  viscosity  rj,  and  the  bound¬ 
ary  layer  height  // 

First,  we  note  that  the  height-integrated  conductivity 
can  be  obtained  directly  from  ionospheric  measurements, 
from  a  polar  orbiting  satellite,  of  magnetic  field  deflections 
AS, i  caused  by  the  field-aligned  currents  and  of  the  electric 
field  E,y  For  example,  one  may  use  the  relation 

AB„  =  const  +  1  256EP£:.V  (34) 

derived  by  Smiddy  et  al.  [1980].  Note  that  this  formula 
depend*  on  a  number  of  assumptions,  including  the  neglect 


of  neutral  winds.  The  resulting  value  of  Ep  may  vary  a 
great  deal  depending  on  factors  such  as  season  and  level 
of  magnetospheric  activity;  the  value  in  Table  1  may  be 
considered  representative 

We  now  assume  that  the  magnetic  field  ratio  B'0  — 
B,a/ Bx  is  measured  simultaneously  by  a  spacecraft  travers¬ 
ing  the  LLBL.  We  can  then  calculate  Jq/M  =  (1  -  B’o)'12 ■ 
and  from  current  continuity,  /||  =  Oo  /A/  H  /;io )  The 
latter  quantity  represents  the  total  field-aligned  current  per 
unit  length  along  z  fed  from  the  magnetopause  into  the 
boundary  layer  between  2  =  0  and  z  =  H .  However,  the 
corresponding  total  current  per  unit  length,  /j, .  in  the  iono¬ 
sphere  can  also  be  measured  by  means  of  the  total  mag¬ 
netic  field  deflection  between  y  =  0  and  y  =  Aj,:  /g,  = 
AB,i3/mo-  The  mapping  factor  dzjdx  can  then  be  calcu¬ 
lated  as  dzx/dz  =  /||//|p. 

It  is  now  possible  to  calculate  the  characteristic  boundary 
layer  velocity  ve  from  (25),  and.  if  the  flow  speed  t’o  in  the 
boundary  layer  adjacent  to  the  magnetopause  is  measured 
by  the  spacecraft  traversing  the  LLBL,  the  ratio  tv  =  eo/v, 
may  be  formed.  Since  B]0  is  also  measured,  the  value  of 
the  Hartmann  number  M  can  now  be  obtained  from  Figure 
2.  Furthermore,  Vq  and  M  may  then  be  used  in  Figure  4 
to  obtain  hi,  =  h^./X,.  Assuming  that  the  width  of  the  re¬ 
gion  1  current  system,  i.e.,  the  ionospheric  boundary  layer 
thickness  kji,  can  be  determined  from  the  ionospheric  mag¬ 
netic  field  measurements  as  the  y,  value  where  the  magnetic 
deflection  is  a  maximum,  we  may  then  obtain  A,  and,  from 
(24),  the  field-aligned  conductance  K .  The  thickness  Aj, 
rather  than  Aj,  is  used  because,  in  the  model,  the  former  is 
independent  of  the  electric  field  E,x  (which  is  zero  in  the 
simple  calculations  performed  here  as  a  result  of  putting 
vJo  =  0),  whereas  the  latter  depends  on  £,x.  A  more  direct 
method  may  be  used  on  the  duskside  where  the  LLBL  must 
generate  a  broad  inverted  V  electron  precipitation  struc¬ 
ture.  The  electron  energies  and  field-aligned  current  densi- 


.  R- 

Fig  6.  Boundary  layer  velocity  profile*  for  four  different  com 
hmation*  of  K  and  with  dx/drt  =  100  Note  the  increase  in 
magnitude  of  the  sunward  flow  for  larger  Hartmann  number  M 
The  boundary  layer  thicknea*  h  j  i*  *hown  for  ca*e  2 
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Fig.  7.  Electric  current  density  profile*  in  the  boundary  layer 
for  (  a)  y,(y)  and  (4)  ;v(y)  for  the  same  case*  a*  in  Figure  6.  Note 
that  the  current*  increase  in  magnitude  with  increasing  coupling 
to  the  ionosphere,  i.e.,  with  increasing  K  value  Also  note  the 
increase  of  the  boundary  layer  thickness  with  increasing  viscosity 
The  boundary  layer  thickness  hj  is  shown  for  case  2. 

ties  measured  in  this  structure  will  yield  the  conductance  A 
directly  (Lyons  el  al..  1979], 

Finally,  we  may  insert  the  calculated  values  of  M ,  A', 

and  di./dr  into  the  definition  of  M ,  equation  (21),  and 
thus  calculate  the  product  t )U  of  viscosity  and  boundary 
layer  height.  Furthermore,  a  separate  determination  of  H  is 
possible  if  the  elevation  z,  of  the  equatorial  spacecraft  above 
the  actual  symmetry  plane  of  the  model  is  known.  From  a 
measured  value  of  Bto.  the  magnetic  field  z  component  at 
the  magnetopause,  we  may  then  obtain  H  from  the  formula 

Art  =  B~j0'r./  VM  (35) 

In  practice,  the  procedure  described  above  may  be  diffi¬ 
cult  to  implement  because  of  the  pa  icity  of  simultaneous 


measurements  in  the  ionosphere  and  in  the  corresponding 
portion  of  the  low-latitude  boundary  layer  Furthermore 
our  model  assumes  symmetric  conditions  in  the  northern 
and  southern  hemispheres,  whereas  in  reality  rather  large 
asymmetries  may  be  expected  as  a  result  of  the  dipole  tilt 
and  the  associated  difference  in  ionospheric  conductivities 
in  the  two  hemispheres  Thus  the  model  needs  to  be  gen¬ 
eralized  to  incorporate  such  asymmetries  Other  important 
uncertainties  in  the  model  result  from  our  assumption  that 
quantities  such  as  di,/dz,  A  .  ~p.  and  the  plasma  pressure 
at  |z|  =  H  are  independent  of  y. 

Finally,  it  is  emphasized  that  the  set  of  comparisons  with 
observations  described  above  is  sufficient  to  determine  th- 
model  parameters  but,  except  for  the  possibility  of  deter¬ 
mining  A’  from  duskside  inverted  V  structures,  contains  no 
redundancy.  Therefore  it  does  not  piovide  a  test  of  the  in¬ 
ternal  consistency  of  the  model. 

5.  Discussion 

In  this  paper,  a  viscous  steady  state  slab  model  of  the 
low-latitude  boundary  layer  (LLBL)  has  been  presented  in 
which  the  magnetic  field  in  the  layer  is  determined  from 
Ampere's  law  in  a  self-consistent  manner.  It  is  in  this  latter 
respect  that  the  model  provides  an  improvement  over  the 
analyses  by  Sonnerup  [1980]  and  Lotko  et  al.  [1987]  in  which 
a  uniform  field  was  used. 

It  is  found  that  the  field  lines  in  the  LLBL  in  general 
take  on  a  parabolic  shape  with  the  vertices  pointing  in  the 
downstream  direction.  This  behavior  is  compatible  with  the 
lailward  distortion  of  field  lines  observed  by  Eastman  et  al. 
[1985].  The  field  line  curvature  is  greatest  at  the  magne¬ 
topause  edge  of  the  layer;  it  vanishes  at  the  magnetosphenc 
edge.  Associated  with  this  field  deformation  is  a  diamag¬ 
netic  field  depression  near  the  equatorial  plane,  this  effect 
again  being  strongest  at  the  magnetopause  edge  of  the  layer 
and  gradually  disappearing  as  the  magnetospheric  edge  is 


,  R.. 

Fig  8  Distribution  of  the  r  component  of  the  current  density 
in  the  LLBL  for  M  —  2.7  (case  2  in  Figure  6)  The  eleven  curve* 
correspond  to  i  =0.  0  1 H.  0  2 H.  .  H  The  boundary  layer 
thickness  hi  is  shown 
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nondimension&l  diagrams  (Figures  2-4)  as  well  as  in  illustra¬ 
tive  numericaJ  examples  (Figures  5-10).  T  he  model  contains 
a  number  of  poorly  known  parameters  such  as  the  boundary 
layer  viscosity,  the  field-aligned  conductance,  and  the  mag 
netic  mapping  factors  from  the  LLBL  to  the  ionosphere  We 
have  discussed  how  these  parameters  could  in  principle  be 
determined  by  comparing  the  model  to  observations,  but. 
for  lack  of  suitable  data,  such  a  determination  has  not  been 
possible.  Nevertheless,  for  reasonable  values  of  these  param¬ 
eters,  the  numerical  examples  make  it  plausible  that  like  the 
earlier  analyses  *n-  Sonnerup  [1980]  and  Lotko  rt  nl  [i;W7:. 
the  model  is  capable  of  describing  several  features  of  the 
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Fig.  9.  (a)  Equatorial  diamagnetic  field  depression  in  the 

boundary  layer  and  ( 6)  number  density  in  the  equatorial  plane 
versus  y  for  /3r»  =  0.  The  curves  again  correspond  to  the  cases 
in  Figure  6.  The  depression  is  larger  for  stronger  coupling  to  the 
ionosphere,  i.e.,  for  smaller  M  values. 
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approached.  The  defect  in  magnetic  pressure  is  exactly  bal 
anced  by  the  excess  plasma  pi  isure  in  the  boundary  layer. 

We  have  shown  that  the  field  a' .  rmation  is  controlled  by 
two  dimensionless  parameters,  namely  M ,  the  Hartmann 
number  defined  by  (21),  and  t>o  =  »o/w«,  the  ratio  of  flow 
speed  at  the  magnetopause  to  the  characteristic  flow  speed 
t>«,  defined  by  (25)  The  Hartmann  number  serves  as  a  mea¬ 
sure  of  the  coupling  of  the  boundary  layer  to  the  ionosphere, 
with  large  M  values  corresponding  to  weak  coupling.  The 
quantity  eg  is  an  effective  magnetic  Reynolds  number,  based 
on  the  ionospheric  resistivity  and  appropriate  mapping  fac¬ 
tors  for  any  fixed  M  value,  the  field  deformation  increases 
with  increasing  values  of  Vq.  as  shown  in  Figuic  2. 

The  properties  of  the  model  are  presented  in  a  set  of 
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Fig  10  (a)  Ionospheric  field-aligned  current  density  profile  and 

(6)  ionospheric  electric  field  profile  for  the  same  three  c&srs  ,vs 
in  Figure  6.  The  boundary  layer  thicknesses  h2t  and  are 
shown  for  caae  2  Field-aligned  potential  drops  may  be  obtained 
aa  ,/K’  The  total  field-aligned  current,  obtained  by 

integrating  from  0  to  oc.  is  -0  4  I  A/m  for  case  l  -  n  21  A  /m 
for  caaes  2  and  3.  and  -0.08  A/m  f«»r  case  4 
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morning  and  afternoon  region  1  currents  and  their  associ¬ 
ated  ionospheric  signatures  In  particular,  it  appears  that 
the  field  line  deformation  in  the  deskside  boundary  layer 
may  be  relatively  small,  allowing  the  simpler  straight  field 
line  model  of  Lotko  et  al.  [1987]  to  be  used  there. 

One  possible  discrepancy  between  the  model  and  the  ob¬ 
servations  is  the  predicted  thickness  of  the  boundary  layer 
which,  for  reasonable  parameter  values,  tends  to  be  less  than 
some  of  the  observed  thicknesses.  The  explanation  for  this  is 
not  clear,  but  it  may  be  an  indication  that  part  of  the  LLBL 
is  on  open  field  lines  at  times.  Any  such  part  would  be  ex¬ 
pected  to  display  a  more  or  less  uniform  plasma  velocity, 
i.e.,  a  velocity  that  is  independent  of  the  y  coordinate.  Such 
plateau  effects  are  occasionally  seen  in  the  LLBL  plasma  ve¬ 
locity  data  (for  example,  Figure  8  of  Eastman  et  al.  [1985]). 
In  such  circumstances,  the  present  model  should  be  applied 
at  the  inner  edge  of  the  layer  where  the  flow  speed  drops 
to  its  magnetospheric  value  in  a  relatively  thin  layer,  pre¬ 
sumably  located  on  closed  field  lines.  It  is  in  this  layer  that 
the  field-aligned  currents  would  be  concentrated,  and  there¬ 
fore,  even  for  small  values  of  the  viscosity,  this  portion  of 
the  LLBL  is  of  primary  importance  for  the  magnetosphere- 
ionosphere  coupling.  However,  a  plateau  in  the  boundary 
layer  velocity  profile  perhaps  also  can  be  explained  in  a  va¬ 
riety  of  other  ways,  including  a  ji-dependent  eddy  viscosity 
in  the  boundary  layer. 


Appendix 

The  model  equations  (20)  and  (26)  may  be  generalized 
in  a  straightforward  manner  to  allow  for  variations  of  the 
ionospheric  Pedersen  conductivity  Ep,  the  field-aligned  con¬ 
ductance  A' ,  and  the  mapping  factor  dz/dz,,  with  the  co¬ 
ordinate  y,.  and  of  the  boundary  layer  viscosity  tj  and  the 
height  H ,  with  the  coordinate  y.  As  before,  the  relationship 
between  y  and  y,  is  indirect  and  is  obtained  by  integration 
of  (14).  The  resulting  equations  are 

(I*  «'*')'=  -}’B'  (Al) 
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The  subscript  oo  refers  to  values  at  the  magnetospheric  edge 
of  the  layer  In  these  expressions,  a  prime  denotes  differen¬ 
tiation  with  respect  to  the  coordinate 


y*  =  y'/M/\'io 

in  which 
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The  nundimensional  quantities  carrying  the  ’  superscript  in 
(Al)  and  (A2)  all  depend  directly  or  indirectly  on  y*.  They 
are  defined  bv 
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The  characteristic  boundary  layer  velocity  is  given  bv 
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Appendix  4 


MHD  Stagnation-Point  Flows  at  a  Current  Sheet  Including  Viscous 
and  Resistive  Effects:  General  Two-Dimensional  Solutions 

T.  D.  PHAN  and  B.  U.  6.  SONNERUP 
Thayer  School  of  Engineering,  Dartmouth  College,  Hanover,  New  Hampshire  03755,  USA 

Exact  solutions  are  presented  of  two-dimensional  steady-state  incompressible  stagnation  point 
flows  at  a  current  sheet  separating  two  colliding  plasmas.  They  describe  the  process  of  resistive 
field  annihilation  (zero  reconnection)  where  the  magnetic  field  in  each  plasma  is  strictly  parallel  to 
the  current  sheet,  but  may  have  different  magnitudes  and  direction  on  its  two  sides.  The  flow  in  the 
x-y  plane  toward  the  current  sheet,  located  at  x=0,  may  have  an  arbitrary  angle  of  incidence  and  an 
arbitrary  amount  of  divergence  from  or  convergence  toward  the  stagnation  point.  We  find  the  most 
general  form  of  the  solution  for  the  plasma  velocity  and  for  the  magnetic  field.  For  the  z 
components  of  the  flow  and  field,  solutions  in  the  form  of  truncating  power  series  in  y  are  found. 
The  cases  obtained  in  this  study  contain  the  solutions  obtained  by  Parker  [1973],  Sonnerup  and 
Priest  [1975],  Gratton  et  al.[1988],  and  Besser  et  al.[1990]  as  special  cases.  The  role  jf  viscosity 
in  determining  the  flow  and  field  configurations  is  examined.  When  the  two  colliding  plasmas  have 
the  same  viscosity  and  density,  it  is  shown  that  viscous  effects  usually  are  important  only  in 
strongly  divergent  or  convergent  viscous  flows  with  viscous  Reynolds  number  of  the  order  of 
unity  or  smaller.  For  astrophysical  applications,  the  viscous  Reynolds  number  is  usually  high  and 
the  effects  of  viscosity  on  the  interaction  of  plasmas  of  similar  properties  are  small.  The 
formulation  of  the  stagnation  point  flow  problem  involving  plasmas  of  different  properties  is  also 
presented.  Sample  cases  of  such  flow  are  shown.  Finally,  possible  application  of  the  results  from 
this  study  to  the  Earth's  magnetopause  is  discussed  briefly. 
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1.  INTRODUCTION 


The  problem  of  steady  magnetic  field  annihilation  in  a  plane  current  sheet  has  been 
investigated  by  several  authors,  starting  with  Parker's  [1973]  study  of  a  simple  case  in  which  the 
magnetic  field  is  of  the  form  B=yBy(x)  and  the  plasma  velocity  is  of  the  form  v=-kxx+kyy, 
k  being  a  constant,  and  in  which  the  magnetic  field  vanishes  at  the  center  of  the  current  sheet,  at 
x=0,  and  is  antisymmetric,  i.  e.,  By(x)=-By(-x).  In  his  work,  Parker  postulated  the  stagnation 
point  flow  pattern,  v=-kxx  +  k  y  y ,  but  did  not  consider  the  momentum  equation  for  the 
plasma.  Sonnerup  and  Priest  [1975]  then  showed  that,  with  a  proper  choice  of  the  pressure 
distribution,  Parker’s  solution  in  fact  satisfies  the  incompressible  MHD  equations  exactly.  They 
went  on  to  develop  exact  solutions  for  three-dimensional  (3D)  MHD  stagnation  point  flows  in 
which  the  magnetic  field  lines  are  still  straight  and  parallel  to  the  current  sheet,  but  can  have 
different  directions.  In  Sonnerup  and  Priest's  symmetric  solutions,  the  flow  is  irrotational,  and 
consequently,  assuming  constant  viscosity,  the  net  viscous  force  per  unit  volume  vanishes 
identically.  They  also  formulated  the  general  3D  viscous  MHD  stagnation  point  flow  problem  in 
which  the  two  opposing  plasmas  may  have  different  properties,  such  as  density  ,  viscosity, 
resistivity,  and  inflow  speed.  However,  no  solutions  were  presented.  Recently,  Gratton  et  al. 
[1988,  1990]  presented  a  new  exact  analytic  solution  (as  well  as  certain  numerical  solutions)  of  the 
2D  incompressible  viscous  and  resistive  MHD  equations  in  connection  with  stagnation  point 
flows.  However,  Sonnerup  and  Phan  [1990]  argued  that  the  Gratton  et  al.  solutions,  while 
mathematically  correct  and  intrinsically  interesting,  do  not  represent  flow  behavior  acceptable  for 
the  symmetric  (under  the  transformation  x=»-x)  magnetic  field  annihilation  problem.  Even  more 
recently,  Besser  et  al.  [1990]  presented  a  generalization  of  the  Sonnerup  and  Priest  2D  solution. 
Their  generalization  consists  of  adding  a  term  to  the  plasma  stream  function  which  allows  the 
construction  of  flow  patterns  with  an  arbitrary  angle  of  flow  incidence. 
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The  present  paper  describes  what  we  believe  to  be  the  most  general  family  of  exact  solutions 
to  the  problem  of  2D  steady-state  incompressible  MHD  stagnation  point  flow  with  field 
annihilation  at  a  plane  current  sheet.  Resistive  and  viscous  effects  are  included.  These  solutions 
describe  both  symmetric  and  asymmetric  flows  toward  the  current  sheet  at  arbitrary  angles  of 
incidence  and  with  an  arbitrary  amount  of  divergence  or  convergence  in  the  incident  flow.  The 
magnetic  field  lines  are  confined  to  a  plane  parallel  to  the  current  sheet,  but  are  no  longer  required 
to  be  straight.  Because  of  the  former  property,  the  solutions  therefore  still  represent  magnetic 
annihilation  with  no  reconnection.  It  is  this  restriction  on  the  magnetic  field  that  allows  one  to 
obtain  simple  exact  solutions  to  the  MHD  stagnation  point  flow  problem.  The  2D  solutions 
presented  here  are  far  more  general  than  those  obtained  previously:  they  include  the  configurations 
discussed  by  Parker  [1973],  Sonnemp  and  Priest  [1975],  Gratton  et  al.[1988,  1990],  and  Besser 
et  al.  [1990]  as  special  cases.  The  3D  case  will  be  dealt  with  in  a  separate  paper. 

In  section  2,  the  formulation  of  the  MHD  stagnation  point  flow  problem  is  presented.  We  first 
find  the  most  general  functional  form  of  the  velocity  and  the  magnetic  field  under  the  restriction  that 
the  magnetic  field  have  no  component  perpendicular  to  the  current  sheet.  We  then  show  the  system 
of  equations,  and  the  procedure  for  solving  these  equations  for  the  stagnation  point  flow  problem. 
Section  3  contains  analytic  solutions  for  the  flow  and  fields  in  the  limits  Re=»0  and  Re=»«>,  Re 
being  the  viscous  Reynolds  number.  Some  analytic  and  numerical  solutions  for  the  more  general 
case  of  finite  Re  are  also  presented.  In  section  4,  we  consider  the  case  where  the  two  colliding 
plasmas  have  different  density,  viscosity,  and  conductivity.  In  section  5,  we  assess  the  influence 
of  viscosity  on  the  flow  and  field  distributions.  Possible  application  of  results  obtained  from  this 
study  to  the  Earth's  magnetopause  is  also  discussed. 
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2.  BASIC  EQUATIONS  AND  ASSUMPTIONS 


The  MHD  equations  governing  the  motion  of  an  incompressible  plasma  are 


V  V  =  0 

(1) 

p^  +  p(v  ■  V  v )  =  -Vp  +  jxB  +  ri  V2v 
at 

(2) 

V  B  =  0 

(3) 

VxB  =  poj 

(4) 

j  =  o(E  + vxB) 

(5) 

VxE  =  -  ^ 
dt 

(6) 

where  B,  j,  E,  v,  p  and  p  are  the  magnetic  field,  electrical  cunent  density,  electric  field,  and  the 
plasma  velocity,  density  and  pressure,  respectively.  Also,  rj  is  the  dynamic  viscosity  and  o  is  the 
electrical  conductivity,  both  of  which  are  assumed,  along  with  p,  to  be  uniform  in  the  each  of  the 
flow  regions  x<0  and  x>0,  for  simplicity. 

Equations  (3),  (4),  (3)  and  (6)  can  be  combined  to  fonn  the  induction  equation 

AR  V2B 

-  ~  +  Vx(vxB)  +  — —  =  0  (7) 

dt  UoO 
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We  now  assume  the  flow  and  fields  to  be  independent  of  the  coordinate  z,  i.e.,  9/3zs0.  (The 

electric  potential  and  the  plasma  pressure  are  allowed  to  vary  linearly  with  z).  The  magnetic  field  is 
assumed  to  be  confined  to  the  yz  plane,  i.e.,  Bx  =  0.  To  satisfy  V  B  =  0,  the  field  component  By 

can  depend  only  on  x,  whereas  Bz  can  depend  on  x  as  well  as  y.  In  addition,  the  field  components 
can  depend  on  time,  L  Thus  the  total  magnetic  field  may  be  written  as 

B  =  y  By(x,t)  +  z  Bz(x,y,t)  (8) 

It  then  follows  from  the  x  component  of  the  induction  equation  (7)  that,  for  By  *0,  the 
velocity  vx  must  be  independent  of  the  y  coordinate. 

To  satisfy  the  incompressible-flow  condition,  V  v=0,  the  most  general  form  of  solution  for 
the  plasma  velocity  is 

v  =  x  vx(x,t)  +  y  [-vx'(x,t)  y  +  g(x,t)]  +  2  vz(x,y,t)  (9) 

where  a  prime  denotes  partial  differentiation  of  any  function  of  x  and  t  only  with  respect  to  x.  The 
form  of  the  y  component  of  the  velocity  given  by  (9)  (but  without  time  dependence)  was  used  by 
Besser  et  al.[1990]  in  their  study  of  flow  patterns  which  have  arbitrary  angles  of  flow  incidence. 

By  use  of  the  forms  of  B  and  v  given  by  (8)  and  (9),  and  by  cross  differentiation  of  the  x  and 
y  components  of  the  momentum  equation  (2)  to  eliminate  the  pressure,  setting  the  coefficients  of 
like  powers  of  y  to  zero,  one  obtains  the  following  equations  for  vx(x,t)  and  g(x,t): 

-  p0vx"/8t  +  q  vx«v  .  p  yx  vx'"  +  p  vx’  vx"  =  0  (10) 

pdg'/dt  -  r\  g"’  +  p  vx  g"  •  p  vx"  g  =  0  (11) 
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Equations  (10)  and  (11)  may  be  integrated  once  to  give 


-  pavx'/3t  +  T)vx'"-pvxvx"+pvx'2  =  Kt(t)  (12) 

pag/at  -  rig-  +  P vxg'  -  pgvx'  =  k2(d  (i3) 


respectively.  Here  K[(t)  and  K2(t)  are  constants  of  integration  which  may  depend  on  time. 
Equations  (10)  and  (12)  with  d/dt=0  were  first  given  by  K.  Hiemenz  in  his  thesis  at  Gottingen  in 
1911  (see,  e.g.,  Schlichting,  [1968])  while  equations  (11)  and  (13)  have  been  obtained  by  Besser 
et  al.  [1990].  Gratton  et  al.[1988]  pointed  out  that  temporally  varying  flows  and  fields  can  be 
incorporated,  although,  to  date,  no  such  flows  have  been  examined  in  detail. 

The  z  component  of  the  momentum  equation,  with  p=  p^x.y.t)  +  p2(t)z,  reduces  to 


9t 


avz  a^. 


ax2  ay2 


dv 


ax 


ay  Mo 


(14) 


where  P2(t)  is  a  function  of  time  only. 

The  momentum  equation  (2)  may  also  be  integrated  to  yield  the  pressure  distribution 


p  +  (By2+Bz2)/2Mo  +  p  vx2/2  -  q  vx’  +  K!y2/2  +  K2  y  -  P2Z  +  pd/d t  (j  vxdx)=  K3(t)  (15) 

where  K3(t)  is  again  a  constant  of  integration. 

The  x  component  of  the  induction  equation  is  identically  satisfied  while  the  y  and  z 
components  become 


(16) 


hi 

l^o<J 


+  vxBy'  +  vx'By  =  0 


and 


3B, 

8t 


i  (a2 bz  ,  a2Bz 

Ho<J  \  dx2  dy2 


dBz  .  ,  ,dBz  dvz  „ 


(17) 


As  mentioned  already,  in  these  equations  a  prime  denotes  partial  differentiation  with  respect  to  the 
coordinate  x. 

The  equations  (10),  (11),  (14),  (15),  and  (17)  constitute  a  set  of  coupled  equations  with 
unknowns  vx(x,t),  g(x,t),  vz(x,y,t),  By(x,t),  Bz(x,y,t),  and  p(x,y,t).  In  the  remainder  of  this 
paper,  we  consider  only  time  independent  flow,  i.e.,  the  time  derivatives  in  equations  ( 10)  to  ( 17) 
are  dropped,  and  the  quantities  Kj,  K2,  K3  and  P2  are  taken  to  be  constants  independent  of  time. 
The  procedure  for  solving  the  set  of  equations  is  then  as  follows:  Equation  (10)  is  not  coupled  to 
the  other  equations  and  may  be  solved  for  vx(x)  first  Solutions  of  g(x)  and  By(x)  are  subsequently 
obtained  from  equations  (1 1)  and  (16).  The  coupled  partial  differential  equations  describing  vz(x,y) 
and  Bz(x,y)  can  then  be  solved  as  discussed  in  section  3.2.  Finally,  the  plasma  pressure  p  is 
obtained  by  use  of  equation  (14),  with  Kj  and  K2  given  by  expressions  (12)  and  (13). 

In  the  next  two  sections,  we  shall  obtain  families  of  solutions  of  equations  (10)  to  (17)  for  the 
problem  of  MHD  stagnation  point  flow  at  a  current  sheet  For  this  purpose,  it  is  convenient  to 
render  equations  (10)  to  (17)  nondimensional  by  introducing  the  following  dimensionless 
variables: 


x*  =  x/L 
y*  =  y/L 
z*  =  z/L 
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vx*  *  VvAO 

vz*  =  vz^AO 
g*  =  §/vA0 

By*  =  By/B0 

Bz*  =  B^o 
p*  =  p/(Bq2/2| Oq) 

P2*  =  P2/(B02/2UoL) 

P*  =  P/Po 
Ti*=TVno 
o*  =  a/o0 

K1*  =  K1/(p0VA02/L2) 

K2*  =  K2/(p0VA02/L) 

K3*  =  Ky(B02/2po) 

In  these  expressions.  L,  Bq,  Po,  <Xg,  and  vAg  *  B^pgpg)1^2  are  the  characteristic  length, 
magnetic  field,  plasma  density,  dynamic  viscosity,  electrical  conductivity,  and  Alfv6n  speed, 
respectively.  In  section  3,  where  we  solve  for  flow  and  field  profiles,  'upstream'  conditions  for  v 
and  B  are  imposed  along  the  x=+L  boundary,  i.e.,  at  x*=+l. 

Equations  (10)  to  (17)  may  be  written  in  terms  of  the  above  dimensionless  variables  as 

Ol*/Re)vx*«v  -  p*vx*  v,*’M  +  p*vx*'  vx*"  =  0  (10*) 

(r|*/Re)g*"’  -  p*vx*  g*"  +  p*vx*"  g*  =  0  (11*) 

(ti*/Re)vx*"’  -  p*vx*vx*"  +  p*vx*'2  =  K!*  (12*) 
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-  (r|*/Re)g*"  +  p*vx*g*'  -  p*g*vx*'  =  K2* 


(13*) 


Way  [  ay 

Rc  \  3x*2  dy*2  , 


•P*  vx 


★ 


lx*"  +  P*  (Vx*  y*  '  g*)  +  By* 


^BZ*  P2*  A 

dy*  '  2 


(14*) 


p*  +  By*2  +  Bz*2  +  p*vx*2  -  (2rj*/Reyvx*'  +  K^y*2  +  2K2*y*  -  p2*z*  =  K3*  (15*) 


(o*Rm)'1By*H  -  vx*  By*1  -  vx*‘  By*  =  0 


.0*1 


1  (B2Bz*  ,  ^Bt*\ 
C*Rm  \  dx*2  dy*2  ) 


3B, 


9x* 


+  (vx*'y*  -  g*) 


dB, 


+  By* 


dv  * 
dv*  -0 


dy* 


(17*) 


where  Re=  vAOLP(/no  ^  Rm^AO^Po^O  viscous  and  magnetic  Reynold*'  numbers, 

respectively,  based  on  the  reference  density,  viscosity,  conductivity,  and  Alfv6n  speed.  A  prime 
now  denotes  differentiation  with  respect  to  x*. 


3.  SOLUTIONS 

In  this  section,  the  two  colliding  plasmas  are  assumed  to  have  the  same  density  p,  viscosity  r\, 
and  electrical  conductivity  o.  In  this  case,  we  set  p*,  rj*.  and  a*  to  one  in  equations  (10*)  to 
(17*).  The  section  contains  two  parts.  In  pan  1,  exact  analytic  solutions  for  vx*(x*),  g*(x*)  and 
By*(x*)  are  first  obtained  for  the  limiting  cases  of  Re=*0  and  Re=>°*,  and  for  vanous  inflow 
boundary  conditions.  Analytic  and  numerical  solutions  for  the  finite  Re  case  will  then  be  presented. 
Differences  between  these  solutions  will  be  discussed.  In  pan  2,  solutions  for  vz*(x*\y*)  and 
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Bz*(x*,y*)  in  the  form  of  power  series  in  y*  are  assumed,  as  a  result  of  which,  the  partial 
differential  equations  (14*)  and  (17*)  become  a  set  of  ordinary  differential  equations.  It  is  shown 
that  this  set  can  be  truncated  at  any  desired  power  of  y*.  Two  simple  examples  are  given  to 
illustrate  the  procedure  for  obtaining  solutions  of  vz*  and  Bz*. 


3.1.  Solutions  for  vx*(x*),  g*(x*),  and  By*(x*) 

The  general  expression  for  By*  in  term  of  vx*  may  be  found  by  integrating  equation  (16*),  the 


result  being 


By*(x*)  =  By*(0)  I(x*)  +  By*'(0)  I(x*) 


|  Il(t)dt 


where 


i  f* 

=  expl  Rm  I 


v**(s)ds 


In  what  follows,  we  first  present  the  solutions  for  vx*,  g*,  and  By*  for  the  limiting  cases  of 
Re=>0  and  Re=>«».  We  then  go  on  to  obtain  sample  numerical  solutions  for  chosen  finite  values  of 


In  this  limit,  equations  (10*)  and  (11*)  reduce  to 


vx*iv=0 


g*"'  =  0 


with  general  solutions 
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vx*  =  ajX*3  +  btx*2  +  ctx*  +  dj 
g*  =  a2X*2  +  b2X*  +  C2 

here  a1(  a2,  blf  b2,  Cj,  C2,  and  dj  are  constant  coefficients  determined  by  inflow  boundary 
conditions.  Many  symmetric  and  asymmetric  flow  patterns  can  be  generated  by  varying  the  seven 
coefficients.  For  flows  patterns  that  are  symmetric  about  the  x*=0  plane,  the  corresponding 
solutions  are 

V  =  ([Ma+vx*'(±1)]x*3  .  [3Ma+vx*'(±1)]x*}/2  (19) 

and 

g*  -  g*(±l)  x2 

here  Ma  is  the  Alfvdn  Mach  number  at  x*=+l.  With  g**0,  the  quantity  vx*'(+l)  fixes  the  angle  of 
plasma  inflow  at  x*=y*=+l.  Flow  toward  the  stagnation  point,  located  at  x*=y*=0,  is  referred  to 
as  divergent  (convergent)  if  vx*'(+l)  is  less  (greater)  than  zero.  If  vx*'(+l)<-3MA,  there  are  three 
stagnation  points  located  along  the  x*  axis  at  x*i=0  and  at 
x*2  3=±[3MA+vx*'(+l)]/[MA+vx*'(±l)].  In  this  case,  the  velocity  vx*  in  the  region  x*2  >x*>x*3 
is  in  a  sense  opposite  to  that  of  the  inflow  at  greater  lx*l  values.  As  will  be  shown  later,  this 
behavior  occurs  only  at  low  values  of  Re  and  then  only  when  the  inflow  is  greatly  divergent. 
Figure  la  and  figure  2  show  the  vx*  profiles  and  the  streamlines,  respectively,  for  values  of 
vx*’(±I)  ranging  from  -4MA  to  +3MA,  with  MA=1,  to  illustrate  the  flow  patterns  just  described.  It 
should  be  noted  that  when  vx*'(±l)=-MA,  expression  (19)  reduces  to  vx*=  -MA  x*.  which  is  the 
standard  stagnation-point  flow  utilized  by  Parker  [1973]  and  by  Sonnerup  and  Priest  [1975].  In  the 
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standard  stagnation-point  flow  solution,  the  plasma  flow  is  irrotational.  This  is  no  longer  the  case 
when  vx*'(+l)*-MA. 

An  example  of  the  construction  of  flow  patterns  which  are  asymmetric  about  x*=0  is  shown  in 
Figure  3  for  the  entire  range  of  the  viscous  Reynolds  number.  These  flows  satisfy  the  following 
boundary  conditions: 

At  x*=  -_h  vx*(-1)=Ma 

vx*'(-l)=  0 

(20) 

At  x*=  +1;  vx* (+ 1  )=  -jcM a/2 

vx*"(+l)=  0 

This  set  of  boundary  conditions  corresponds  to  the  situation  where  the  plasma  flow  incident 
on  the  current  sheet,  from  the  left  boundary,  is  at  right  angle  to  that  boundary  (at  x*=-l),  whereas 
the  plasma  flow  incident  from  the  right  boundary  is  irrotational  at  x*=+l.  The  amount  of  voiticity 
in  the  flow  region  therefore  varies  with  position,  but  is  asymmetric  about  x*=0.  In  the  limit  Re=*0, 
the  solution  of  (10*)  which  satisfies  the  above  boundary  conditions  is  found  to  be 

vx*=  Ma  [(x+2Xx*3-3x*2-9x*)  +  (22-5)01/32  (2 1 ) 

The  curves  in  Fig.  3a  and  3b  which  correspond  to  (21),  with  MA»1,  are  labeled  by  "crosses 
The  corresponding  flow  pattern  is  shown  in  Figure  3c.  Flow  patterns  for  other  values  of  Re  are 
discussed  in  sections  3.1b  and  3.1c. 
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A  nonzero  function  g*(x*)  introduces  asymmetry  in  the  flow  pattern.  The  term  causes 
asymmetry  between  the  regions  y*>0  and  y*<0,  while  the  62  term  produces  asymmetry  between 
the  regions  x*>0  and  x*<0.  This  case  is  discussed  further  in  section  3.1c. 

We  turn  now  to  a  discussion  of  the  magnetic  field  By.  Figure  4a  shows  the  odd  solutions  of 
By*  as  a  function  of  x*f  corresponding  to  the  vx*  distributions  shown  in  Fig.  la,  for  Rm=10.  The 
magnetic  pile-up  effect  is  observed  for  all  cases,  the  effect  being  more  important  for  divergent 
flow.  For  convergent  flow,  the  magnetic  field  first  decreases  before  piling  up  as  the  plasmas  move 
toward  and  into  the  current  sheet,  centered  at  x*=0. 

In  Figure  5a,  the  even  solutions  of  By*  as  a  function  of  x*  are  shown  for  the  same  cases  as  in 
Fig.  1.  It  is  noted  that  for  vx*'<-3MA,  i.e.,  when  flow  reversal  in  vx*  is  present,  the  magnetic 
field  exhibits  extrema  at  x**O.These  extrema  occur  at  locations  where  the  reverse  flow  is  a 
maximum.  This  behavior  can  easily  be  understood  by  examining  the  z  component  of  the  Ohm’s 
law.  As  will  be  shown  presently,  these  extrema  disappear  at  high  Re  values. 

3.1.  b  Rc=»«°  In  this  limit,  equations  (10*)  and  (1 1*)  reduce  to 

vx*  vx*"'  -  vx*’  VX*"  =  0 

Vx*  g*"  -  vx*"  g*  =  0 

These  equations  can  be  integrated  to  give  either 

vx*  =  Aj  x*  +  Bj 
or 

vx*  =  Ai  sin  asx*  +  Bj  cos  a5X* 
or 
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vx*  =  Ajsinh  agx*  +  Bj  cosh  agx* 


i'iid 


A2  +  B2 


(v**V2  dx* 


where  Aj,  Bj,  A2,  B2  and  as  are  constants  of  integration. 

For  flows  that  are  anti-symmetric  about  x*=0,  so  that  vx*(-x*)=-vx*(x*),  the  form  of  the 
solution  then  depends  on  the  value  of  vx*’(+l)  in  the  following  way: 


For  vx*’(±l)  =  -MA: 
vx*  =  -Max* 
g*  =  a3  x*  +  b3 


For  vx*'0tl)  < -Ma: 

vx*  =  a4  sin(a5X*)  (22) 

g*  =  a$  sin(a5X*)  +  b4  cos^x*) 

For  vx*'(±l)  >  -Ma: 

vx*  =  sinhfagx*)  (23) 

g*  »  89  sinh(agx*)  +  bg  cosh(agx*) 

where  the  a’s  and  b’s  are  constants  determined  by  the  specific  values  of  vx*’(**)  at  x*=±l.  Note 
that  the  standard  stagnation-point  flow  solution  for  vx*  again  appears  for  vx*'(+l)**-MA.  Unlike 
the  Re=»0  case,  for  Re=*»  the  only  stagnation  point  within  -1<x*<1  is  that  located  at  the  origin. 
Figure  lb  shows  vx*  profiles  for  the  same  boundary  condition  as  that  used  in  Figure  la.  Finally,  it 
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is  noted  that,  as  a5  and  ag  approach  zero,  expressions  (22)  and  (23)  approach  the  standard 
stagnation-point  flow. 

In  the  limit  Re=*»,  the  solution  of  (10*)  which  satisfies  the  asymmetric  boundary  conditions 
(20)  is  given  by 

x*lS0:  vx*=  Ma  sin(7tx*/2)  v24) 

x*^0:  vx*=  -JtMAx*/2 

The  curves  corresponding  to  (24),  with  MA=1,  are  labeled  by  "diamonds"  in  Figures  3a  and 
3b.  The  flow  pattern  is  shown  in  Figure  3d. 

Figures  4b  and  5b  show  the  odd  and  even  solutions  for  By*  as  a  function  of  x*  for  Re=^°°. 
The  qualitative  features  seen  in  the  Re=>0  case  are  still  present  here,  with  the  exception  that  only 
one  extremum,  which  always  occurs  at  x*=0,  is  observed  in  the  even  solution.  This  is  because  no 
flow  reversal  of  the  type  shown  in  Figure  2d  can  occur  for  Re=x». 

3.1.c  Finite.  Rs 

For  finite  Re,  equations  (10*)  and  (1 1*)  can  be  integrated  numerically  to  obtain  solutions  for 
vx*(x)  and  g*(x),  subject  to  specific  boundary  conditions.  Examples  of  velocity  and  magnetic  field 
profiles  are  shown  in  Figures  lc.  Id,  4c,  4d,  5c,  and  5d.  An  examination  of  Figure  1  shows  that 
the  velocity  profiles,  vx*(x*),  for  Re=100  and  Re  are  nearly  indistinguishable.  Thus  for 
flows  with  large  viscous  Reynolds  number,  the  influence  of  viscosity  is  very  small. 

As  mentioned  already,  the  standard  stagnation  point  flow,  vx*=  -MA  x*.  is  the  solution  of 
(10*)  that  satisfies  the  particular  boundary  condition  of  vx*'(+l)=-MA,  and  has  a  flow  pattern  that 
is  symmetric  about  x*=0.  For  this  flow,  which  is  irrotationai,  the  net  viscous  force  per  unit  volume 
vanishes  identically.  Regardless  of  the  value  of  Re,  viscosity  therefore  has  no  effects  on  the 
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velocity  profile,  vx*(x*).  The  viscous  force  is  nonzero  in  symmetric  flows  for  boundary  condition 
vx*’(±1)*-Ma.  However,  it  is  noted  that  the  velocity  distributions,  vx*(x*),  corresponding  to  the 
boundary  condition  vx*'(±l)=0  differ  from  each  other  by  no  more  than  0.02  MA  in  the  entire  range 
of  values  of  the  viscous  Reynolds  number.  Thus  the  distribution  of  the  x  component  of  the  velocity 
in  this  case  is  determined  almost  entirely  by  the  boundary  conditions,  tne  influence  of  viscosity 
being  very  small.  For  flows  toward  the  current  sheet  which  have  large  amount  of  divergence  from, 
or  convergence  toward  the  stagnation  point,  the  behavior  at  low  Re  differs  substantially  from  that 
at  high  Re,  as  can  be  seen  is  Figure  1. 

The  numerical  solutions  of  (10*)  for  Re=l  and  100  which  satisfy  the  asymmetric  boundary 
condition  (20)  arc  labeled  by  "squares"  and  "circles",  respectively,  in  Figures  3a  and  3b.  It  is  noted 
that  the  velocity  profiles,  vx*(x*),  for  Re=l00  and  Re=*~  are  almost  identical.  This  again 
indicates  that,  even  in  flows  which  arc  asymmetric  about  x*=0,  the  flow  patterns  at  high  Re  values 
arc  determined  almost  entirely  by  the  boundary  conditions  and  not  by  the  viscosity. 

With  the  standard  stagnation  point  solution,  vx*=  -MA  x*,  the  general  expression  for  g*(x)  is 

found  to  be 

g*(x*)  =  ci  [YjiQ  x*  erf  (YQ  x*)  +  e*  0***]  +  C2  x*  +  C3 

where  Q  =  ReMV2.  An  expression  equivalent  to  equation  (25)  was  given  by  Besser  et  aL[1990]  in 
terms  of  the  Rummer  function.  For  other  more  general  vx*  solutions,  equation  (1 1*)  is  still  a  linear 

equation  for  g*;  it  can  be  integrated  once  to  give 
Re^g*"  -  vx*g*’  +  vx*'g*  =  constant 
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but  further  integration  is  most  conveniently  done  numerically.  Examples  are  shown  in  Figure  6  for 
Re=l06  and  Rm=10,  with  the  flow,  vx*,  satisfying  the  boundary  condition  vx*'(+l)=0.  These 
flow  patterns  are  similar  to,  but  somewhat  more  complex  than  those  obtained  by  Besser  et  al. 
[19901. 

To  investigate  the  influence  of  the  viscosity  on  g*(x*),  we  examine  the  solution  for  g*(x*) 
given  by  (25).  The  odd  solution  for  g*.  i.e.,  the  term  C2X*,  is  formally  independent  of  the 
viscosity.  The  non-constant  part  of  the  even  solution  for  g*,  i.e.,  the  term  proportional  to  ct  ,  on 
the  other  hand,  is  a  function  of  the  viscous  Reynolds  number.  It  is  noted  that  this  term  is 
approximately  quadratic  in  x*  near  x*=0,  while  at  large  lx*l  it  is  proportional  to  lx* t.  The  distance 
away  from  x*=0  where  the  Cj  term  starts  to  behave  essentially  as  lx*l  is  of  the  order  of  (ReMA)‘1/2. 
Thus  for  flows  with  large  viscous  Reynolds  number,  the  even  solution  for  g*(x*)  can  be 
approximated  by  g*(x*)-  alx*l+P  over  most  of  the  flow  region,  a  and  p  being  constants  which 
depend  on  boundary  conditions,  but  not  on  the  viscosity.  Thus,  for  large  Re  the  effects  of 
viscosity  on  g*  are  limited  to  a  thin  layer  at  x*=0. 

Since  it  is  the  magnetic  Reynolds  number,  Rm,  and  the  velocity  distribution,  vx*(x*),  but  not 
g*(x*),  that  determine  the  magnetic  field  By*,  via  the  induction  law,  the  magnetic  field  profiles, 
By*,  are  also  nearly  independent  of  viscosity,  except  in  strongly  divergent  or  convergent  flows 
with  viscous  Reynolds  number  of  the  order  of  unity  or  smaller.  On  the  other  hand,  as  will  be 
shown  in  section  3.2,  the  z  component  of  the  magnetic  field,  Bz*,  may  depend  on  g*(x*).  Thus  in 
flows  where  the  characterisdc  resistive  length  is  comparable  to  or  smaller  than  the  characteristic 
viscous  length,  the  influence  of  the  viscosity  on  the  Bz*  distribution  may  be  important  in  flows 
which  are  asymmetric  about  y*=0. 

An  asymmetric  exact  solution  of  equation  (10)  in  the  form  vx=Uo(l-exp(+pUox/r))),  was 
found  by  Gratton  et  al.[l988];  comments  on  the  relevance  of  this  solution  and  on  the  importance  of 
viscosity  can  be  found  in  Sonnerup  and  Phan  [19901  and  in  Gratton  et  al  [1990]. 
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3.2  Solutions  for  vz*(x*,y*)  and  Bz*(x*,y*) 


We  look  for  solutions  of  equations  (14*)  and  (17*)  of  the  form 

vz*  =  X  v"(x*)  y*"  (76) 

n=0 

and 

am 

Bz*  =  X  Bn(x*)  y*n  (27) 

n=0 


where  n  is  an  integer.  Substituting  these  expressions  into  equations  (14*)  and  (17*),  and  equating 
coefficients  of  like  powers  of  y*.  we  obtain  the  following  coupled  ordinary  differential  equations 

Re'1vn,,-vx*vn'+nvx*'vn=  -(n+l)By*Bn+i+(n+l)g*vn+l-(n+l)(n+2)vn+2+5noP2*/2  (28) 

Rnr1Btl"-vx*Bn'+nvx*'Bn=  -(n+l)By*vn+i+(n+l)g*Bn+i-(n+l)(n+2)Bn+2  (29) 

where  8no=l  for  n=0  and  8„o=0  for  all  other  n  values. 

In  practice,  this  form  of  solution  is  useful  only  if  the  series  can  be  truncated  to  a  finite  number 
of  terms.  Examination  of  equations  (28)  and  (29)  shows  that  the  inhomogeneous  parts  of  the 
equations,  which  are  collected  on  their  right-hand  sides,  involve  only  terms  of  higher  order.  The 
series  (26)  and  (27)  can  therefore  be  truncated  at  will. 

To  lowest  order  where  vz*(x*)=vq(**).  and  Bz*(x*)=Bq(x*),  equations  (28)  and  (29)  reduce 
to 

(l/Re)v0M  -  vx*  v0’ =  p2*/2 
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(l/Rm)B0"- vx*  B0'  =  0 


with  solutions 


v0(x*)  =  v0(0)  +  ds 


ki  H(s)  +  ^  P2  Re  H(s )j  H 


_l(t)  dt 


and 


(30) 


B0(x*)  =  B0(0) 


(31) 


where 


vx*(s)dsj 


v**(s)ds 


and  kj  and  k2  are  constants  of  integration. 

Expression  (30),  with  velocity  profile  vx*=-M^  x*  and  P2*=0  was  given  by  Besser  et 
al.[1990].  Expression  (31),  with  the  same  velocity  profile,  was  first  given  by  Sonnerup  and  Priest 
[1975].  Figure  7  shows  the  odd  solutions  of  Bg  (or  vg  with  p2*=0)  as  a  function  of  x*. 
corresponding  to  the  various  vx*  distributions  shown  in  Fig.  1. 

If,  in  addition,  we  allow  Bj(x*)  to  be  nonzero,  i.e.,  Bz*=Bg(x*)+yBj(x*),  then  equations 
(28)  and  (29)  produce  3  coupled  differential  equations  for  vg,  Bg,  and  Bj: 
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Re-Wo"  -  vx*  v0'  =  -  By*  B1+p2*/2 
Rm*1  B0"  -  vx*  B0'  =  g*  Bj 


(32) 

(33) 


Rrrr1  Bj"  -  vx*  B | ’  +  vx*'  Bj  =  0 


<  34 1 


For  vx*=-MA  x*,  the  solution  of  (34)  is  given  by 


Bi  =  ci 


VnW  x*  erf  (VW  x*)  +  }■ — 
P(x*) 


+  C2  X* 


f  3  5 1 


Equations  (32)  and  (33)  can  subsequently  be  integrated  to  yield 


v0  =  C3  erf  (VQ  x*)  +  C4  -  Re 


n* 

'  r* 

_di_ 

I  dtJ(t)(By*B,-^-) 

j  J(s) 

B0  =  C5  erf  (VW  x*)  +  c6  +  Rm 


r* 

r 

_ds_ 
J  R(s) 

I  dtR(t)g*B! 

(36) 


(37) 


where  W=RmMA/2,  Q=RcMa/2,  R(^)=exp(W  I;2),  and  J(£)=exp(Q  £2).  In  section  5,  equations 
(35)  to  (37)  are  used  to  model  plasma  flow  with  field  annihilation  along  the  flank  magnetopause. 


4.  DISCONTINUITY  IN  DENSITY,  VISCOSITY,  AND  CONDUCTIVITY 

Thus  far  we  have  described  stagnation  point  flow  in  which  the  colliding  plasmas  have  the 
same  density,  viscosity,  and  electrical  conductivity.  In  a  situation  where  the  two  plasmas  have 
different  properties,  solutions  for  the  plasma  flow  and  electromagnetic  field  in  the  two  media  have 
to  be  properly  matched  at  the  interface  separating  them.  The  interface  conditions  are  that  the 
velocity,  the  tangential  electromagnetic  field  components,  and  the  shear  stresses  as  well  as  the 
normal  stresses  be  continuous.  Choosing  the  plane  x*=0  to  coincide  with  the  interface,  the 
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continuity  requirement  for  the  three  components  of  the  velocity  lead  to  the  following  conditions  at 
the  interface: 


vx*I(0')  =  vx*U(0+)  =  o 


(38) 


dvx*1 

dx* 


<0) 


dvx*n 

dx* 


<0+)  =  v**'(0) 


(39) 


g-l(O-)  =  g*n(0*)  =  g*(0) 


Vz^^O-.y*)  =  vz*U(0+,y*)  s  vz*(0,y*) 


where  the  superscripts  I  and  II  denote  the  plasmas  occupying  the  regions  x<0  and  x>0, 
respectively.  The  continuity  requirements  for  the  tangential  components  of  the  electromagnetic  field 


result  in  the  conditions: 

By*l(0')  =  By*11!!)4")  9  By*(0) 

(40) 

Bz*1(0*,y*)  =  Bz*n(0*,y*)  .  Bz*(0,y*) 

(41) 

i  dB*1  ,  dBv*n 

_1_  ^  y  (0-)  *  rzl__(0+) 

CT*i  dx*  v  ’  0*n  &c*^u  ’ 


*n 


-4  ^V<0-,  y*)  =  -L  y*) 

c*i  dx*  0*n  dx* 


The  balance  of  shear  stresses  at  the  interface  leads  to 
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, (Ly,  *1  -jiy 

n*1  =  r|*n  *-  -(0+) 

dx*2  dx*2 


Tl*'^rV<0‘)  =  rl-,!^V'0') 

dx*  dx* 


Finally,  the  normal  stress  must  be  the  same  on  both  sides  of  the  interface  which  leads  to 


p*n(0+,y*,z*)  -  p^O-.y*,**)  =  4  (Ti*n  -  t)*1)  vx*’(0)  /  Re  (42) 

where  conditions  (39),  (40),  and  (41)  have  been  used.  The  last  condition  indicates  that  the  plasma 
pressure  will  usually  be  discontinuous  across  the  interface  if  T)*1^*11.  This  pressure  discontinuity 
is  balanced  by  a  discontinuity  in  the  viscous  normal  stress. 

By  use  of  expression  (15)  and  the  matching  conditions  (38)  -  (4i),  the  left-hand  side  of  (42) 
may  be  evaluated  to  give 


p*n(O*,y*,z*)-p*I(O‘,y*,z*)«2(Tl*II-il*I)vx*,(0yRe-y*2(Ki*n-K1*I)-2y*(K2*II-K2*1) 

+Z*(p2*n-P2*l)+K3*n-K3*1  (43) 

Since  the  right-hand  side  of  equation  (42)  is  independent  of  y*  and  z*.  the  coefficients  of  y*.  y*2, 
and  z*  in  (43)  are  required  to  vanish  identically.  This  leads  to  3  additional  matching  conditions, 
namely 
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(44) 


Kj*1  =  K,*n 

K2*1  =  K2*n 
p2*i =  P2*n 


The  relation  between  the  K3*  values  in  the  two  plasmas  is  found  by  substituting  (43)  into  (42),  the 
result  being 


K3*1  =  K3*n  +  2(ti*I-'n*n)vx,(0)/Re 


In  what  follows,  we  show  two  examples  of  the  interaction  between  plasmas  of  different 
properties.  For  simplicity,  we  shall  restrict  the  discussion  to  the  situation  where  the  two  incident 
plasma  flows  are  irrotational,  i.e., 

vx*I(-oo)  =*  -yl  x* 
vx*n(+o«)  =>  -yH  x* 

where  y*  and  y°  are  positive  constants.  The  matching  condition  (44)  then  leads  to 

P*1  (71)2  =  p*n  (T°)2  (45) 

In  the  first  example,  the  two  colliding  plasmas  have  the  same  dynamic  viscosity  and  electrical 
conductivity,  but  their  densities  are  different  from  each  other.  Figures  8  shows  the  x  and  y 
components  of  the  velocity,  together  with  the  y  component  of  the  magnetic  field  for  Re*l,  10,  and 
100,  and  Rm=l,  based  on  the  properties  of  plasma  I.  The  density,  dynamic  viscosity,  and 
electrical  conductivity  ratios  of  the  two  plasmas  are  p*H/ p*l»l0,  and  o*llla*l=\. 
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respectively.  From  equation  (45)  it  can  then  be  deduced  that  ytyy*=(  10)* 1/2  It  should  be  noted  that 
a  viscous  layer  appears  near  the  interface,  located  at  x*=0.  The  nondimensional  width  of  the 
boundary  layer  is  of  the  order  of  the  viscous  length  Xv*=Xv/L=(ri*/p*Y*Re)1/2,  as  expected. 
Inside  this  layer,  a  smooth  joining  occurs  of  the  asymptotic  inviscid  solutions,  namely  vx*I(x*)  = 
Y1  x*  for  x*<0  and  vx*u(x*)  =  yH  x*  for  x*>0.  An  examination  of  the  magnetic  field  profile, 
By*(x*),  shows  that  extrema  in  the  profiles  occur  a>  .  distance  comparable  to  the  resistive  length 
X*r=X1/L=(<5*Y*Rni)"1/2-  Finally,  as  expected,  the  magnetic  field  profiles  are  less  sensitive  to  the 
viscosity  at  large  viscous  Reynolds  number. 

In  the  second  example,  in  addition  to  the  discontinuity  in  density  across  the  interface,  the 
dynamic  viscosity  and  the  electrical  conductivity  are  now  also  discontinuous.  Figure  9  shows  the 
velocity  and  magnetic  profiles  for  Re=Rm=l,  based  on  the  properties  of  plasma  I.  The  density, 
dynamic  viscosity,  and  electrical  conductivity  ratios  of  the  two  plasma  are  p*K/p*I=10, 
q*UAl*l=0.01,  and  o*n/a'*,I^).l,  respectively.  In  this  case,  the  viscous  normal  stress,  the  plasma 
pressure,  and  the  z  component  of  the  electrical  current  are  discontinuous  across  the  interface,  as 
can  be  seen  from  the  abrupt  change  in  slopes  at  x*=0  of  the  vy*(x*,y*)/y*  and  By*(x*)  curves. 

In  this  section,  we  have  only  discussed  situations  where  the  two  incident  plasmas  are 
irrotational.  But  it  should  be  expected,  from  the  discussion  in  section  3,  that,  except  in  strongly 
divergent  or  convergent  flows  with  low  viscous  Reynolds  number,  the  effect  of  viscosity  is 
confined  to  a  narrow  boundary  layer. 
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5.  DISCUSSION  AND  CONCLUSION 


In  sections  2  and  3  of  this  paper,  we  have  presented  exact  solutions  of  two-dimensional 
steady-state  stagnation  point  flows  at  a  current  sheet.  The  physical  process  described  consists  of 
magnetic  annihilation  without  reconnection.  Resistive  and  viscous  effects  are  included  in  the 
analysis.  The  effects  of  resistivity  on  the  flow  and  field  have  been  discussed  extensively  by  others 
(see  for  example  Sonnerup  and  Priest  [1975]  and  Gratton  et  al.£  1988])  and  need  not  be  explored 
further  here.  On  the  other  hand,  in  our  view,  the  role  of  viscosity  in  determining  the  flow  and  field 
configurations  is  less  clear.  It  has  been  argued  that  a  defect  of  the  types  of  flow  discussed  by 
Sonnerup  and  Priest  [1975]  is  the  fact  that  the  viscous  forces  are  zero  in  those  flows  [Gratton  et 
al.,  1988;  1990;  Besser  et  al.,1990].  These  authors  suggest  that  viscous  effects  are  important  in 
stagnation  point  flows  having  nonzero  vorticity,  even  in  astrophysicai  applications  where  the 
viscous  Reynolds  number.  Re,  is  usually  high.  In  this  paper,  we  have  examined  flow  with 
nonzero  vorticity  incident  on  the  current  sheet  at  an  arbitrary  angle  and  having  an  arbitrary  amount 
of  divergence  or  convergence.  We  have  explored  the  behavior  of  these  flows  in  the  entire  range  of 
Reynolds  numbers.  When  the  two  colliding  plasmas  have  the  same  density  and  viscosity,  it  is 
found  that  the  viscous  effects  are  important  only  in  strongly  divergent  and  strongly  convergent 
flows  with  viscous  Reynolds  number  of  the  order  of  one  or  smaller.  We  have  also  examined  the 
situation  where  the  two  colliding  plasmas  have  different  density,  viscosity  and  conductivity.  It  is 
found  that  the  viscous  effects  are  important  only  in  a  boundary  layer,  in  the  vicinity  of  the 
interface,  of  width  comparable  to  the  viscous  length.  For  many  astrophysicai  applications,  the 
viscous  Reynolds  number  is  high  and  the  effect  of  viscosity  is  therefore  confined  to  a  narrow 
layer. 
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As  a  second  point  of  discussion,  we  note  that  solutions  for  vz*  and  Bz*  of  the  form  shown  in 
section  3.2  may  be  used  to  model  the  dawn  and  dusk  portions  of  the  Earth’s  magnetopause  where 
magnetic  field  annihilation  (or  reconnection  at  a  very  low  rate)  may  take  place  in  combination  with 
a  strong  external  magnetosheath  flow  component  at  right  angle  to  the  magnetic  field.  A  schematic 
drawing  of  the  dawn  magnetopause  is  shown  in  Figure  10.  In  this  figure,  the  correspondence  is 
shown  between  the  (x,y,z)  coordinate  system  used  in  this  paper  and  the  standard  geocentric  solar 
magnetospheric  (Xgsm>  ^GSM*  Zqsm)  system,  commonly  used  to  discuss  magnetospheric 
configurations  and  phenomena.  We  have  used  solutions  of  the  form  (35),  (36)  and  (37)  to  describe 
the  flow  and  magnetic  field  in  a  situation  where  the  x  component  (the  component)  of  the 
electric  current  becomes  large  as  x=*-«o  and  vanishes  as  x=*-h».  The  region  x<0  corresponds  to 
the  magnetosheath  and  the  region  x>0  to  the  magnetosphere.  In  the  former  region,  the  main 
component  of  the  current  is  along  x  with  a  smaller  component  along  y;  in  the  later,  the  current  is 
gradually  deflected  to  become  more  or  less  magnetic-field  aligned.  Both  jx  and  jy  vanish  deep  in  the 
magnetosphere.  This  behavior  of  the  current  is  shown  schematically  in  Fig.  10  along  with  the 
bending  of  the  magnetic  field  lines  into  parabolas  with  vertices  facing  downstream  in  the 
magnetosphere  and  upstream  in  the  magnetosheath,  bending  that  results  from  the  presence  of  the 
current  component  jx.  On  the  magnetospheric  side,  the  parabolas  become  increasingly  obtuse,  i.e., 
the  field  lines  become  increasingly  straight,  with  increasing  distance  from  the  magnetopause;  on  the 
magnetosheath  side  they  become  increasingly  acute.  We  note  that  the  field-aligned  currents  on  die 
magnetospheric  side  have  been  chosen  to  have  the  sense  of  the  observed  so-called  Region  1 
currents. 

Figure  11a  shows  velocity  profiles  for  the  flow  along  the  negative  z  axis  (the  -X^jsm  axis)  for 
different  values  of  the  pressure  gradient,  dp*/9z*=p2*,  along  the  magnetopause.  It  is  seen  that  a 
pressure  drop  in  the  flow  direction  (P2*>0)  generates  a  minimum  in  the  velocity  profile  on  the 
magnetosheath  side  of  the  current  sheet,  whereas  a  pressure  rise  in  the  flow  direction  generates  a 
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region  of  reversed  (sunward)  flow  on  the  magnetosphere  side.  The  z  component  of  the  magnetic 
field,  divided  by  y,  is  shown  in  Fig.  lib  and  the  main  field  component,  By,  is  shown  in  Fig.  1  lc 
as  a  function  of  x.  The  By  component  reverses  sign  across  the  magnetopause,  corresponding  to 
southward  magnetic  field  in  the  magnetosheath.  Finally,  Fig.  1  Id  shows  the  "field-aligned"  current 
jy,  divided  by  y,  as  a  function  of  x.  This  current  component  approaches  a  constant  value  deep  in 
the  magnetosheath  and  approaches  zero  deep  in  the  magnetosphere. 

It  should  not  be  inferred  from  the  previous  discussion  that  we  believe  our  MHD  solutions  with 
flow  along  z  to  be  directly  applicable  to  the  Earth's  magnetopause.  This  is  not  the  case:  we  realizt 
that  the  incompressible  MHD  model  is  not  capable  of  describing  many  important  effects  in  the  flow 
of  the  plasma  along  the  magnetopause.  However,  the  model  calculations  may  nevertheless  have 
merit  as  illustrations  of  the  kind  of  flow  and  field  configurations  that  might  arise. 

Finally,  we  note  that  many  of  the  results  presented  in  this  paper  can  be  generalized  to  three- 
dimensional  flows  of  the  type  considered  by  Sonnerup  and  Priest  [1975]  in  which  a  flow 
component,  vz,  along  the  z  axis  is  included  which  is  proportional  to  z.  The  most  general  version  of 
these  flows  and  their  associated  magnetic  fields  will  be  discussed  in  a  separate  paper. 
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Fig.  1.  Distributions  of  the  x  component  of  the  velocity  for  MA(±1)«1,  vx*'(±l)=3,0,-l,-3,  and 
-4,  and  for  (a)  Re^O,  (b)  Re=*~,  (c)  Re-1,  (d)  Re- 100.  Note  the  flow  reversals  when  vx*’(l) 
<-3  in  the  low  Re  cases  (parts  a  and  c).  Only  half  of  the  symmetric  flow  region  is  shown. 
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Fig.  2.  Streamlines  in  the  x-y  plane  for  symmetric  flows  in  the  vicinity  of  the  stagnation  point,  for 
the  limiting  case  of  Re^O,  and  for  (a)  vx*'(+l)=3,  (b)  vx*'(±l)=0,  (c)  vx*'(±l)=-l,  and  (d) 
vx*'(±l)=*4.  Flow  reversal  occurs  when  vx*'(l)<-3.  (see  fig.  2d) 
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Fig.  3.  Distributions  of  the  (a)  x  component,  and  the  (b)  y  component  of  the  velocity  for  MA=1, 
vx*(-l)=l,  vx*'(-l)=0,  vx*(l)=  -*Ma/2,  and  vx*"(i)=0,  and  for  Re=0,  1,  100,  and 
Streamlines  are  shown  for  (c)  Re=^0,  and  (d)  Re=*»  cases. 
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fig.  1.  Note  the  magnetic  field  extrema  at  x**0  in  low  Re  cases.  The  extrema  occur  at  the  locations 


where  the  reverse  flow  is  maximum. 
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vx*'  <♦!>-  3 


Re=l 00 


Fig.  7.  Odd  solutions  of  Bq  or  vq  (for  P2*=0)  (lowest  order  solutions  of  Bz*  and  vz*)  vs  x*  for  the 
same  cases  as  in  fig.  1. 
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Fig.  8.  Distributions  of  vK*(x*),  vy*(x*,*)/y*,  and  By*(x*)  for  Re=l,  10,  100,  and  Rm=l,  based 

on  the  properties  of  plasma  I.  Density,  dynamic  viscosity,  and  electrical  conductivity  ratios  are: 
P*n/P*i=10,  ti*nAi*l=l,  and  cr*n/c*l=i 
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Fig.  9.  Distributions  of  vx*(x*),  vy*(x*,*)/y*.  and  By*(x*)  for  Re=Rm=l,  based  on  the 
properties  of  plasma  I.  Density,  dynamic  viscosity,  and  electrical  conductivity  ratios  are: 
p*ii/p*i=10,  Ti*H/n*i-o.oi,  ando^/o^-O.l. 
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Fig.  11.  Plasma  flow  and  magnetic  field  distributions  at  the  dawn-side  magnetopause  for 
Re=Rm=100.  (a)  Velocity  profiles  for  the  flow  along  the  -z  axis  (the  -Xqsm  axis)  for  pressure 
gradient  p2*=  -0.02,  0,  and  +0.02,  (b)  current  jx*  or  Bz*/y*  profile,  (c)  main  Field  By*  profile, 
and  (d)  current  jy*  profile. 
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STEADY  MAGNETIC  FIELD  RECONNECTION 

B.  U.  O.  Sonnerup,  J.  Ip,  and  T.-D.  Phan 
Thayer  School  of  Engineering,  Dartmouth  College,  Hanover,  New  Hampshire 


Abstract.  A  brief  overview  is  presented  of  steady  two 
dimensional  magnetic  field  reconnection,  with  emphasis 
on  recent  developments.  First,  comments  are  made  on 
difficulties  in  arriving  at  a  satisfactory  rigorous  definition 
of  the  reconnection  phenomenon  which  retains  the  tra¬ 
ditional  topological  aspects  of  the  magnetic  field  as  an 
integral  part.  Analytical  models  of  magnetic  field  annihi¬ 
lation  and  magnetic  field  reconnection  are  then  reviewed 
with  emphasis  on  the  description  of  flux  pile  up  as  well  as 
on  the  structure  of  exit  jets  and  of  vortex  layers  forming 
at  magnetic  separatrices.  In  particular,  a  new  exact  an¬ 
alytic  incompressible  MHD  solution,  illustrating  flux  pile 
up  in  the  inflow,  is  presented.  A  brief  discussion  is  then 
given  of  numerical  simulation  results.  Finally,  comments 
are  made  on  the  importance  of  two-fluid  effects  in  the  im¬ 
mediate  vicinity  of  the  reconnection  site,  in  the  so-called 
diffusion  region. 

1 .  Introduction 

The  classical  concept  of  magnetic  field  reconnection  in 
a  highly  conducting  plasma  is  illustrated  in  Figure  1. 
Plasma  elements  in  magnetic  cell  #1,  linked  together  by 
a  strong  magnetic  field,  B\ ,  move  slowly  to  the  right  with 
speed  tq  =  Eo/Bi .  At  the  same  time,  plasma  elements  in 
magnetic  cell  #2,  linked  together  by  a  strong  but  oppo¬ 
sitely  directed  field,  B\ ,  move  slowly  to  the  left,  again  with 
speed  vi  =  Eq/B\.  The  motion  occurs  as  a  result  of  the 
reconnection  electric  field,  Eq ,  directed  out  of  the  plane 
of  the  paper,  and  the  speed  of  motion  is  small  because 
Bi  is  large  (in  a  2D  steady  state,  Ea  is  the  same  every¬ 
where,  as  a  consequence  of  Faraday’s  law).  An  encounter 
and  subsequent  relinking  of  pairs  of  oppositely  directed 
magnetic  field  lines  and  the  plasma  located  on  them  oc¬ 
curs  at  the  X-type  magnetic  null  point  at  the  center  of  the 
figure.  The  relinking  is  made  possible  by  finite  electrical 
resistivity,  which  serves  to  break  the  frozen  magnetic-field 
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condition  in  a  small  volume,  called  the  diffusion  rrmon. 
around  the  null  point.  The  result  of  the  relinking  is  'hat 
reconnected  magnetic  field  lines  and  plasma  element'  of 
different  origin  (cells  #1  and  2'  leave  together  at  n  high 
speed  t*2  =  Eal Bi  in  magnetic  cells  #3  and  4  The  -peed 
t*2  is  large  because  the  magnetic  field  B->  is  weak.  In  'hi- 
sense,  reconnection  may  be  thought  of  as  a  process  rhat 
converts,  on  a  continuous  or  intermittent  basis,  the  high 
magnetic  energy  and  low  plasma  kinetic  energy  in  cells  #  1 
and  2  to  a  state  of  low  magnetic  energy  and  high  plasma 
kinetic  energy  in  cells  #3  and  4.  In  addition,  realistic 
treatments  of  the  process  indicate  that  the  thermal  energy 
of  the  plasma  is  also  increased  as  it  enters  the  exit  flow 
cells  #3  and  4.  The  pairwise  symmetry  of  cells  #1  and  2 
and  #3  and  4  in  the  figure  is  not  required  and  the  process 
may  operate  also  in  the  presence  of  a  "guide'’  magnetic 
field,  2?||,  perpendicular  to  the  plane  of  the  figure. 

As  indicated  in  Figure  1,  an  analogy  exists  between  re¬ 
connection  and  some  of  the  interactions  between  solar  and 
magneto8pheric  physicists  sought  at  the  present  meeting. 
The  reconnection  electric  field  that  drives  the  two  research 
communities  together  at  Bermuda  is  provided  by  confer¬ 
ence  organizers  E.R.  Priest  and  C.T  Russell  in  the  solar 
and  the  magnetospheric  cells.  #  I  and  2  respectively,  while 
the  reconnection  process  itself  is  brought  about  by  certain 
activities  of  the  third  conference  organizer.  L.C  Lee,  in 
the  diffusion  region  (Hamilton).  We  know  that  merely 
pushing  the  two  research  communities  together  does  not 
guarantee  that  strong  interaction  and  relinking  will  occur. 
The  same  holds  true  for  differently  magnetized  plasma  re¬ 
gions:  magnetic  reconnection  between  them  often  occurs 
only  reluctantly  and  at  low  rates  although  in  special  cir¬ 
cumstances,  poorly  understood  at  present,  the  process  is 
thought  to  proceed  rapidly,  even  explosively. 

Magnetic  reconnection  is  expected  to  play  an  important 
role  in  flux  rope  physics.  As  illustrated  in  Figure  2,  it  can 
be  responsible  for:  (a)  the  generation  of  flux  ropes  via 
the  tearing  instability  in  the  presence  of  a  guide  magnetic 
field,  B\ |,  along  the  current;  (b)  the  coalescence  of  flux 
ropes  via  the  coalescence  instability;  (c)  the  relinking  and 
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^P< 


Fie;.  1.  Schematic  drawing  showing  basic  aspects  of  the 
magnetic  field  reconnection  process. 


unlinking  of  flux  ropes:  and  ( d  >  the  restructuring  of  a  flux 
rope  via  the  internal  kink  mode. 

In  this  paper,  a  brief  discussion  is  presented  of  certain 
aspects  of  steady  or  quasi-steady  reconnection:  dynamic 
aspect  are  dealt  with  in  the  review  by  Schindler  and  Otto 
1989  this  conference;:  turbulent  aspects  are  discussed  by 
Lysak  and  Song  1989:  this  conference;.  The  paper  is  or- 
L>aniz>d  follows  \\V  first  comment  briefly  on  the  def¬ 
inition  of  reconnection,  an  area  where  certain  important 
development*  hat  e  occurred  recently.  We  then  summarize 
'he  man.  properties  of  existing  2D  analytical  models  of  re- 
connecuori.  including  a  recent  unification  of  those  models 
provided  by  Priest  and  Forbes  1986;  Numerical  simu¬ 
lation-  are  then  examined  which  hare  brought  to  light 
new  anti,  m  part,  unexpected  features  of  the  reconnec¬ 
tion  process,  among  them  the  formation  of  vortex  layers 
at  magnetic  -eparatrices  Finally,  we  comment  briefly  on 
the  phy-icai  processes  in  the  diffusion  region  which  may 
allow  reconnection  to  occur  even  in  a  collisionless  plasma 
Th:-  ourime  of  the  paper  has  substantial  similarities  to 
t ha'  of  recent  review  article  on  steady  state  reconnec- 


X 


(d) 


Fig.  2.  Role  of  reconnection  in  flux  rope  physics  i  a  •  Flux 
ropes  generated  by  tearing  instability  in  the  presence  of  a 
guide  field.  Btl.  i  6 >  coalescence  of  flux  ropes  [after  Pritch 
ett  and  W'u.  1979j:  (c  relinking  and  unlinking  of  flux 
ropes;  Id i  rearrangement  of  internal  flux  rope  structure 
by  the  internal  kink  instability  [from  Park  et  al  .  1984, 
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lii 'ii  S>inn**ru:>.  1  OSS :  hereafter  referred  to  as  Paper  I  For 
th.it  : ea~i.il.  •he  pre~ent  account  is  brief  and  from  time  to 
time  ’iie  reader  will  be  referred  to  the  earlier  article  for 
del  ,i:i  ~ 

2  Definition 

i  h.e  .if  die  first  formal  definitions  of  reconnection  was 
provided  by  Ya.-yliimas  1975'  who  stated  that  "inaene.'ic 
field  .me  merging.  or  reconnection,  is  the  process  whereby 
pla~ma  flows  across  a  surface  that  separates  regions  con- 
tMininu  '"poloe;ically  different  magnetic  field  lines  The 
inainit'ide  of  the  plasma  How  is  a  measure  of  the  nn-rg- 
msr  rate  "  The  separating  surface  referred  to  in  the  def¬ 
inition  i~  called  a  separatrix:  the  field  lines  forming  the 
X  m  Future  1  delineate  two  such  surfaces  orthogonal  to 
the  plane  of  the  figure.  Later,  the  working  group  mi 
fee.  iiiiieetiou  at  the  C'oolfont  Workshop  [Butler  and  Fa 
padupoulos.  1984]  agreed  on  a  slightly  different,  but  for 
practical  purposes  equivalent  definition:  "magnetic  field 
reconnection  occurs  in  a  plasma  whenever  an  electric  field. 
E  =  Ed  in  Figure  1 1.  is  present  along  a  magnetic  separa¬ 
tor  i.t*..  along  a  line  of  intersection  of  two  separatrix  sur¬ 
faces  which  divide  space  into  different  magnetic  ceiis. 

The  -eparator  in  Figure  1  is  a  straight  line  through  the 
center  point  of  the  X  and  at  right  angles  to  the  plane  of 
the  figure:  it  is  often  referred  to  as  the  X  line. 

Both  of  the  above  definitions  are  based  on  topological 
properties  of  the  magnetic  field,  namely,  the  separatrices 
ami  the  separator.  Except  in  special  cases,  such  as  the 
pmeiv  2D  case  with  B n  =  0.  these  properties  cannot  be 
ascertained  locally  but  require  reference  to  null  points  in 
rhe  magnetic  field,  points  that  may  be  located  at  large 
tii'tances  from  the  place  where  reconnection  is  being  ob- 
ei  ved  or  examined.  The  importance  of  these  null-  has 
been  discussed  recently  by  Greene  [1988].  An  illustra¬ 
tion  of  magnetic  cells,  separatrix  surfaces,  separators  and 
null  points  is  shown  in  Figure  3  where  a  cross  section  is 
depicted  of  the  field  configuration  obtained  by  superposi¬ 
tion  of  a  dipole  field  and  a  uniform  field  at  right  angles 
to  the  dipole  moment  vector.  Two  X  type  magnetic  null 
points  I  see  Dungey  [1963]  for  a  precise  definition)  are  lo¬ 
cated  at  A(  and  Aj  in  the  plane  of  the  figure  They  are 
connected  by  a  circular  (Yeh,  1976]  field  line  that  lies  in  a 
plane  perpendicular  to  that  of  the  figure.  Note  that  this 
special  field  line  is  located  at  the  intersection  of  separa¬ 
trix  surfaces  that  separate  three  distinct  magnetic  cells. 
Thus  it  comprises  the  separator  in  this  configuration.  At 
an  arbitrarily  chosen  point  on  the  separator,  there  is  a 
nonvanishing  value,  By ,  of  the  parallel  magnetic  field  in 
general;  only  at  AT  and  X2  is  that  field  absent.  At  such  an 
arbitrary  location,  it  does  not  seem  possible  to  uniquely 
identify  a  field  line  as  being  the  separator  without  fol¬ 
lowing  it  in  both  directions  to  assure  that  one  ultimately 
reaches  points  Xt  and  A2  In  the  same  way,  identification 


Fig.  3.  Magnetic  field  lines  in  the  meridional  plane  con¬ 
taining  the  null  points  AT  and  AT  for  a  uniform  horizontal 
field  superimposed  on  a  vertical  3D  dipole  Dashed  line  is 
the  separator  circle,  viewed  edge  on  after  Cowley.  1973 

of  a  separatrix  surface  cannot  be  done  locally  but  requite- 
an  excursion  along  two  neighboring  field  lines  located  m 
the  presumed  separatrix  surface  until  those  two  lines  meet 
at  A,  or  at  A2.  Two  dimensional  configurations  such  as 
the  one  shown  in  Figure  1.  but  with  an  added  transverse 
constant  field  component.  B ||.  or  toroidal  configurations 
such  as  tokamaks.  have  the  further  difficulty  that  no  null 
points  exist  which  can  form  the  basis  for  a  unique  defini¬ 
tion  of  separator  and  separatrices.  Similar  difficulties  may 
arise  in  many  space  applications  of  reconnection,  e.z  .  in 
plasmoid  formation  in  the  geomagnetic  tail 

A  local  definition  of  reconnection,  i.e..  a  definition  that 
does  not  depend  on  finding,  possibly  distant,  null  points 
in  the  B  field  would  be  desirable  since  it  seems  somewhat 
questionable  whether  the  local  dynamics  associated  with 
the  reconnection  process  could  be  controlled  by  these  dis¬ 
tant  nulls.  An  attempt  to  provide  such  a  local  definition 
that  retains  the  topological  aspects  of  the  field  consists 
of  examining  the  local  magnetic  field  topology  in  a  plane 
perpendicular  to  a  chosen  field  line,  as  discussed  in  some 
detail  in  Paper  I  (see  also  Podgorny  [1986]  and  Priest  and 
Forbes  [1989]).  If  the  field  topology  in  that  plane  is  hy¬ 
perbolic.  then  the  field  line  is  a  potential  separator  line. 
However,  it  turns  out  that  this  procedure  does  not  pro¬ 
vide  a  unique  separator:  typically,  entire  regions  in  space 
will  contain  potential  separator  field  lines  ( e  g  .  in  the  field 
Bt  =  ay\  Bt  =  bx :  Bt  =  Bo-  all  field  lines  display  the 
required  hyperbolic  topology).  In  Figure  1.  say.  reconnec¬ 
tion  then  ceases  to  be  localized  at  the  origin  when  flu  p  0 
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but  occurs  in  the  entire  diffusion  region,  i.e..  wherever  the 
electric  field  has  a  component  along  B 

The  difficulties  described  above  can  be  circumvented  by 
adopting  a  more  general  definition  of  reconnection  that 
does  not  involve  the  topology  of  the  magnetic  field  at  all. 
Thus  Axford  [1984]  described  reconnection  as  "a  localized 
breakdown  of  the  requirement  for  'connection'  of  elements 
<f  fluid  at  one  time  on  a  common  magnetic  field  line.” 
Such  breakdown  by  necessity  involves  the  presence,  in  a 
■  >'a;ized  region,  of  an  electric  field  component  along  B 
Moie  recently,  this  idea  has  been  pursued  in  detail  by 
Schindler  et  al.  [1988]  and  Hesse  and  Schindler  [1988] 
who  define  what  they  call  general  magnetic  reconnection' 
'GMR)  as  "the  breakdown  of  magnetic  connection  due 
■o  a  localized  nonidealness."  They  have  established  that 
ucii  breakdown  occurs  if  and  only  if  the  quantity 

U  =  Bx[Vx<E  +  VxB)!/0  (1) 

^his  broader  definition  includes  all  cases,  such  as  the  ones 
depicted  in  Figures  1  and  2.  which  we  have  traditionally 
associated  with  the  term  reconnection,  but  also  cases  that 
are  rather  different.  An  example  of  GMR  that  does  not 
involve  the  usual  hyperbolic  field  topology  is  shown  in 
Figure  4  where  a  flux  rope  configuration  for  which 

B  =  oiio<t2~'B0R3 /Sh  *  zBu  1 

}  (2) 

p  ~  Po  -  po(o,2-5o)‘>-ff'i/96/i3  j 

i>  depicted  Here  B0  and  po  are  constants  representing 
the  uniform  axial  magnetic  field  and  the  plasma  pressure 
on  the  flux  tube  axis  (R  =  0),  respectively  Pressure  vari¬ 
ations  due  to  fluid  motion  are  neglected  In  region  1.  i.e.. 
fur  :  <  0.  the  electrical  conductivity  is  assumed  infinite 
and  there  is  no  plasma  motion  so  that  v,  =  Ei  =  0  In 
region  3.  i.e..  for  z  >  h.  the  conductivity  is  again  infinite 


~Q—  .::© 

_ _ _ ! _ 

no  rotation 


v,  =  0  1  =  0  z  =  h 
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rotation 

Vj  =  R 


Fie  4  Flux  rope  having  a  twisted  magnetic  field, 
i  given  by  equation  <  2 )  The  plasma  in  region 

1  is  infinitely  conducting  and  stationary,  the  plasma  in 
region  3  n  aiso  infinitely  conducting  but  is  in  solid  body 
rotation  anout  the  r  axis  General  reconnection  occurs  in 
region  2  where  the  conductivity  is  finite 


but  this  portion  of  the  flux  rope  is  in  solid-body  puaiioii 
at  singular  rate  «.  about  its  axis  so  that 

v,  =  -_7?o  1 

i3i 

E,  =  -HBoR  J 

In  the  intervening  region  2.  h  >  :  >  0.  the  conductivity. 
<r_>.  is  large  but  finite  and  the  plasma  velocity  and  the 
electric  field  are 

v2  =  -(  z/h  i ujRo 

E2  =  ■  z  j  h  ^RB0R  +  /2h  )B0i 

The  electric  field  is  curl  free  everywhere,  as  required,  but 
there  is  a  positive  \olume  charge  density  in  region  2  as  well 
as  positive  and  negative  surface  charges  at  r  =  0  and  at 
z  =  h.  respectively,  so  that  this  region  has  the  appearance 
of  an  electrical  double  layer  plus  a  net  charge.  There  is 
an  electric  field  component  along  B  in  region  2  and  the 
quantity  U2  =  t*.R/h)BgR  /  0  so  that,  according  to  the 
Schindler  et  al  definition,  reconnection  does  indeed  take 
place  throughout  region  2  (except  at  R  =  0)  as  a  result  of 
the  localized  resistive  nature  of  the  plasma  in  that  region. 

The  type  of  behavior  illustrated  in  Figure  4  is  partic¬ 
ularly  relevant  to  this  conference  because  it  would  allow 
a  segment  of  a  stionglv  twisted  flux  rope  to  untwist  it 
self,  thereby  releasing  magnetic  energy,  a  mechanism  that 
has  been  discussed  by  P.  Carlqvist  [1969]  in  connection 
with  solar  flares  But  at  the  same  time,  we  point  out 
that  the  nature  and  dynamics  of  this  type  of  reconnection 
appears  rather  different  from  those  of  the  configuration 
in  Figure  i  Thus  the  wisdom  of  using  the  same  name 
for  both  rases  may  be  questioned.  At  present,  we  tend 
to  prefer  the  more  traditional,  topologically  based  defi 
mtions  even  though  they  have  certain  shortcomings  To 
quote  Supreme  Court  Justice  Potter  Stewart  I  in  Jacobel- 
hs  v  Ohio.  1904 1  "I  shall  not  today  further  attempt  to 
define  the  kinds  of  material  I  understand  to  be  embrared 
within  that  shorthand  description,  and  perhaps  I  could 
never  succeed  in  intelligibly  doing  so.  But  I  know  it  when 
I  see  it .  . 


3  M  agnet ic  Field  Annihilation  Models 

In  the  usual  reconnection  configuration,  magnetic  flux 
is  transported  from  two  magnetic  cells  (cells  #1  and  2  in 
Figure  1  i  into  two  other  cells  i  #3  and  4  in  Figure  ’  m 
which  the  magnetic  field  lines  are  differently  connected 
In  the  special  ca>e  < if  field  annihilation  the  angle  occupied 
by  the  two  exit  cells  t  *<3  and  Al.  which  is  also  tie  anci' 
between  the  se] iai at i ice.,  has  been  collapsed  to  zeio  which 
means  that  auMparallei  magnetic  flux  is  carried  from  ceils 
#1  and  2  towaids  the  current  sheet  ithe  y;  plane'  sepa 
rating  them  where  tqe  flux  is  resistively  annihilated  The 
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v  The  acceleration  along  the  current  -dieet  is  effort, hv  the 

■  t  pressure  gradient,  dp/d y.  associated  with  the  excise  pres 

«  V  sure,  po  =  p i  -e  5f/2po-  at  the  stagnation  puint  The  Key 

•>  .  -2  .  formula  describing  this  model,  due  to  Sweet  /•}',<  uid 

l.  Parker  '1957.  1963).  is 


Mm  = 


(a) 


B/B°  6 
s 


3 

2 


0 


Fig.  5.  Magnetic  field  annihilation  (Sweet- Parker  like) 
models,  (a)  Stagnation  point  flow  (after  Sonnerup  and 
Priest,  1975);  (ft)  magnetic  field  profiles  from  equation  (11) 
for  flow  between  two  fluid  emitting  walls  at  x  =  ±xo  where 

v  =  tfx£/0. 

resulting  field  annihilation  configuration  is  shown  in  Fig¬ 
ure  5a.  In  this  figure,  plasma  inflow  occurs  from  the  left 
and  right  in  broad  regions  (length  =  2 L)  and  with  a  small 
velocity  iq  =  Eq/ that  exactly  equals  the  diffusion  ve¬ 
locity  1/pocrft,  based  on  the  electrical  conductivity,  <7,  in 
the  current  sheet  and  on  the  half  width,  6,  of  the  sheet. 
Outflow  in  the  ±y  direction  occurs  in  the  narrow  region 
(thickness  =  26)  occupied  by  the  current  sheet.  The  out¬ 
flow  along  the  y  axis  is  accelerated  from  vt  —  0  at  the  stag¬ 
nation  point  (at  x  =  y  =  0)  to  v,  =  uj  =  B\/y/pop  =  u^i 
at  the  “exit”  sections,  y  =  ±L,  where  the  plasma  pressure 
is  assumed  to  be  the  same  as  in  the  inflow,  i.e.,  pj  =  p\. 


where  I'u  =  B\!  yjuftpi  is  the  Alfven  speed  ill  the  mfl.  ,w 
and  5i  =  poor  m  L  is  the  Lundquist  number  ha-sed  ■  in  the 
length  L  of  the  current  sheet.  This  formula  is  easily  ob¬ 
tained  from  mass  conservation  and  Bernoulli's  equation 
along  with  Ampere's  and  Ohm'=  laws,  as  reviewed  in  Pa¬ 
per  1.  The  Alfven  Mach  number  M 1 1  is  a  commonly  used 
nondimensional  measure  of  the  reconnection  rate  Since 
the  Lundquist  number  is  very  large  in  most  cosmic  ap¬ 
plications,  mainly  on  account  of  assumed  large  values  of 
L.  the  predicted  reconnection  rate  is  very  small.  However 
larger  rates  can  be  achieved  if  the  plasma  can  find  a  way  »<> 
generate  an  effective  scale  much  smaller  than  L.  the  over 
all  size  of  the  reconnection  configuration  in  the  y  directum 
or  to  generate  a  smaller  value  of  rqj .  This  is  exactly  what 
is  assumed  to  happen  in  the  Petschek  model  and  other  re¬ 
connection  models,  to  be  discussed  presently.  Note  how¬ 
ever  that  a  decrease  in  i  ai ,  while  increasing  MA\.  m  fact 
leads  to  a  decrease  in  the  actual  inflow  speed,  tq  .  as  well 
as  in  the  reconnection  electric  field.  £0 

The  configuration  discussed  above  incorporates  the  ba¬ 
sic  assumption  of  uniform  flow  and  field  conditions  in  the 
upstream  regions.  This  is  not  necessarily  what  will  occur 
the  velocity  v -x>  and  magnetic  field  B far  upstream  may 
differ  from  those  (tq  and  5,  )  immediately  adjacent  to  the 
current  sheet,  as  long  a s  E0  =  —v\B\  =  ->qcBx  remains 
constant.  For  incompressible  flow  we  may  thus  rewrite 
equation  (5)  in  the  form 


M  Aoo  — 


—  1 
Bo o  x/pO^tMool 


If  we  think  of  and  L  as  fixed,  then  an  increase  in  e-*, 
(or  equivalent ly  Eo)  means  an  increase  in  \f  Ao c:  this  can 
only  be  accomplished  by  increasing  £?]/£?-*. .  an  effect  re¬ 
ferred  to  as  flux  pile  up.  An  important  consequence  of  the 
above  is  that  the  upstream  measure  of  the  reconnection 
rate,  MAx,  is  different  from  the  reconnection  rate.  A/.41 , 
evaluated  adjacent  to  the  diffusion  region,  namely 


=  MAoo(BxIB^12  .7) 

Thus,  flux  pile  up  corresponds  to  MA\  <  M  Aoo-  Further¬ 
more,  for  fixed  L,  an  increase  in  MAoo  by  a  factor  k.  say, 
simply  leads  to  an  increase  in  B}/Bx  by  the  same  factor 
and  an  associated  decrease  of  MA\  by  a  factor 

The  flux  pile  up  effect  is  a  prominent  feature  of  the 
2D  MHD  stagnation  point  flow  depicted  in  Figure  5a  and 
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studied  by  Parker  (1973j  as  well  as  by  Sonnerup  and  Priest 
'1975;.  The  latter  authors  demonstrated  that  exact  so¬ 
lutions  of  the  incompressible  MHD  equations  could  be 
obtained  for  the  type  of  straight  field- line  configuration 
shown  in  Figure  5a  when  the  flow  field  is  of  the  form 
r,  =  —  k\i:  ry  =  k2y.  v,  =  k with  ( —  k\  —  k2  k3)  =  0. 
These  solutions  tire  reviewed  in  Paper  I  Here  we  discuss 
instead  a  new  exact  2D  field  annihilation  solution  where 
a  somewhat  different  flow  configuration  is  used,  namely 
unidirectional  uniform  inflow  v  =  qM  o*  at  two  upstream 
boundaries  j  =  ^j0  (this  set  of  boundary  conditions  was 
brought  to  our  attention  by  M.  F  Heyn  in  a  private  com¬ 
munication  i  This  solution,  along  with  the  stagnation 
point  flows  mentioned  above,  are  members  of  a  general 
class  of  2D  and  3D  field  annihilation  solutions  in  which 
the  magnetic  field  lines  remain  straight  and  parallel  to 
the  current  sheet.  The  viscous  momentum  equation  gov¬ 
erning  the  velocity  field  (here  assumed  two  dimensional 
for  simplicity  i  is  given  by 

R~ 1  f"  —  f'  ~  if"  -  K  (S> 

where  e,  =  -f'o/lsi.  t'y  =  Co(  y/j"o  > /'  f  s  >  and  the  con- 
stan'  k  =  ■  x;t,' fil'ly\\dp/dy).  Also.  R,  =  L'nx» jv  is  the 
viscous  Reynolds  number,  based  on  the  ordinary  newto- 
nian  kinematic  viscosity,  u.  and  a  prime  denotes  differen¬ 
tiation  wi*h  respect  to  the  variable  s  =  i/i0 .  Equation 
i  8'.  with  the  boundary  conditions  /  =  /"  =  0  at  s  =  0 
and  /  =  1.  /'  =  0  at  s  =  ±1.  has  simple  solutions  both 
for  R,  —  x  and  for  R<  —>  0: 

f  =  smtrs/2  ) 

>  R,  -*  oc  (9) 

K  =  -"J/4  j 

f  =  1 3-  -  s3 1/2  ) 

>  R,  -  0  (10> 

*  =  -3/R,  ) 

The  corresponding  magnetic  field  profiles,  obtained  from 
Ohm's  law.  are  given  by 

£y  =  t'o)« f  Ill, 

Jo 

where  R„,  =  (/,,'ff  u-t  e  is  the  magnetic  Reynolds  number 
and 


The  relation  between  the  leconnection  electric  field.  Ev 
and  tin-  magnetic  held.  D at  /  =  ±xt)  is 

n„  =  i /r0 i  [ 

J  o 


The  pressure  distribution  is  given  by  a  Bernoulli-tvpe  for¬ 
mula: 

P  =  Po  -  fyl  -  -By/2p0  1 12 1 

A  plot  of  the  magnetic  field,  By,  given  by  equation  <11, 
is  shown  in  Figure  5b  for  several  different  values  of  the 
magnetic  Reynolds  number  but  with  /?,  —  tc  The  flux 
pile-up  effect  is  clearly  evident  in  this  diagram  for  /?„,  = 
5.  10.  and  100  In  fact,  the  pile  up  becomes  infinite  as 
Rm  —  X.. 

A  second  point  to  note  is  that  the  influence  of  finite  R, 
on  these  results  is  minimal,  as  shown  by  comparison  of  the 
curve  for  Rm  =  100  labelled  R,  =  0  with  the  curve  for 
Rm  =  100  having  R,  =  3c  The  reason  for  this  small  dif¬ 
ference  is  that  the  two  velocity  distributions  rx  =  -t’nf'si 
given  by  equations  (9i  and  ( 10)  for  R,  =  oc  and  R,  =  0. 
respectively,  differ  by  only  2 %  in  the  region  0  <  U|  <  1. 
Since  it  is  t'r  that  enters  the  term  v  x  B  in  Ohm  s  law.  the 
influence  of  the  viscous  Reynolds  number  on  the  magnetic 
field  is  correspondingly  weak.  Thus  it  is  evident  that  the 
viscous  forces  (which  vanish  identically  in  the  stagnation 
point  flows  discussed  by  Sonnerup  and  Priest  [1975])  play 
no  important  role  in  these  symmetric  MHD  flows  toward 
a  current  sheet  other  than  that  of  changing  the  pressure 
gradient  k.  This  latter  effect  would  modify  the  Sweet- 
Parker  formula,  equation  (5):  on  the  basis  of  approximate 
calculations.  Park  et  al.  [1984]  conclude  that  viscous  ef¬ 
fects  reduce  the  value  of  MAI  by  a  factor  (1  -+-  po<7i'i-l/4 
Note,  however,  that  this  result  cannot  be  general  since  it 
does  not  apply  to  the  stagnation  point  flows  mentioned 
above. 

It  should  be  added  that  the  exact  solutions  discussed 
above  sire  valid  only  for  incompressible  How  In  that  limit, 
time- dependent  versions  can  also  be  generated  e  g..  Grat- 
ton  et  al.,  1988].  For  the  compressible  case,  no  exact  so¬ 
lutions  have  been  found:  it  appears  that  the  field  lines 
cannot  remain  straight  and  parallel  to  the  y;  plane  in 
that  case  On  the  other  hand,  the  case  of  self-similar  de¬ 
cay  of  a  one-dimensional  current  sheet  in  a  compressible 
medium  has  been  treated  [Kirkland  and  Sonnerup.  1979; 

4.  Magnetic  Field  Reconnection  Models 

As  mentioned  already,  the  principal  difficulty  m  ap 
plying  the  Sweet-Parker  formula  to  cosmic  reconnection 
problems  lies  in  the  small  reconnection  iates  obtained  for 
L  values  comparable  to  the  overall  ~i/e  of  a  cosmic  region 
in  which  the  reconnection  occm-  Pci  haps  the  only  way 
to  avoid  this  difficulty  is  to  assume  that  the  field  and  flow- 
geometries  will  adjust  theinsclws  automatically  m  such  a 
fashion  that  a  much  smaller  effective  length,  t/ ' .  say.  is  ,-s 
tablished  and  replaces  L  m  equation  This  is  the  idea 
developed  by  Petschek  19G4]  who  plop,  >se<l  the  recomicc 


SONNERr.  P  ET  AL 


69 


tinu  configuration  shown  m  Figure  Ca  In  this  geometry, 
tilt*  Sweet -Parker  current  sheet,  m  some  refinement  of  it  to 
allow  a  magnetic  held  component  D,  i  y )  to  develop  grad¬ 
ually  as  11/1  increases,  still  applies  near  the  origin,  in  a 
diffusion  region  of  size  2y’  x  2rV  Priest  and  Cowley 
[  1 07-3]  have  shown  that,  assuming  analytic  behavior  near 
r  =  1/  =  0.  £?,  —  (/*  in  incompressible  resistive  How.)  In 
the  outflow  wedges,  the  How  in  Petschek’s  model  has  speed 
r<  —  D \  j  yj'fi 0 p  regardless  of  the  reconnection  rate;  the  ac¬ 
celeration  of  most  of  the  plasma  to  this  velocity  cannot  be 
achieved  by  a  pressure  gradient  dp/dy  (only  the  plasma 
flowing  through  the  diffusion  region  is  accelerated  in  this 
fashion).  Rather  Maxwell  stresses,  concentrated  in  pairs 
of  standing  slow  shocks  (near  the  switch-off  condition)  are 
responsible  for  the  acceleration. 

The  qualitative  behavior  of  Petschek's  reconnection 
configuration,  as  the  reconnection  rate.  M increases 
is  as  follows. 

•  The  outflow  speed  remains  approximately 

t’2  =  B\xiP0p)  1/1 

but  the  angle  $2  between  the  slow  shocks  increases 

•  At  the  same  time,  the  length,  2y*.  of  the  diffusion  region 
decreases.  The  width,  2x*.  of  that  region  also  decreases 
but  rather  less  rapidly  so  that  the  diffusion  region  be¬ 


comes  smaller  and  more  square  in  shape  a.'  •  fi»-  re.-on 
nection  rate  increases. 

The  magnetic  field  and  the  flow  speed,  mi'-vur".!  v 
points  on  the  1  axis  outside  the  diffusion  regim:  li¬ 
nearly  independent  of  x  for  small  reconnect. >u  rfe. 
However.  as  A/^x;  increases,  tiie  field  weaken-  and  'he 
How  speed  toward  the  diffusion  region  increase-  :.ear 
■rj  =  x*  As  pointed  out  by  Vasvliunas  1075  .  ‘hi- 
behavior  is  ascribable  to  fast-mode  expansion  in  ‘he  in¬ 
flow:  it  is  the  opposite  of  the  flux  pile  up  described  ;u 
the  previous  section  and  it  leads  to  A/  (]  .>  A /A  x  where 
A/ a  1  is  the  Alfven  Mach  number  measured  at  r  - 
According  to  Petschek  ■  1 964 j .  the  field  weakening  at 
.rj  =  x*  limits  the  reconnection  rate  m  a  maxmrtm 
value  given  by  the  formula  i  as  corrected  by  Vast,  hv;:n> 
[19 1 5j ) 

U™  -  1.1 

5 

At  this  maximum  rate.  A/.41  is  exported  to  be  . >f  order 
unity. 

An  important  point  to  note  is  that  Petschek's  maximum 
reconnection  rate  depends  on  the  upstream  Lundqm-t 
number.  5».  only  logarithmically.  Thus  the  formula 
(13)  predicts  maximum  rates  that  far  exceed  those  ob¬ 
tained  from  the  Sweet-Parker  formula  ■  5 1.  It  is  noted 


(a)  (b) 

Fig.  6.  Reconnection  models  containing  standing  slow  mode  waves,  (a)  Petschek's  model  [from 
Petschek.  1964);  (6)  Sonnerup’s  model  [from  Vasyliunas,  1975]. 
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that  Petschek  employed  small  perturbation  analysis  in  ar¬ 
riving  at  equation  (13)  even  though  the  deviations  from 
the  unperturbed  state,  which  consists  of  oppositely  di¬ 
rected  uniform  magnetic  fields  in  the  regions  x  >  0  and 
i  <  0.  are  not  small.  Thus  the  formula  for  the  upper  limit 
must  be  considered  approximate. 

Petschek's  (1964)  discussion  of  the  above  reconnection 
configuration  also  contained  the  observation  that,  in  in¬ 
compressible  flow,  the  addition  of  a  constant  magnetic 
field.  Bz  =  B || .  is  allowed  without  any  important  change 
in  the  analysis  or  the  behavior  of  the  system.  In  the  same 
paper.  Petschek  also  dealt  with  the  compressible  case  but 
only  for  antiparallel  fields;  the  addition  of  a  B,  compo¬ 
nent  is  now  not  trivial  since  B,  by  necessity  is  a  function 
of  i  and  y  in  compressible  flow.  Nevertheless,  such  a  com¬ 
ponent  is  not  expected  to  have  a  critical  influence  on  the 
reconnection  process,  at  least  not  in  the  MHD  limit. 

A  special  case  of  asymmetric  reconnection,  applicable 
to  the  earth's  magnetopause,  was  discussed  by  Levy  et 
al  [1964);  more  realistic  versions  of  this  case  have  been 
produced  recently  [Heyn  et  al.,  1985;  Biemat  et  al..  1989). 
including  a  time-dependent  model  that  may  be  relevant  to 
the  formation  of  flux  transfer  events  and  associated  flux 
ropes  on  the  davside  magnetopause  [Biernat  et  al..  19871. 

There  exists  another  type  of  solution  to  the  incompress¬ 
ible  reconnection  problem  that  consists  entirely  of  a  set  of 
standing  slow-mode  waves  separating  wedges  of  uniform 
flow  and  field  [Sonnerup.  1970).  This  solution  is  shown 
in  Figure  6b  It  is  exact  exterior  to  the  diffusion  region; 
in  the  latter,  only  approximate  analysis  is  available.  A 
basic  property  of  this  model  is  the  appearance  of  slow¬ 
mode  rather  than  fast -mode expansion  in  the  inflow.  How¬ 
ever.  the  slow-mode  expansion  is  unrealistically  confined 
to  a  set  of  standing  waves  upstream  of  Petschek's  slow 
shocks  and  no  expansion  is  present  on  the  x  axis  so  that 
\1 =  Sf  A:*.  The  maximum  reconnection  rate  in  this 
case  is  found  to  be  A/m  =|l-e\/2).  At  the  maximum  rate, 
conditions  are  the  same  in  the  inflow  and  outflow  wedges 
so  that  no  energy  conversion  takes  place.  More  gener¬ 
ally.  it  is  believed  i but  has  never  been  rigorously  proved) 
that  values  of  the  Alfven  number. Mm,  in  the  inflow  ad¬ 
jacent  to  the  diffusion  region,  of  order  unity  represent  the 
maximum  reconnection  rate  possible  in  any  reconnection 
configuration  of  the  general  type  described  in  Figure  6. 

Approximate  compressible,  symmetric  as  well  as  asym 
metric  versions  of  this  model  have  been  given  by  Yang  and 
Sonnerup  1976  19771  who  also  pointed  out  the  possibility 
of  fast-mode  termination  shocks  in  the  exit  flow  wedges. 
An  exact  solution  in  which  all  slow-mode  waves  were  re¬ 
placed  by  rotational  discontinuities  has  been  discussed  by 
Hameiri  [1978].  In  the  latter  solution,  the  magnetic  field 
magnitude  is  constant  everywhere  and  no  conversion  of 
energy  from  magnetic  field  to  plasma  occurs,  except  in 
the  diffusion  region 


Recently.  Priest  and  Forbes  [1986]  have  produced  a  uni 
fied  linear  perturbation  theory  of  steady  2D  reconnection 
which  provides  insight  into  the  interrelationship  between 
the  various  reconnection  models  discussed  above  These 
authors  started  with  an  unperturbed  stationary  state  in 
which  the  magnetic  field  is  uniform  and  directed  to  the 
right  in  the  upper  half  of  a  square  box  and  uniform  but 
directed  to  the  left  in  the  lower  half  of  that  box  A  con¬ 
centrated  current  sheet  separates  the  two  halves  A  small 
electric  field,  £0.  is  then  introduced  to  drive  the  plasmas 
in  the  two  halves  of  the  box  toward  each  other,  the  per¬ 
turbation  procedure  used  can  be  viewed  as  an  expansion 
in  powers  of  this  field  or.  equivalently,  in  powers  of  the 
reconnection  rate.  The  method  of  expansion  is  equiva¬ 
lent  to  the  perturbation  analysis  performed  by  Petschek 
[1964).  To  lowest  order,  the  expansion  leads  to  a  Poisson 
equation  for  the  perturbation  magnetic  vector  potential 
in  which  the  nonhomogeneous  term,  the  perturbation  cur¬ 
rent,  is  a  function  only  of  the  coordinate  perpendicular  to 
the  current  sheet.  Therefore  this  current  in  fact  can  be 
specified  as  a  boundary  condition.  The  equation  is  solved 
by  separation  of  variables  and  a  large  variety  of  solutions, 
the  nature  of  which  depends  on  the  boundary  conditions, 
are  possible.  The  most  interesting  aspect  of  the  analysis 
is  that  it  allows,  for  the  first  time,  a  systematic  insight 
into  the  role  played  by  the  boundary  conditions  in  deter¬ 
mining  the  nature  of  the  plasma  inflow  toward  the  current 
sheet  The  diffusion  region  as  well  as  the  outflow  wedges, 
the  latter  being  extremely  narrow  on  account  of  the  as¬ 
sumed  small  reconnection  rate,  are  not  treated  in  detail 
but  have  the  same  character  as  in  the  original  Petschek 
calculation  Behavior  in  the  inflow  ranging  from  slow 
mode  compression  to  fast-mode  and  slow- mode  expansion 
and.  in  the  extreme,  to  flux  pile  up  can  be  readily  gener 
ated.  Petschek's  configuration  is  included  among  the  solu 
tions  as  is  the  case  of  pure  slow mode  expansion,  although 
this  expansion  occurs  in  a  distributed  manner  rather  than 
being  concentrated  into  the  standing  waves  shown  in  Fig¬ 
ure  6b.  Even  the  Sweet-Parker  solution  and  the  case  of 
stagnation  point  flow,  with  its  associated  extreme  flux  pile 
up.  can  be  identified  Illustrations  of  the  type  of  field  and 
flow  maps  obtained  from  the  analysis  are  shown  m  Figure 
7. 

The  structure  of  the  outflow  regions  associated  with  re¬ 
connection  cannot  be  obtained  from  linear  analysis  Re 
cently.  this  problem  has  been  studied  in  detail  by  use  of 
the  boundary  layer  approximation  [Sonnerup  and  Wang. 
1987).  In  this  manner  a  family  of  self  similar  incompress¬ 
ible  solutions  describing  the  flow  and  field  in  such  recon¬ 
nection  layers  w  as  obtained  The  layers,  which  are  nondis- 
sipative.  are  bounded  by  two  slow-mode  standing  waves  in 
which  all  the  dissipation  is  concentrated  One  member  of 
the  family  of  solutions  has  precisely  the  same  structure  as 
that  assumed  in  Petschek's  analysis;  other  members  cor 
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Fig.  7.  Magnetic  field  lines  ''solid  lines  i  and  streamlines 
(dashed  lines)  resulting  from  small  perturbation  analysis 
by  Priest  and  Forbes  for  magnetic  Reynolds  number  = 
500.  based  on  inflow  conditions  and  box  size  Rectangle 
at  bottom  of  each  frame  shows  size  of  diffusion  region 
The  quantity  h  measures  the  current  density  in  the  inflow 
[from  Priest  and  Forbes.  19S6j 


respond  to  different  overall  reconnection  geometries,  e  g., 
reconnection  at  a  Y  type  magnetic  null.  In  this  latter 
case,  it  appears  that  the  reconnection  layer,  rather  than 
being  wedge  shaped,  can  have  a  constant  thickness.  An 
example  of  this  type  of  layer  is  shown  in  Figure  8.  An 


Fig.  8.  Magnetic  field  and  streamlines  in  a  self  similar 
incompressible  reconnection  layer  having  width  indepen¬ 
dent  of  x  By  interchange  of  field  lines  and  streamlines, 
a  vortex  layer  surrounding  a  magnetic  separatrix  is  ob¬ 
tained.  Also  shown  are  Hall  current  loops,  j’h,  in  the  xy 
plane  and  associated  transverse  components,  B,  and  i-t, 
of  field  and  flow  [from  Sonuerup  and  Wang,  1987], 


interesting  feature  of  (he  reconnection  layer  -ohi-inn- 
that,  m  ( lie  in >ui’.i>sipative  equations  describing  •i.em.  ■  ;.*• 
magnetic  held  mil  the  velocity  field  appear  m  an 
tially  symmetrical  fashion.  Therefore  these  »•*.,  rev;-. 
be  interchanged  ,o  that  the  magnetic  field  in.'  -  it.  r:t 
ure  $  become  "i.e  streamlines  ami  '  ice  versa.  I:  ' : i : -  - 

done,  one  nmi-  -hat  piasina  flow  across  a  mag:.'  ':' 
aratrix  appeal-  *n  be  associated  with  sharp  ( •;.«* 
streamlines,  i  .  with  the  presence  of  a  layer  •  >:  :.i 

vortinty.  -•-•utii'd  at  ihe  location  of  the  e-para': :\  !  ..-■ 

role  played  by  •  t-.ese  magnetic  separatrix  i.v.-'t- 
the  teeonne.  .n  layer  :  S  shown  —  heniatjra.,y  f.g 
9  for  ’lie  ci'-e  "t  i-'rmmertion  a'  a  \  type  n.agt.e- :.  ... 
point  It  expected  that  separatrix  layer-  :  •• 
also  m  o'he:  reconnection  configuration-  mei-i  \.:.i 
usual  Pet- hek  geometry  However,  the  linear  m.i..  - 

performed  by  Petschek  -19C4.  and  by  Prie-t  arc.  F  :  —  - 
19S6-  does  nut  permit  of  such  layers.  Thus  it  i-  :.•••  •  •  a: 
that  the  l e-ui' -  of  these  linear  analyses  are  m«-:.::.st  :. 
except  for  very  -mall  reconnection  rates  In  part:-":. a:  .' 
is  not  clear  that  linear  analysis  can  be  used  to 
predict  the  maximum  reconnection  ratP,  as  wiu-  a 
obtaining  equation  i  13  i 

The  physical  reason  for  the  appearancp  of  ^-parrtix 
layers  has  been  given,  e  g  .  by  Soward  and  Priest  19-6 
and  Schindler  and  Birn  ;1987l.  As  reviewed  in  detail 
Paper  I.  these  layers  occur  because  of  the  large  ir.crea.-e 
in  flux-tube  cross  section  that  occurs  near  a  magnet  c  null 
point  as  a  tube  is  converted  toward  the  null  Plasma  must 
Sow  along  the  magnetic  field  foward  the  weak  field  region 
in  order  to  fill  the  void  and.  at  least  for  incompressible 
flow,  this  effect  will  be  strong  as  long  as  the  diffusion 
region  i  wh»r<*  the  frozen-field  condition  becomes  invalid 
is  small. 


Fig  9  Schematic  drawing  of  reconnection  configura- 
tion  at  a  Y -type  magnetic  nuh  showing  how  the  recon 
nection  laver/separatrix  layer  solution  in  Figure  S  would 
arise  [from  Sonnerup  and  Wang,  1987j. 
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5.  Numerical  Simulations 

A  fairly  large  number  of  numerical  simulations  of  2D 
reconnection  have  been  performed  to  date.  These  have 
been  reviewed  in  detail  by  Forbes  and  Priest  [1987).  Here 
we  mention  only  three  important  features  of  these  simu¬ 
lations. 

The  first  point  to  be  made  is  that  it  appears  fairly  dif¬ 
ficult  to  set  up  boundary  conditions  such  that  the  precise 
Petschek  configuration  emerges,  including  fast-mode  ex¬ 
pansion  in  the  inflow  The  main  feature  of  Petschek's 
model,  namely  the  appearance  of  Alfvenic  exit  flow  jets 
wedged  between  slow  shocks  is  seen  in  a  number  of  driven 
as  well  as  spontaneous  numerical  reconnection  experi¬ 
ments  [e  g..  Sato.  1979:  Ugai.  1988)  but  the  inflow  often 
has  features  associated  with  slow-mode  rather  than  fast¬ 
mode  expansion.  Fast  mode  termination  shocks  in  the 
exit  flow  have  been  seen  in  several  simulations  [e.g..  Ugai. 
1988) 

The  second  item  to  be  mentioned  is  that  for  certain 
classes  of  boundary  conditions,  e  g  .  those  used  by  Bis- 
kainp  [198G[  and  Lee  and  Fu  [1986a.b]  the  reconnection 
configuration  depends  on  the  reconnection  rate  in  a  man¬ 
ner  that  is  exactly  opposite  from  the  Petschek  model: 
both  the  length  2 y"  and  the  width  2x*  of  the  diffusion 
region  increase  with  increasing  reconnection  rate  in  these 
simulations  Increasing  reconnection  rate  also  leads  to  an 
increasing  amount  of  flux  pile  up  in  the  inflow  Although 
it  is  clear  from  the  work  of  Priest  and  Forbes  [1986)  that 
tin.-  behavior  is  somehow  associated  with  the  particular 
boundary  conditions  used  in  these  simulations,  a  convinc¬ 
ing  phvsirai  explanation  for  the  scaling  1 x*  ~  M y'  — 
,V^.  Ohs  erved  by  Biskamp  i-  not  available  And  the 
question  of  whether  leal  reconnection  events  occurring  on 
tiie  sim  or  m  tiie  earth  s  magnetosphere  have  boundary 
conditions  that  will  lead  to  Petschek-like  or  curient-sheet 
like  .  Sweet  Parker  like  plus  flux  pile  up)  configurations 
remains  unanswered.  However,  we  note  that  in  a  number 
of  geometries  where  the  exit  flow  is  impeded,  long  diffu- 
-  n  ii,  regions,  l.e..  Sweet- Parker- like  behavior  seems  to  be 
pieferred  This  appears  to  be  the  case  in  tokamak  simu¬ 
lations  [Park  et  ab.  1984),  in  magnetic  island  coalescence 
simulations  [Pritchett  and  Wu.  1979).  and  in  simulations 
of  decaying  2D  MHD  turbulence  [Biskamp  and  Welter. 
1 9 8 9  The  tearing  mode  also  becomes  active  in  ~uch  long 
layis.  for  y’ !  i’  >  10.  say,  [Lee  and  Fu.  1986b.  Biskamp. 
1986  Biskamp  and  Welter.  1989] 

liii-  third  point  to  be  made  is  that  the  i  iii.  niiipress- 
: ■  •  i > •  simulations  of  driven  reconnection  by  Biskamp.  and 
’  .  .nine  extent  those  by  Lee  and  Fu.  show  strong  vortex 
..■o".-  at  the  magnetic  separatrites.  much  as  discussed  in 
pre-lions  section  The  outflow  wedges  between  these 
-•patatrires  are  much  wider  than  in  the  Petschek  model 
a.v  *  he  flow  speed  there  is  only  a  fraction  of  the  Alfven 

i 


Field  and  flow  maps,  taken  from  the  work  u!  Lee  and 
Fu  |1986b[  and  illustrating  the  behavior  described  above 
are  shown  in  Figure  10 

6  Two  Fluid  Effects 

The  MHD  description  of  the  reconnection  process  used 
up  to  this  point  in  the  paper  is  expected  to  he  adequate, 
even  in  the  case  of  a  colhsionless  plasma  pnmdeii  the 
characteristic  scale  sizes  for  change  in  plasma  flow  and 
field  are  much  larger  than  the  relevant  inner  p.a*  ma  -raies. 
viz.,  the  ion  and  electron  inert lai  lengths.  •,  and  b  and 
gyroradn.  Rl,  and  Ri,  If  that  condition  •-  -ati-r.ed  •).< 
half  width,  x*.  of  the  diffusion  region  will  i«-  of  :he  or 
der  of  the  resistive  length  Xr  =  as  uiscussed 

in  section  3.  The  above  condition  for  use  of  the  MHD  de¬ 
scription  in  the  diffusion  region  is  then  equivalent  to  the 
statement  that  the  resistive  length  must  be  substantially 
larger  than  the  inner  plasma  scales  Note  that  the  resis 
tive  length  can  be  nonzero  even  in  a  collisionies-  plasma 
if  microinstabilities  are  present  in  the  diffusion  region  to 
generate  a  finite  effective  electrical  conductivity  If  the 
resulting  value  of  Xr  is  comparable  to  \,  and/ot  /?/,  but 
remains  much  larger  than  Xf  and  then  the  MHD 

description  should  be  improved  by  inclusion  of  the  Hall 


Fig  10  Formation  of  a  long  current  sheet  a--  the  recon¬ 
nection  rate  T, ,  Y41  (evaluated  at  x/a  =  ±1'  increase*,  in 
incompressible  MHD  simulation  by  Lee  and  Fu  Note  also 
voit ex  layers  at  the  magnetic  separatnres  [from  Lee  and 
Fu.  19S6)>i 
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■■unvnr  r^rm.  j  <  B/tif.  in  Ohm  s  hnv  mi  that  it  has  the 
form 

i  E  -  v  x  B  i  =  j  in  +j  x  B/ttr - Vp,  1 14  i 

ri  e 

as  well  as  by  inclusion  of  an  improved  version  of  the  ion 
pressure  tensor  in  the  momentum  equation  to  incorpo¬ 
rate  the  effects  of  finite  ion  gyroradii  (if  Ri,  is  compa¬ 
rable  to  and  A,  i  Neither  of  these  effects  has  been 
dealt  with  in  much  quantitative  detail  to  date  but  the 
role  of  the  Hall  term  may  be  understood  qualitatively  as 
follows  I  see  also  Sonnerup  [1979]).  If  V  x  (j  x  B/’tte ).  with 
j  =  i]\  x.  i/)  and  B  taken  from  the  MHD  solution,  vanishes 
identically,  as  it  does  for  the  field  annihilation  solutions 
discussed  in  section  3.  then  Hall  currents  in  the  xy  plane 
need  not  How.  The  Hall  term  can  then  be  exactly  can¬ 
celled  by  a  Hall  electric  field,  provided  the  boundary  con¬ 
ditions  permit  of  the  presence  of  the  corresponding  Hall 
potential.  If  not.  Hall  currents  will  flow.  A  quantitative 
example  of  this  situation,  referring,  not  to  the  diffusion 
region  but  to  a  reconnection  layer  of  width  comparable  to 
A,,  is  shown  in  Figure  8.  In  this  particular  MHD  configu 
ration  V  x  (j  x  B/ne)  =  0  but  the  condition  of  constant 
potential  along  the  slow  shocks  that  form  the  boundaries 
of  the  layer  leads  to  the  two  Hall  current  loops  in  the  xy 
plane  shown  in  the  figure.  These  currents,  j/y,  are  seen 
to  flow  along  the  streamlines  but  in  the  opposite  sense 
to  the  bulk  plasma  How  They  close  by  flowing  outward 
along  the  slow  shocks  (labelled  “Alfven  waves"  in  the  fig¬ 
ure).  VVe  expert  that  a  set  of  four  such  Hall  current  loops 
(two  in  each  outflow  region)  would  also  be  present  in  the 
diffusion  region  but  no  rigorous  analysis  producing  such 
loops  has  been  performed.  The  point  we  want  to  empha¬ 
size  is  that  such  loops  will  lead  to  a  nonuniform  magnetic 
field  component.  Bz{ r.  y),  as  well  as  flow,  v,(x.  y).  in  the  : 
direction.  There  will  also  be  associated  electric  field  com¬ 
ponents  Er  and  Ev  which  were  not  present  in  the  MHD 
model.  Thus  the  actual  electromagnetic  field  configura¬ 
tion  in  the  diffusion  region  and  outflow  regions  would  be 
far  more  complicated  than  that  indicated  in  Figure  1. 

If  the  resistive  length  becomes  comparable  to,  or  smaller 
than  Ae  and/or  /?£.,.  additional  terms,  namely  the  electron 
inertial  terms  and  the  full  electron  stress  tensor,  P, ,  come 
into  play  in  Ohm  s  law  which  now  becomes  [e  g.,  Rossi  and 
Olbert.  1970] 

E  4-  v,  x  B  =  j/<7  -  (l/ne)V  ■  P«  + 

(mjnt^d'i/dt  +  V  (vj  +jv)]  (15) 

In  this  version  of  Ohm’s  law,  the  terms  v  x  B  and  j  x 
B/ne  which  appear  separately  in  ( 14)  have  been  combined 
to  form  vt  x  B,  where  vt  is  the  electron  fluid  velocity. 
It  is  then  seen  that  unfreezing  of  the  electron  fluid  from 
the  magnetic  field  must  be  accomplished  by  one  or  more 


terms  on  the  right-hand  -ude  of  >  15).  If  the  first  ot 
terms  is  unable  ro  do  this,  or  is  unable  to  do  it  alone, 
then  either  the  off-diagonal  electron  stress  tensor  terms 
or  the  electron  inertial  terms  must  come  into  play  It 
can  be  shown  Sonnerup.  1979;  that  the  latter  terms  are 
unable  to  provide  the  unfreezing  in  '2D  steady-state  <  ,i>es 
(their  role  in  3D  stagnation  point  flows  with  magnetic 
field  annihilation  iia»  been  examined  by  Sonnerup  1979’). 
That  leaves  the  <  if- diagonal  1  eyroviscous i  terms  in  the 
electron  stress  tensor  The  importance  of  these  terms  to 
collisionless  reconnection  was  first  discussed  by  Va-syliunas 
[1975]. 

If  terms  such  as  electron  gyroviscosity  or  electron  iner¬ 
tia  are  required  to  unfreeze  the  magnetic  field  from  the 
electrons,  then  the  diffusion  region  must  contain  a  sub 
structure  at  the  separator  of  scale  size  \c  and/or  R[ 
This  would  add  further  complexity  to  the  electromagnetic 
structure  of  the  diffusion  region.  More  detailed  discussion 
of  two-fluid  phenomena  in  the  diffusion  region  is  provided 
in  Paper  I.  Here  we  add  one  more  comment:  because  of  an 
ongoing  controversy  in  magnetospheric  physics  concerning 
antiparallel  (Bi|  -  0)  merging  versus  so-called  component 
(Bll  ^  0)  merging,  it  would  be  particularly  important  to 
evaluate  how  the  unfreezing  provided  by  the  three  terms 
on  the  right-hand  side  of  equation  ( 15 1  is  influenced  by  the 
presence  of  a  guide  magnetic  field.  B q ,  in  the  ;  direction. 

Questions  and  Answers 

Zelenyi:  What  can  be  the  maximum  potential 
reconnection  rate  (and  what  are  the  corresponding 
boundary  conditions)  for  the  two  rounterstreaming 
plasma  nows  with  antiparallel  magnetic  fields  with  a 
given  Mach  number  and  a  given  resistivity? 

Sonnerup:  In  my  view,  the  maximum 
reconnection  rate,  Mai,  evaluated  in  the  inflow  region 
immediately  outside  the  diffusion  region,  is  of  order 
unity.  This  result  is  given  for  the  unified  theory 
provided  by  Priest  and  Forbes  (1986)  and  also  in  the 
self-similar  MHD  reconnection  geometry  (Sonnerup, 
1970)  where  the  value  Mai  -IF  V2  was  obtained. 

Atkinson:  In  a  paper  to  be  given  on  Thursday,  I 
will  be  presenting  a  model  which  proposes  that  the 
Alfvgn  waves  you  discussed  propagate  to  the 
ionosphere  and  become  auroral  arcs.  I  will  also 
present  experimental  observations  which  strongly 
support  the  idea  that  there  is  a  one-to-one 
relationship  between  arcs  and  X-lines. 

sonnerup:  I  shall  be  very  interested  m  hearing 
about  these  new  results. 


Schindler.  I  should  like  to  explain  why  there  is  a 
close  relationship  between  the  configuration  that  you 
referred  to  as  a  "double- lajrer”  and  more  conventional 
reconnection  fields.  Consider  a  situation  where  the 
electric  field  is  parallel  to  the  magnetic  field,  varying 
in  the  perpendicular  direction  such  that  V  X  E  *  0. 
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Then  there  is  a  time-dependent  magnetic  field 
component  which  has  the  effect  of  magnetic  shear. 
The  whole  process  may  be  described  as  relaxation  of 
the  shear,  similar  to  classical  resistive  instabilities 
that  are  conventionally  seen  as  reconnection 
processes. 

Sonnerup:  The  electric  field  that  was  shown  in 
my  example  is  curl-free,  so  that  l  do  not  see  that  this 
comment  is  applicable. 

Greene:  Why  should  a  separator  be  a  local 
quantity?  One  can  imagine  that  behavior  is  forced  to 
be  two-dimensional  by  Alfven  waves  traveling  along 
the  separator.  Thus,  the  two-dimensionality  might 
depend  on  the  nonlocal  behavior  of  AliV^n  waves. 

Sonnerup:  The  nonlocal  effects  you  describe 
could  be  operative,  in  particular,  in  a  low-$  and  low 
Mach  number  plasma  But  when  one  considers  the 
actual  behavior  of  the  magnetic  field  in  the 
magnetopause,  one  finds  it  to  be  extremely  complicated 
and  often  turbulent.  In  such  circumstances ,  it  is  hard 
for  me  to  believe  that  null  points  located  on  the  flanks 
of  the  magnetosphere  could  dictate  the  behavior  of  the 
reconnection  process  near  the  subsolar  point.  In  my 
view,  such  null  points  would  be  simply  blown 
downstream  by  the  magnetosheath  flow.  On  the  other 
hand,  a  magnetic  null  point  trapped  in  the  cusp  can 
probably  influence  reconnection  occurring  along  a 
reconnection  line  originating  in  the  cusp  and 
extending  downstream  in  the  manner  observed  in  the 
3-D  numerical  simulations  performed  by  Fedder  and 
Lyon  (this  conference).  In  that  case,  the  steady-state 
induction  equation, 

v.V  ®)=  ®.Vv 

leads  to  the  generation  of  a  true  magnetic  null  line 
originating  in  the  cusp  as  proposed  a  number  of  years 
ago  by  Nancy  Crooker  (1979).  It  should  be  added  that 
magnetic  null  points  do  not  occur  in  the  tearing  mode 
when  a  magnetic  field  component  along  the  current  is 
present.  Thus,  a  separator  line  cannot  be  identified  by 
first  finding  the  magnetic  nulls.  Yet,  we  would  like  to 
consider  tearing  of  this  type  as  a  form  of  reco.inection. 

Forbes:  Can  the  vorticity  layers  along  the 

separatrices  be  considered  as  discontinuities?  If  so,  what 
determines  their  thickness,  and  what  type  of  discontinuities 
are  they? 

Sonnerup:  Yes,  I  think  they  could  be  considered  as 
discontinuities,  but  they  an  of  a  new  type  diffennt  from 
either  shocks  or  rotational  and  tangential  discontinuities. 
The  vortex  layers  an  two-dimensional  and,  consequently,  they 
an  not  included  in  the  usual  set  of  one-dimensional 
discontinuities.  I  believe  their  stnngth  and  thickness  an 
determined  non-bcally,  by  the  field  geometry  and  the 
effectiveness  of  field-line  diffusion  near  the  magnetic  null 
point 

Atknnu  tniijmrvt*  The  lesearch  was  supported  by  the 
National  Sm-m  <•  Foundation.  Atmospheric  Sciences  Di¬ 
vision.  under  etant  ATM  SS07645.  and  by  the  Air  Force 
Geophy-ic-  Laboiatory  undei  contiact  F19628-87- K002G. 
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Comment  on  “MHD  Stagnation  Point  Flows  in  the  Presence  of 
Resistivity  and  Viscosity1’  by  F.  T.  Gratton,  M.  F.  Heyn, 

H.  K.  Biernat,  R.  P.  Rijnbeek,  and  G.  Gnavi 

B.  U.  6.  SONNERUP  AND  T.  D.  PHAN 
Thayer  School  o]  Engineering,  Dartmouth  College,  Hanover,  New  Hampshire 


In  a  recent  article,  Gratton  et  al.  [1988]  have  presented  a 
new  exact  analytical  solution  of  the  two-dimensional  incom¬ 
pressible  viscous  and  resistive  MHD  equations  which  they 
claim  to  be  relevant  to  the  magnetic  field  annihilation  prob¬ 
lem  in  stagnation  point  flow  at  an  electric  current  sheet, 
a  problem  studied  earlier  by  Sonnerup  and  Priest  [1975]. 
They  have  also  discussed  the  possible  application  of  their 
solution  to  the  problem  of  magnetic  field  annihilation  near 
the  stagnation  point  at  the  subsolar  magnetopause.  It  is  the 
purpose  of  our  comment  to  demonstrate  that  the  Gratton  et 
al.  solution,  while  mathematically  correct  and  intrinsically 
interesting,  does  not  represent  flow  behavior  acceptable  for 
the  field  annihilation  problem,  either  in  its  symmetric  form 
or  in  the  asymmetric  version  thought  to  occur  at  the  mag¬ 
netopause. 

Gratton  et  al.  have  found  the  velocity  field 


v,  =  {Ullv)ze±u°yl'' 
=  ±U0(1  -  e±',»"^) 


to  satisfy  the  laws  of  mass  and  momentum  conservation,  in¬ 
cluding  viscous  effects  represented  by  the  kinematic  viscos¬ 
ity  v.  In  these  formulas,  the  upper  and  lower  signs  refer  to 
y  <  0  and  y  >  0,  respectively.  An  attractive  feature  of  this 
velocity  distribution  is  that  it  yields  parallel  flow,  at  speed 
U0,  toward  the  current  sheet,  located  at  y  =  0,  as  y,  the 
coordinate  perpendicular  to  the  current  sheet,  approaches 
±oo.  At  y  =  0  it  yields  flow  along  the  ±x  direction,  i.e., 
flow  parallel  to  the  current  sheet  and  directed  away  from 
the  stagnation  point  which  is  located  at  x  =  y  =  0.  This 
parallel  flow  has  a  speed  that  increases  linearly  with  increas¬ 
ing  distance,  |x|,  from  the  stagnation  point.  The  Gratton  et 
al.  solution  differs  in  a  fundamental  way  from  the  velocity 
field 


v*  =  ijx 

Vy  =  -*iy 


(2) 


employed  by  Sonnerup  and  Priest.  The  difficulty  with  the 
Gratton  et  al.  solution  lies  in  the  cusplike  behavior  of  the 
velocity  distribution  «*(x, y)  when  plotted  as  a  function  of 
y  for  any  fixed  x  value.  This  behavior,  shown  in  Figure  1, 
implies  that  the  fluids  on  the  two  sides  of  the  plane  y  =  0  ex¬ 
ert  a  viscous  drag  force  (directed  toward  the  origin,  x  =  0) 
on  that  plane,  of  magnitude  2pi'|dt>i/dy|.  We  do  not  see 
how  this  type  of  behavior  can  be  relevant  to  any  realistic 
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version  of  the  magnetic  field  annihilation  problem  Rather, 
it  appears  to  us  that  one  half  of  the  Gratton  et  al.  solu¬ 
tion,  for  y  >  0  say,  corresponds  to  the  flow  that  would  be 
generated  in  a  viscous  plasma  for  example  by  “upwelling" 
of  some  massive  and  nearly  solid  material  from  the  region 
y  <  0  toward  the  plane  y  =  0,  with  deflection  of  its  motion 
to  be  purely  horizontal  (parallel  to  the  plane  y  =  0)  at  y  =  0 
and  given  by  v,  =  ( Ul/v)x .  This  motion  of  the  “solid"  at 
y  =  0  would  viscously  entrain  the  plasma  occupying  the  re¬ 
gion  y  >  0  via  ?  tangential  viscous  stress  pvdvzjdy,  causing 
it  to  move  in  the  manner  described  by  the  Gratton  et  al 
solution.  However,  we  cannot  think  of  any  actual  situation 
in  which  this  type  of  flow  would  be  important. 

As  is  evident  from  the  discussion  of  asymmetric  annihi¬ 
lation  configurations  in  section  4  of  the  Gratton  et  al.  pa¬ 
per,  its  authors  are  aware  that  certain  conditions  must  be 
applied  to  the  stresses  at  the  interface,  y  =  0,  which  sep¬ 
arates  the  two  halves  of  the  flow  problem.  However,  for 
the  tangential  stresses  this  condition  is  incorrectly  stated 
a*  <r*v(y  =  0+)  =  —aZy(y  —  0"),  the  correct  version  be¬ 
ing  <r,„(y  =  0+)  =  +<r*y(y  =  0~).  In  a  solution  that 
is  symmetric  about  the  plane  y  =  0  in  the  sense  that 
Vx(y)  —  vz(—y) i  Uy(y)  =  -Vy(-y),  the  correct  condition 
leads  to  dvx/dy  =  0  at  y  =  0. 

The  basic  viscous  momentum  equation  governing  the  ve¬ 
locity  field  is  found  by  Gratton  et  al.  to  be 

*'/'”  =  /*  -//"  +  *  (3) 


where  vx  =  x/'(y),  r„  =  —f(y)  and  a  is  a  constant  which 
can  be  shown  to  represent  a  pressure  gradient  dp/dz.  One 
may  ask  whether  this  equation  possesses  acceptable  solu¬ 
tions  of  the  general  type  discussed  by  Gratton  et  al.,  i.e.,  so¬ 
lutions  that  have  a  similar  asymptotic  behavior  as  |y|  — >  oo 
but  where,  in  addition,  the  stress  condition  dvx/dy  =  0 
is  satisfied  at  y  =  0,  which  requires  /"( 0)  =  0.  It  is  evi¬ 
dent  that  solutions  of  this  type  have  f'(± oo)  =  f"(± oo)  = 
/"'(±oo)  =  0  so  that  the  constant  k  =  0;  this  is  the  k  value 
used  by  Gratton  et  al.,  and  it  implies  that  the  flow  is  not 
driven  by  pressure  gradients  in  the  impressed  flow  at  large 
|y|  values.  For  *  =  0,  we  may  integrate  equation  (3)  from 
y  =  0  to  y  =  oo,  employing  partial  integration  to  deal  with 
the  term  //".  The  result  is 


tf[/"(oo) 


fndy  —  [/(oo)/’(oo)  —  /(0)/'(0)] 

«) 


The  boundary  conditions  described  above  are  such  that  all 
of  the  boundary  terms  vanish,  leaving  only  the  integral  in 
(4),  which  has  a  nonnegative  integrand.  It  follows  that  no 
nontrivial  solution  of  the  required  type  exists.  This  result  is 
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Fig.  1.  Velocity  distribution  Vi(y)  at  a  fixed  x  value  in  the  flow  discussed  by  Gntton  et  a I.  [1988].  The  direction 
of  the  shear  stresses,  a,  transmitted  from  the  fluid  to  the  plane  y  =  0  is  shown  by  heavy  arrows. 


not  surprising,  for  without  a  pressure  gradient  at  large  |y| 
values  or  a  shear  stress  at  y  =  0  to  drive  the  flow,  no  motion 
will  occur. 

In  order  to  obtain  solutions  of  equation  (3),  which  rep¬ 
resent  pressure-driven  rather  than  viscously  entrained  stag¬ 
nation  point  flow,  one  needs  to  abandon  the  flow  behavior 
at  large  |y|  values  assumed  by  Gratton  et  al.  and  replace 
it  with  behavior  appropriate  to  two-dimensional  pressure- 
driven  stagnation  point  flow,  i.e.,  vx  =  ktx  for  large  |y|. 
One  then  finds  k  =  —  k\  in  (3).  The  only  solution  of  that 
equation  that  also  satisfies  vy  =  0,  dvx/dy  =  0  at  y  =  0  can 
be  shown  to  be  /  =  k^y,  which  is  the  stagnation  point  flow 
described  by  (2)  and  used  by  Sonnerup  and  Priest  [1975]. 
We  believe  that  this  is  the  flow  behavior  to  be  expected  in 
pressure-driven  magnetic  field  annihilation.  It  is  important 
to  realize  that  this  pressure-driven  solution  does  not  “lead 
to  the  neglect  of  the  viscous  term"  as  stated  by  Gratton  et 
al.  Rather,  the  situation  is  that  for  this  symmetric  flow  the 
net  viscous  force  per  unit  volume  vanishes  identically,  as  it 
does  for  any  irrotational  incompressible  flow  of  a  Newtonian 
fluid.  In  more  detail,  the  Newtonian  viscous  shear  stresses, 
<Txy  =  <ryl,  vanish  identically  in  the  flow  given  by  (2).  But 
the  viscous  normal  stresses,  aIZ  and  <ryy,  do  not  vanish,  and 
the  viscous  dissipation  per  unit  volume  is  also  nonzero. 

Even  in  the  case  of  pressure-driven  MHD  stagnation  point 
flow,  the  viscous  forces  may  enter  in  a  nontrivial  manner  as 
a  result  of  a  lack  of  symmetry  between  the  plasma  and  flow 
in  the  two  regions  y  >  0  and  y  <  0.  This  problem  was  dis¬ 
cussed  briefly  by  Sonnerup  and  Priest  [1975],  who  derived  a 
set  of  coupled  ordinary  differential  equations  describing  gen¬ 
eral  three-dimensional  viscous  MHD  stagnation  point  flows. 
These  equations  reduce  to  equation  (3)  in  the  special  case  of 
two-dimensional  flow.  It  may  be  added  that  the  latter  equa¬ 
tion  is  also  well  known  in  ordinary  viscous  fluid  mechanics. 
It  was  derived,  and  solved  numerically,  by  K.  Hiemenz  in  his 
thesis  at  Gottingen  in  1911  for  the  case  of  stagnation  point 


flow  at  a  solid  stationary  wall  [e.g.,  Schlichting,  1968].  The 
Hiemenz  solution  could  be  used  to  describe  magnetic  field 
annihilation  in  viscous  resistive  MHD  stagnation  point  flow 
at  a  solid  stationary  wall. 

The  response  by  Gratton  et  al.  [this  issue]  to  the  above 
comments  has  not  led  ns  to  make  any  changes  in  those  com¬ 
ments,  but  it  has  prompted  the  following  additional  remarks. 
As  is  evident  from  the  previous  paragraph,  we  fully  agree 
with  those  authors  that  viscous  forces  (and  associated  vor- 
ticity)  may  become  important  under  asymmetric  plasma  and 
flow  conditions.  However,  we  do  not  believe  that  asymmet¬ 
ric  solutions  of  the  type  described  in  Figures  2  and  3  of  the 
response,  i.e.,  solutions  for  which  the  pressure  gradient  term 
is  absent  (k  =  0  in  equation  (3)),  are  relevant  to  flow  near 
the  subsolar  magnetopause  stagnation  point. 
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An  overview  is  presented  of  the  resistive  steady  state  structure  of  intermediate  MHD  shocks,  i.e.,  shocks  that 
effect  a  transition  from  super-alfvinic  to  sub-alfvinic  flow.  The  results  are  presented  in  terms  of  magnetic 
hodograms  in  which  the  two  components  of  the  magnetic  field  tangottial  to  the  shock  surface  are  plotted  against 
each  other.  By  performing  fixed  -point  analysis  in  this  plane,  at  the  possible  upstream  and  downstream  states  of 
these  shocks,  and  by  solving  the  one-dimensional,  steady  state,  resistive,  nonviscous  MHD  equations 
numerically, it  is  found  that  three  basic  types  of  hodogram  topology  exist,  describing  the  resistive  intermediate 
shock  structure.  These  topologies  are  characterized  by  the  normal  flow  speed  (in  the  shock  frame)  relative  to  the 
fast-wave  speed  and  the  sound  speed  at  the  upstream  and  downstream  stales.  Fast -mode  and  slow-mode  shocks 
are  contained  within  these  hodograms  as  well.  In  brief  summary,  it  is  found  that  all  intermediate  shocks  that  have 
an  upstream  normal  flow  speed,  v^j,  less  than  the  local  small-amplitude  fast-mode  wave  speed,  c^,  and  a 
downstream  normal  flow  speed,  v^,  greater  than  the  local  small-amplitude  slow -mode  wave  speed,  cj2,  have  a 
unique  magnetic  structure  consisting  mainly  of  a  rotation  of  the  tangential  magnetic  field,  accompanied  by  a  more 
or  less  pronounced  change  in  field  magnitude.  This  type  of  shock  is  called  a  subfast  (vxl  <  )  weak  (v^  >  cj2) 

intermediate  shock.  A  subfast  strong  intermediate  shock  has  vx]  <  and  <  c-,  instead.  Its  magnetic 
structure  is  found  to  be  nonunique  and  the  shock  thickness  depends  on  this  structure.  When  the  upstream  normal 
flow  speed  exceeds  Ca  ,  the  shock  is  said  to  be  superfast  (vxl  >  cn ).  The  structures  of  both  weak  (vx~>  cs2)  end 
strong  (v^j  <  cJ2)  superfast  intermediate  shocks  are  found  to  be  nonunique.  When  the  intermediate  shock 
involves  a  transition  from  supersonic  (vxl  >  ct)  to  subsonic  (v^  <  c2)  conditions,  the  resistive  intermediate 
shock  structure  usually  contains  a  discontinuous  substructure  consisting  of  a  gas  dynamic  shock  in  which 
dissipation  processes  other  than  resistivity,  namely,  viscosity  and/or  heat  conductivity,  are  dominant.  However, 
in  certain  cases  a  continuous,  purely  resistive  transition  from  supersonic  to  subsonic  flow  is  possible. 


1.  Introduction 

Conventionally,  magnetohydrodynamic  (MHD)  shock  waves  are 
classified  as  slow,  intermediate  or  fast  according  to  their 
propagation  speeds  relative  to  the  slow,  intermediate  and  fast 
small-amplitude  MHD  wave  speeds  [e.g.,  Anderson ,  1962; 
Kantrowilz  and  Petschek,  1966],  For  these  shock  modes,  the 
upstream  and  downstream  velocity  components,  vxl  and  vj2, 
normal  to  the  shock  and  measured  in  a  frame  of  reference  moving 
with  it,  are,  respectively,  greater  than  and  less  than  the  slow,  the 
intermediate,  and  the  fast  small  amplitude  wave  speeds,  a  property 
that  allows  each  shock  mode  to  be  generated  by  steepening  of 
finite  amplitude  waves.  In  this  regard,  fast  and  slow  shocks  may 
be  viewed  as  pure  modes  in  the  sense  that  the  process  of 
steepening  to  form  these  structures  involves  only  the  properties  of 
the  corresponding  linear  mode.  On  the  other  hand,  the 
intermediate-mode  shock  is  a  hybrid  mode  for  which  the 
steepening  process  depends  not  only  on  the  properties  of  the 
linear  intermediate  mode  but  also  on  those  of  the  slow  mode  and, 
in  some  cases,  the  fast  mode.  A  nonlinear  purely  intermediate 
wave  >n  a  loss-free  medium,  called  a  rotational  discontinuity 
(RD),  does  not  steepen.  It  propagates  exactly  at  the  normal 
component  of  the  Alfvdn  speed,  cax,  and  leaves  the 
thermodynamic  state  of  the  plasma  unchanged,  its  only  effect 
being  a  rotation,  without  change  of  magnitude,  of  the  component 
of  the  magnetic  field  tangential  to  the  shock  front  by  an  arbitrary 
angle,  Atp,  and  a  corresponding  rotation  of  the  tangential  velocity 
component.  This  rotation  property  means  that  in  general  an  RD 
does  not  obey  the  so-called  coplanarity  theorem,  valid  for  all  three 
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shock  modes,  according  to  which  the  shock  normal,  ex.  and  the 
field  vectors  fl,  and  B2  on  the  two  sides  of  the  shock  lie  in  one 
plane.  Fast  and  slow  shocks  have  Ad>  =  0  while  intermediate 
shocks  (IS)  have  Ad  =  n.  In  other  words,  fast  and  slow  shocks  do 
not  reverse  the  sense  of  the  tangential  component  of  B.  whereas 
the  intermediate  shock  does.  It  is  noted  that  the  RD  is  a  purely 
nondissipative  structure  and  therefore  does  not  exist  (or, 
equivalently,  must  be  infinitely  thick)  in  a  dissipative  medium. 

As  mentioned  above,  an  IS  propagates  at  a  super-alfv&tic  speed, 
so  that  it  will  overtake  upstream  intermediate-mode  waves 
(Alfvin  waves;  RDs)  propagating  in  the  same  direction. 
Similarly,  the  normal  flow  speed  behind  an  IS  is  sub-alfvdnic  so 
that  the  IS  is  always  overtaken  by  such  waves  in  the  downstream 
region.  Therefore  upstream  and  downstream  intermediate-mode 
waves  tend  to  become  incorporated  into  the  IS  structure. 
However,  as  discussed  by  Kantrowitz  and  Petschek  [1966],  a 
difficulty  then  arises,  since  the  IS  must  obey  coplanarity  whereas 
intermediate-mode  waves  such  as  RDs  in  general  do  not  obey  that 
condition.  This  dilemma  led  Kantrowitz  and  Petschek,  and 
others,  to  conclude  that  the  IS  must  be  an  extraneous  structure 
which  in  interacting  with  any  noncoplanar  intermediate  wave  will 
disintegrate  rapidly,  principally  into  an  RD  and  a  slow  shock.  On 
this  basis,  intermediate  shocks  which  had  been  studied  in  some 
detail  in  the  fifties  and  sixties  [e.g.,  Shercliff,  1960]  were  rejected 
as  unphysical  and  were  essentially  forgotten,  at  least  by  the  space 
physics  community.  However,  recently  Wu  [1987,  1988a,  6]  has 
undertaken  to  reexamine  the  behavior  of  ISs  and  RDs  by  use  of 
numerical  simulation,  based  on  the  resistive  or  resistive/viscous 
MHD  equations.  In  brief,  he  has  demonstrated  (1)  that  a 
nonlinear  plane-polarized  transverse  MHD  wave  can  steepen  to 
form  an  IS;  (2)  that,  with  appropriate  initial  conditions,  all  four 
types  of  ISs,  described  by  Shercliff  [I960],  can  be  generated  and 
appear  stable;  (3)  that,  in  the  interaction  between  a  noncoplanar 
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RD  and  an  IS  described  above,  a  long  time  may  elapse  before  the 
disintegration  predicted  by  Kanlrowin  and  Petschek  [1966]  takes 
place,  this  time  being  longer  the  smaller  the  deviation  of  the  field 
rotation  A 0  in  the  RD  from  0;  (4)  (hat,  in  the  presence  of 
Ji's.pjiion,  an  RD  ha'  irg  Ad  -  T  evolve  into  a  "neighboring" 
class  of  IS  while  for  Ad  *  n  it  evolves  into  a  new  slowly  time 
dependent  IS -like  structure  which  however  does  not  obey  the 
usual  Rankine  Hugoniot  conditions  and  which,  in  particular, 
violates  coplanarity. 

In  light  of  the  above  mentioned  new  results,  Wu  has  proposed 
that  time-dependent  and,  in  some  cases,  time-independent  ISs 
rather  than  RDs  may  be  at  hand  in  a  variety  of  space  plasma 
situations  such  as  in  the  solar  wind  or  at  the  earth's  magnetopause 
during  reconnection  events  [e.g.,  Sonnerup  et  al.,  1987], 
However,  the  relevance  of  the  one-fluid  dissipative  MHD 
equations  to  these  applications  remains  open  to  question.  For 
example,  in  recent  collisionless  hybrid-code  particle  simulations, 
Lee  et  al.  [1989]  have  found  RDs  to  be  stable  and  some  ISs  to 
evolve  into  RDs,  i.e„  behavior  opposite  to  that  reported  by  Wu. 
Nevertheless,  the  structure  and  evolution  of  ISs  in  the  MHD 
description  has  become  a  topic  of  intrinsic  interest  and 
fundamental  importance  as  a  result  of  Wu's  work. 

In  this  paper,  we  examine  the  steady  state  structure  of 
intermediate  shocks  in  a  purely  resistive  MHD  medium  (which  is 
the  simplest  case  from  a  mathematical  view  point),  as  well  as 
certain  aspects  of  their  relationship  to  rotational  discontinuities. 
The  purpose  of  our  study  is  to  present  an  overview  of  the  structure 
of  steady  state  resistive  ISs,  which  we  believe  will  provide  a 
useful  complement  to  Wu's  dissipative  MHD  simulations  and  to 
an  earlier  incomplete  study  of  the  intermediate  shock  structure  by 
Bickerton  et  al.  [1971],  (Indeed,  some  of  our  conclusions  can  be 
deduced  from  a  careful  study  of  the  set  of  simulation  results 
reported  in  Wu's  papers.)  The  paper  is  organized  as  follows.  In 
section  2,  the  MHD  jump  conditions  and  the  different  types  of  ISs 
are  reviewed;  in  section  3  different  types  of  steady  state 
intermediate  shock  structures  are  obtained.  Section  4  contains  a 
summary  and  discussion  of  the  results. 

2.  MHD  Jump  Relations 


Using  standard  notation,  the  one-dimensional,  steady  state 
nonviscous  MHD  conservation  laws  0/9y  =  0;  d/dz  =  0;  Bt  = 
constant)  can  be  integrated  once  and  written  as  follows; 


Pvj  =  Plvil 

(1) 

2  B2  2  B\ 

Pvx  +  P  +T~  =  P  iv*i  +P\  +T~ 

2k  2k 
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Furthermore,  Ohm's  law  may  be  written  as 

E  +  v  xB  =  -2-  VxB 
^0 

(5) 

In  these  equations,  the  subscript  f  denotes  the  two  components 
of  a  vector  tangential  to  the  shock  and  ij  is  the  electrical 

resistivity.  Also,  the  quantities  denoted  by  subscripts  1,  and  7 
represent  the  upstream  (ahead  of  the  shock)  and  downstream 
(behind  the  shock)  conditions,  respectively.  Note  that  the  energy 
equation  (4)  is  written  in  a  frame  of  reference  moving  with  the 
discontinuity  and  sliding  along  it  in  such  a  mamu.  ihm  E  =  0 
outside  the  shock  and  E  =  ex  Ex  within  the  shock.  In  this  so 
called  deHoffmann-Teller  frame,  which  will  be  used  throughout 
this  paper,  the  plasma  flow  velocity  v  is  parallel  to  B  cm  both 
sides  of  the  shock.  The  above  equations  will  be  used  in  two 
different  ways:  (I)  to  obtain  shock  jump  conditions,  and  (2)  to 
obtain  a  set  of  ordinary  differential  equations  for  steady  state 
shock  structures. 

In  this  section,  we  review  the  jump  relations,  which  relate  the 
uniform  properties  on  both  sides  of  a  stationary  time  independent 
shock  from.  The  derivation  of  these  relations  is  straightforward 
and  may  be  found,  e.g.,  in  Anderson  [1962]  or  Jeffrey  and  Taniuti 
[1964],  although  in  a  form  somewhat  different  from  that 
employed  here.  Regardless  of  the  resistivity  and/or  other 
dissipative  processes  within  the  shock,  the  normal  Alfv6n 
numbers  Ax  =  vl(pop)0  5/Bj  on  the  two  sides  of  a  discontinuity 
are  found  to  be  related  by  the  following  equation; 

A\\  =  [^(— ^  -  tan^.XA^-l)2 
7  7-1 


2  Y~ 1  2  2 

+  tan  fl  4r Ax2  -  1)^-2))- 
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2  2 
r  a*2 

cos  0( 
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where  (5,  is  the  upstream  ratio  of  plasma  pressure  to  magnetic 
pressure,  fJ,  =  px/(B{2/2\i0),  and  0,  is  the  angle  between  the  shock 
normal,  ex,  and  the  upstream  magnetic  field  vector.  The  curve 
describing  the  relationship  between  AxI2  and  A#2  given  by  this 
equation  is  shown  in  Figure  1  for  two  sets  of  parameter  values 
(P, ,  0j ).  We  shall  refer  to  these  curves  as  shock  curves.  They 
have  several  noteworthy  properties.  First,  they  always  intersect 
the  45°  line  A  ll  2  =  Aj22  at  three  points.  These  axe  labeled  s.  i. 
and  /in  the  diagram  and  they  represent  small  amplitude  slow, 
intermediate,  and  fast  MHD  waves,  respectively.  Second, 
portions  of  the  shock  curve  located  below  the  45°  line  are 
unphysical  because  they  yield  an  entropy  decrease  across  the 
shock. 

Slow -mode  shocks  (SS)  lie  on  the  branch  of  the  shock  curve 
above  the  45°  line  that  starts  at  point  s  and  goes  upwards  until  the 
condition  AlX2  =  1  is  reached.  This  latter  point  is  denoted  by  so 
in  the  diagram  and  corresponds  to  the  strongest  possible  slow 
shock,  also  called  a  switch-off  shock.  It  has  the  property  that  the 
tangential  component  of  the  magnetic  field  is  switched  off  by  the 
shock,  yielding  B2  = 

As  one  continues  from  point  so  upward  and  to  the  right  along 
the  shock  curve,  one  enters  the  intermediate-shock  (IS)  portion  of 
the  curve  for  which  A,,2  >  1  and  Al22  <  I  and  for  which  the 
tangential  component  of  02 's  now  antiparallel  to  that  of  Bv  It 
can  be  shown  that  between  so  and  the  maximum  point  on  the 
shock  curve,  the  flow  speed  vj2  downstream  of  the  intermediate 
shock  is  always  less  than  the  local  slow  wave  speed,  v^  <  cj2.  In 
this  regime  the  IS  is  said  to  be  (downstream)  ''subslow, "  or 
"strong.”  At  the  maximum  point,  labeled  cs  in  the  diagram,  the 
downstream  flow  is  ''critical  slow"  (vj2  =  c/2).  Continuing  from 
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this  point  downward  and  to  the  right  along  the  shock  curve,  one 
enters  the  (downstream)  "superslow,"  or  "weak,"  parameter  region 
of  the  IS  for  which  vx2  >  cj2.  This  region  extends  to  the  point  i 
where  Ax,2  =  Ax22  which  represents  the  endpoint  of  the  IS  branch 
of  the  shock  curve.  Ii  i»  also  the  location  of  purely  intermediate 
waves  (RDs)  which  have  lfi,l  =  Ifl^l  and  arbitrary  angle  rotations, 
AO.  of  the  tangential  field.  The  slope  of  the  shock  curve  at  the 
point  i  is  always  equal  to  -1 .  From  the  discussion  above  and  from 
the  behavior  of  the  shock  curve,  it  is  evident  that  for  one  and  the 
same  upstream  condition  an  intermediate  shock  can  generate  two 
different  downstream  states:  one  of  these  is  subslow  and 
corresponds  to  a  strong  IS,  the  other  is  superslow  and  corresponds 
to  a  weak  IS. 

Finally,  the  fast-shock  (FS)  portion  of  the  shock  curve  starts  at 
point  /  and  extends  upward  and  to  the  right  above  the  45°  line.  It 
will  not  be  discussed  further  in  this  paper.  However,  we  note  that 
for  some,  but  not  all  parameter  values  the  fast-mode  propagation 
speed  can  be  less  than  the  intermediate  shock  speed.  An  example 
of  this  situation  is  provided  by  the  shock  curve  labeled  {3,  =  0.1, 
8t  =  26.57°  in  the  diagram,  for  which  the  maximum  point  cs  has  a 
larger  value  of  Axl2  than  does  the  point/.  The  portion  of  the  IS 
branch  located  above /is  termed  (upstream)  "superfast"  and  the 
portion  below /is  termed  "subfast."  The  two  points  labeled  cf  on 
the  IS  branch  correspond  to  fast  critical  conditions  upstream  of 
lheIS,i.e.,vxl  =  C/v 

The  values  of  the  Alfvin  numbers  Axl2  and  Ax22  at  the 
maximum  point  (the  critical-slow  point  cs)  on  the  IS  branch  of  the 
shock  are  shown  in  Figure  2  as  a  function  of  (J[  and  tan8,.  In 
Figure  2 a  a  curve  separating  superfast  and  subfast  upstream 
conditions  at  the  point  cs  is  also  shown,  allowing  one  to  identify 
the  parameter  regime  in  which  upstream  superfast  ISs  can  occur. 
As  an  example,  for  conditions  typical  of  the  magnetopause  (fJj  i 


strong  (subflow)  intermediate  shocks  (IS)  occur  between  points  to  and  cr, 
weak  (superslow)  ISs  occur  between  points  cs  and  i;  rotational 
discontinuities  (RD)  occur  at  point  i;  fast  shocks  (FS)  occur  above  the  point 
/.  The  portion  of  the  IS  branch  (if  any)  above  the  line  cf-cf-f  is  called 
superfast;  the  portion  below  that  line  is  called  subfast 
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Fig.  2.  Location  of  the  critical-slow  (cs)  point  in  Figure  1 ,  as  a  function  of 
{3j  and  tand, .  The  coordinates  A,,2  and  A^  of  point  cs  are  shown  as 
contours  of  (a)  constant  Ax\2  and  (6)  constant  A^  in  the  [3,  -  tanfl,  plane. 
In  pan  2a  of  the  figure,  the  region  below  the  curve  labeled  "critical  fast" 
(i cf)  permits  of  superfast  intermediate  shocks.  Above  that  curve,  only 
subfast  intermediate  shocks  are  possible. 

1,  tand!  2  5,  say),  all  ISs  are  subfast  and  have  values  of  Ax,2 
restricted  to  a  rather  narrow  range  above  unity,  1  £  A,,2  <  1.1, 
say.  The  downstream  Alfvin  number,  A^2,  has  a  much  broader 
range:  Figure  2b  indicates  that,  in  the  example  above,  the  weak  IS 
branch  occupies  the  approximate  range  0.85  <  Ax22  <  1  from 
which  one  can  estimate  the  strong  IS  range  to  be,  very 
approximately,  0.7  <  Ax22  <  0  .85.  Thus  substantial  deviations 
from  the  RD  condition  Ax,2  =  Ax22  =  1  could  in  principle  occur; 
in  particular,  A  x22  could  be  substantially  less  than  unity,  if  the 
magnetopause  contained  a  strong  IS  rather  than  an  RD. 

By  use  of  the  relationship  (6)  between  Axl2  and  Ax22,  the 
changes  in  tangential  magnetic  field,  Br  in  the  angle.  9,  between 
the  magnetic  field  and  the  shock  normal,  in  the  density,  p,  and  in 
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Fig  3.  The  pressure  rauo  Pylp\,  density  ratio  p?/Pi>  entropy  ratio  5JS], 
ungennal  magnetic  field  rauo  and  A^u  a  function  of  for 

intermediate  shock  with  (a)  |3,  =  1  and  8,  =  45"  and  (f?)  (Jj  =0.1  and  8,  = 
26.57° 


the  plasma  (1  value  can  be  calculated  from  the  following  further 
jump  conditions  which  are  readily  obtained  from  equations  (1  )- 
(5): 


It  is  not  possible  here  to  present  a  complete  gr»p'"  .al  overview 
of  the  changes  in  these  quantities  across  intermediate  shocks  for 
all  values  of  (5,  and  9r  Figure  3  shows  results  for  the  ( p , ,  0,  i 
values  used  in  Figure  1.  in  a  format  similar  to  that  used  by  Lee  ei 
al.  [19391.  In  this  diagram,  the  IS  branch  of  the  shock  curve  >« 
also  shown  for  convenient  reference  along  with  the  locations  of 
the  switch  off  shock  (so),  the  rotational  discontinuity  (i)  and  the 
(downstream)  critical-slow  (cr)  point.  It  is  seen  thatp2/P;  and 
p2/p ,  have  maxima  for  the  switch-off  shock  where  rl 2  =  1  and 
j  =  0.  In  this  sense,  the  switch-off  shock  represents  the 
strongest  possible  slow  or  intermediate  shock.  However,  it  is 
noted  that  for  the  IS  the  entropy  ratio,  S2/S;,  is  a  maximum  at  the 
extremum  of  the  shock  curve,  i.e.,  at  the  point  cs  It  is  further 
seen  that  the  ratios  of  downstream  to  upstream  pressure,  density, 
and  entropy  are  always  greater  for  the  (downstream)  subslow  IS 
branch  than  for  the  superslow  branch.  Thus  it  is  also  appropriate 
to  label  the  former  the  strong  and  the  latter  the  weak  IS  branch. 
We  shall  adopt  this  notation  in  the  remainder  of  the  paper.  The 
weak  IS  branch  has  its  end  point  (i)  at  Axl  -  A^  =  1,  where  p2/P\ 
=  p2/p,  =  Sj/Sj  =  1  and  =  -  1.  This  is  the  behavior  of  a 

rotational  discontinuity  with  A4>  =  rt. 

The  curve  for  -Ba  /  Bn  in  Figure  3a  is  such  that  lil^l  <  lfl(1l  for 
the  entire  IS  branch,  which  in  this  example  is  purely  subfast. 
Since  a  decrease  in  IBI  is  a  characteristic  of  the  slow  compressive 
mode,  all  ISs  in  this  Figure  can  be  viewed  as  hybrids  of  mainly 
intermediate-mode  rotation  and  slow-mode  compression  with  the 
later  being  more  dominant  on  the  strong  branch  than  on  the  the 
weak  branch.  This  interpretation  will  be  verified  and  discussed 
further  in  section  3  of  the  paper.  A  different  type  of  behavior  is 
evident  in  Figure  3 b  where  the  portion  of  the  diagram  to  the  right 
of  Ajj2  =  1.272  represents  upstream  superfast  conditions.  It  is 
seen  that  in  this  case  the  entire  weak  IS  branch,  as  well  as  a  small 
portion  of  the  strong  IS  branch  (near  the  cs  point),  has  IJS^I  > 

In  such  cases  it  is  clear  that  fast-mode  compression,  which  leads 
to  an  increase  in  Ifll.  is  also  involved,  along  with  intermediate 
mode  rotation  and  perhaps  slow -mode  compression. 
Furthermore,  the  fast-mode  effect  dominates  the  slow -mode  one 
on  the  entire  weak  IS  branch  as  well  as  on  pan  of  the  strong  IS 
branch.  Again,  these  effects  will  be  discussed  further  in  section  3. 

The  information  concerning  IS  jump  conditions  given  in  the 
preceding  paragraphs  can  be  found,  at  least  qualitatively,  in  the 
existing  literature.  The  following  additional  property  of  ISs 
appears  to  be  little  known:  for  chosen  Azl,  the  downstream  state 
of  the  weak  (superslow)  IS  solution  can  also  serve  as  the  upstream 
slate  for  a  slow  shock  that  propagates  at  exactly  the  same  speed 
and  that  has  exactly  the  same  downstream  state  as  the  strong 
(subslow)  IS.  This  relationship  between  the  weak  and  the  strong 
IS  solutions  at  the  same  will  be  clarified  in  the  next  section. 

3.  Equilibrium  Intermediate  Shock  Structure 


Bi2  tan9;  (A*,  -  1) 
fln  tanOj  (A^-l) 


2  (P,+l)  2  <P,+1> 

2cos  9^  2cos  8] 


3.1 .  Differential  Equations 
(7) 

In  this  section,  we  discuss  the  one-dimensional,  steady  state, 
resistive  MHD  equations  which  describe  the  shock  structure. 
With  the  assumption  of  uniform  resistivity,  equations  (l)-(5)  can 
^  I  be  simplified  to  the  following  form: 

2  dB  2  2 
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3.2.  Fixed-Point  Analysis 


The  set  of  equations  (10)-(12)  represents  a  two-dimensional 
autonomous  nonlinear  system  [e.g.,  Hochstadt,  1964],  The 
upstream  and  downstream  states  are  the  fired  points  of  the 
system.  The  character  of  the  fixed  points  in  terms  of  nodal  or 
saddle-point  behavior  can  be  obtained  by  studying  the  response  of 
equations  (10)-(12)  to  small  perturbations  about  the  fixed  points. 
Linearization  of  these  equations  around  the  upstream  state,  say, 
leads  to 


fiA2  d(8By) 

V*  * 


-  1  )5By  =  Ky  &By 


(13) 


where  Xrl  =  q/povj[1  is  the  resistive  length.  As  before,  variables 
with  subscript  1  represent  upstream  conditions.  For  the  upstream 
state,  we  further  assume  Byl  =  0.  However,  the  equations  remain 
valid  if  the  subscript  2,  representing  the  downstream  conditions,  is 
used  in  place  of  the  subscript  1.  Equations  (10)-(12)  describe  the 
resistive  structure,  not  only  of  ISs,  but  of  fast  and  slow  shocks  (for 
which  we  may  put  By  ==  0)  and  RDs  as  well.  In  particular,  they 
imply  that  RDs,  which  have  the  properties  Ax  =  Azl  -  ,\l2  =  1, 
have  finite  thickness  only  in  the  case  of  zero  resistivity.  On  the 
other  hand,  for  all  MHD  resistive  shocks  the  thickness  is  seen  to 
be  proportional  to  XrlAzl2.  However,  as  is  evident  from  the 
equations,  this  proportionality  does  not  describe  the  complete 
dependence  of  the  shock  thickness  on  A,,.  In  particular,  for  A2 
near  unity  the  factor  ( Ax 2  -  1)  on  the  right-hand  side  of  the 
equations  tends  to  make  the  shock  thickness  much  larger  than  X^. 

The  following  comments  should  be  made  concerning  the  plus  or 
minus  sign  in  equation  (12).  In  the  vicinity  of  the  upstream  state 
(Az  =  Azl;  Bt[  =  B,;  Byl  =  0)  only  one  of  the  signs  will  give  A  2 
=  Azl2.  Similarly,  in  the  vicinity  of  a  downstream  state  (A,= 
AtV  Bi2  =  fl2;  By2  =  0)  only  one  of  the  signs  will  give  At  =  Aj2. 
It  can  be  shown  directly  from  equation  (12)  that  the  criterion  for 
choosing  the  sign  is  as  follows:  the  plus  sign  and  the  minus  sign 
are  to  be  used,  respectively,  for  A2  greater  than  and  less  than 
yfWcos2©  or,  equivalently,  for  v2  >  c2  and  v2  <  c2  where  c2  - 
yplp.  When  the  signs  needed  are  the  same  for  the  upstream  and 
the  downstream  state  (i.e.,  when  vj(  and  va  are  both  supersonic 
or  both  subsonic),  or,  to  borrow  a  mathematical  term,  when  these 
two  states  are  located  on  the  same  Riemann  sheet  in  the  complex 
5,  plane,  a  purely  resistive  transition  from  the  upstream  to  the 
downstream  state  exists.  When  the  signs  are  opposite  for  the 
upstream  and  downstream  states,  i.e.,  since  the  case  vz]  <  C]  and 
vi2  >  c2  does  not  occur,  when  the  shock  involves  a  transition  from 
supersonic  to  subsonic  flow,  it  usually  contains  a  substructure  in 
which  dissipative  processes  other  than  resistivity,  e.g.,  viscosity 
and/or  heat  conduction,  dominate  (although  in  special  cases  a 
purely  resistive  transition  from  supersonic  to  subsonic  flow  is 
possible,  as  we  shall  see).  Since  these  additional  dissipative 
processes  are  not  described  by  our  basic  equations,  such  a 
substructure  will  appear  as  a  discontinuous  jump  from  one 
Riemann  sheet  to  the  other.  Such  jumps  constitute  regular  gas 
dynamic  shocks  and  they  leave  the  magnetic  field  and  the 
tangential  velocity  components  unchanged.  It  is  a  matter  of 
straightforward  algebra  to  show,  from  the  basic  conservation 
laws,  that  a  transition  from  the  supersonic  (plus)  Riemann  sheet  to 
the  subsonic  (minus)  Riemann  sheet,  at  a  fixed  value  of  the  field 
vector,  B,  leads  to  the  usual  gar  dynamic  jump  conditions.  It 
should  be  pointed  out  that  the  calculations  shown  in  this  paper  are 
valid  under  the  assumption  that  the  viscous  scale  length  is  much 
smaller  than  the  resistive  length. 


qAzl  d(8Bx) 
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As  before,  the  subscript  1  can  be  replaced  by  2  for  the 
downstream  point.  The  second  of  these  equations  was  first 
derived  by  Coroniti  [1970]  in  his  study  of  slow  and  fast  shocks;  it 
is  in  fact  valid  for  all  resistive  shocks.  The  first  equation  is  not 
needed  for  fast  and  slow  shocks,  since  they  permit  a  shock 
structure  with  By  =  0  (however,  to  prove  that  By  =  0  in  fact  is  the 
only  possibility,  one  needs  it). 

We  first  review  the  nature  of  the  fixed  points  for  different  values 
of  the  coefficients  (eigenvalues)  Ky  and  Kt  on  the  right-hand  sides 
of  equations  (13)  and  04).  Four  possibilities  exist.  First,  if  both 
Ky  and  Kt  are  positive  the  point  examined  is  an  unstable  node. 
By  unstable  is  meant  that  infinitesimal  deviations  8By  and/or  6 Bz 
lead  to  exponential  growth  of  By  and/or  Bt  away  from  their  values 
at  the  fixed  point.  Second,  if  both  Ky  and  Kt  are  negative  the 
point  is  a  stable  node  instead.  Third,  if  Ky  is  positive  and  K, 
negative  we  have  a  saddle  point  that  is  unstable  (in  the  sense 
described  above)  to  deviations  8By  and  stable  to  deviations  8 Bt. 
Finally,  for  Ky  negative  and  Kt  positive  we  have  a  saddle  point 
that  is  stable  to  deviations  8 By  and  unstable  to  deviations  8 Bz. 

Next,  let  us  examine  the  nature  of  the  upstream  fixed  point  for 
intermediate  shocks.  First,  since  Azl2>  1,  we  know  that  K  is 
positive.  The  constant  Kt  is  also  positive  both  for  the  subfast 
subsonic  case  and  for  the  superfast  (and  therefore  by  necessity 
supersonic)  case.  In  these  two  cases  the  upstream  point  is 
therefore  an  unstable  node.  This  means  that  an  infinite  number  of 
solutions  to  equations  (10)-(12)  exist  where  By  and  B t,  in 
different  proportions,  start  to  deviate  from  their  initial  upstream 
values  as  x  increases.  In  the  subsonic  case  the  node  is  located  on 
the  minus  Riemann  sheet;  in  the  supersonic  case  it  is  located  on 
the  plus  sheet  For  the  subfast  supersonic  case,  we  have  Kt  <  0  so 
that  the  upstream  point  is  a  saddle  point  located  on  the  plus 
Riemann  sheet  and  stable  to  perturbations  SB z;  unstable  to 
perturbations  hBy.  Therefore  any  continuous  solution  for  the 
subfast  supersonic  case  must  start  out  from  the  point  By  =  Q  Bt  = 
B|t  with  8Bj  =  0  and  8 By  *  0.  In  other  words,  the  solution  must 
start  as  a  pure  field  rotation.  A  second  possibility  is  that  the 
solution  is  discontinuous  at  the  upstream  point  and  starts  with  a 
gas  dynamic  shock  which  provides  a  transition  to  subsonic  (but 
still  super-alfvinic)  conditions.  Following  this  gas  dynamic 
substructure,  a  purely  resistive  part  of  the  shock  structure  will 
occur. 

We  turn  now  to  an  examination  of  the  two  possible  downstream 
states  for  an  intermediate  shock:  the  subslow  and  the  superslow 
cases.  For  both,  we  have  A^2  <  1  and  therefore  Ky  <  0.  For  the 
subslow  or  strong  IS  case,  the  flow  must  also  by  necessity  be 
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Fig.  4.  Matrix  showing  possible  intermediate  shock  conditions  and 
structures.  Ky  and  K  are  coefficients  defined  by  equations  (13)  and  (14). 
The  symbols  plus  and  minus  refer  to  the  supersonic  and  subsonic  Riemann 
sheets.  Nature  of  upstream  and  downstream  fixed  points  (nodes  or  saddle 
pointsi  an*  shown  schematically. 


subsonic  so  that  Kt  <  0.  Thus  the  subslow  downstream  point  is 
always  a  stable  node  located  on  the  minus  Riemann  sheet.  An 
infinite  number  of  solutions  exist  that  approach  the  downstream 
stable  node  exponentially  as  x  -4  <*>.  For  the  case  of  superslow 
downstream  conditions,  the  flow  may  either  be  subsonic  or 
supersonic.  In  the  latter  case,  Kt<  0  and  we  again  have  a  stable 
node  but  now  on  the  plus  Riemann  sheet;  in  the  former  case,  K,  > 
0  and  we  have  a  saddle  point  on  the  minus  sheet,  stable  to 
approach  along  the  By  axis  and  unstable  to  approach  along  the 
axis. 

The  preceding  discussion  is  summarized  in  the  matrix,  shown  in 
Figure  4.  In  most  cases,  purely  resistive  IS  structures  require  the 
upstream  and  downstream  points  to  be  located  on  the  same 
Riemann  sheet.  It  is  seen  that  there  are  four  such  cases:  (1)  For 
subfast  subsonic  upstream  conditions  the  strong  IS,  i.e.,  the 
(downstream)  subslow  subsonic  case  is  purely  resistive  and  the 
structure  is  expected  to  be  nonunique  because  an  unstable  and  a 
stable  node  can  be  connected  by  an  infinite  number  of  paths  in  the 
By  B,  plane.  (2)  For  the  same  upstream  conditions,  the  weak  IS, 
i.e.,  the  superslow  but  subsonic  case,  also  has  a  purely  resistive 
structure,  which  is  expected  to  be  unique,  except  for  the  sign  of 
By,  because  only  two  paths  from  the  upstream  unstable  node  lead 
into  the  downstream  saddle  point  from  the  stable  directions.  (3) 
For  the  case  of  subfast  but  supersonic  upstream  conditions,  only 
the  weak  IS  structure  is  located  entirely  on  one  Riemann  sheet  and 
then  only  when  the  downstream  flow  remains  supersonic.  For  the 
same  reason  as  in  the  previous  case,  a  unique  structure  is 
expected.  (4)  For  superfast  (and  therefore  supersonic)  upstream 
conditions,  it  is  again  only  the  weak  IS  with  supersonic 
downstream  conditions  that  is  located  entirely  on  one  Riemann 
sheet.  This  time  an  unstable  upstream  node  is  connected  to  a 
stable  downstream  node;  this  connection  is  expected  to  be 
nonunique. 

For  the  remaining  positions  in  the  matrix  shown  in  Figure  4,  a 
transition  from  one  Riemann  sheet  to  the  other  must  occur  at 
some  location  in  the  shock  structure.  As  pointed  out  already,  such 


a  transition  is  usually  achieved  by  means  of  an  ordina-j 
viscous/heat  conductive  gasdynamte  shock  which  is  to  be  'reatr  ’ 
as  a  discontinuity  in  the  present  purely  resistive  theory.  Another 
possibility,  to  be  discussed  further  below,  is  that  a  smooth  purely 
resistive  transition  from  supersonic  to  subsonic  conditions  occurs. 
One  location  in  the  matrix  is  excluded  altogether,  on  the  basis  that 
a  shock  cannot  achieve  a  transition  from  subsonic  to  supersonic 
flow. 

From  the  discussion  above,  it  may  appear  that  the  equations 
(10)-(12)  have  three  fixed  points  corresponding  to  the  upstream 
slate  and  the  two  downstream  states  of  the  IS.  In  fact,  as  we  sh?  11 
see,  there  is  a  fourth  fixed  point  which  corresponds  either  to  the 
upstream  or  the  downstream  state  of  a  fast  shock.  In  the  former 
case,  this  point  is  an  unstable  node  on  the  supersonic  (plu:) 
Riemann  sheet  and  it  also  serves  as  the  upstream  state  of  superfast 
ISs;  in  the  latter  case  it  is  either  a  saddle  on  the  plus  sheet  with 
stable  approach  along  the  Bt  axis  or  it  is  an  unstable  node  on  the 
minus  sheet. 

We  now  discuss  in  quantitative  detail  the  nature  of  the  tangential 
magnetic  field  behavior  in  resistive  intermediate  shocks.  The 
results  to  be  presented  were  obtained  by  numerical  integration  of 
equation  (10)  and  (11).  They  will  be  displayed  in  terms  of 
magnetic  hodograms,  i.e.,  plots  of  Bz  versus  By.  In  these  plots, 
the  upstream  and  downstream  states  have  By  =  0. 

3.3.  Subfast  Subsonic  Upstream  Flow 

In  this  case,  which  comprises  the  second  column  of  the  matrix  in 
Figure  4,  the  minus  sign  has  to  be  used  in  equation  (12)  for  the 
three  relevant  fixed  points,  because  the  upstream  state  and  the  two 
downstream  states  of  the  IS  are  all  subsonic.  Thus  we  may 
confine  our  attention  to  the  hodogr  n  in  the  subsonic  (minus) 
Riemann  sheet  (the  other  sheet  will  be  discussed  in  section  3.5). 
Figures  5a-5d  show  such  hodograms  in  the  case  where  P,=  1,  and 
0|=  45°  for  which  all  ISs  are  subfast  and  subsonic.  As  discussed 
previously,  this  means  the  upstream  and  the  strong-IS  (subslow) 
downstream  states  are  nodal  points  and  the  weak-IS  (superslow) 
downstream  state  is  a  saddle  point.  We  start  by  examining  the 
magnetic  hodogram  in  Figure  5b.  It  is  seen  in  this  figure  that  the 
strong-IS  transition  is  nonunique:  it  can  be  achieved  not  only  with 
B  =  0  (i.e.,  going  along  the  vertical  axis  in  the  diagram)  but  also 
along  an  infinite  number  of  other  trajectories  which  have  By  *  0, 
leading  from  the  upstream  point,  labeled  1  to  the  strong-IS 
downstream  state,  labeled  2s.  The  node  structure  of  points  1  and 
2s  is  evident  in  the  figure.  It  is  also  seen  that  I  By\  cannot  become 
arbitrarily  large  in  the  strong-IS  transition.  There  exists  an  outer 
bounding  trajectory  which  leads  along  a  nearly  circular  arc,  from 
the  upstream  point  to  the  weak-IS  downstream  state,  labeled  2w, 
and  is  followed  by  a  straight-line  segment  upward  along  the 
vertical  axis  to  the  strong-IS  downstream  state.  As  mentioned  in 
section  2,  the  transition  2w  — »  2s  consists  of  a  slow  shock.  It  is 
also  clear  that  the  outer  bounding  trajectory  is  the  only  possible 
transition  from  the  upstream  state  to  the  weak-IS  downstream 
state.  Thus,  except  for  the  sign  of  By.  the  resistive  structure  of  the 
weak  IS  is  unique  whereas  the  nonunique  strong  IS  structure  is 
bounded  as  follows:  at  one  extreme  it  can  be  viewed  as  a  weak-IS 
field  rotation  followed  by  a  slow  shock;  at  the  other  extreme  it  has 
no  field  rotation  at  all  ( By  =  0).  In  between  these  extremes,  a 
strong-IS  structure  follows  the  weak-IS  curve  some  distance  away 
from  the  upstream  point  (1)  and  then  starts  to  deviate  toward  the 
strong-IS  downstream  state  (2s).  Along  the  weak-IS  trajectory, 
there  is  a  small  decrease  in  field  magnitude,  produced  by  slow 
mode  compression  but  the  main  effect  is  a  field  rotation.  (For  the 
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Fig.  S.  Magnetic  Held  hodognmt  in  the  minui  Riemann  sheet  for  wbfast  subsonic  upstream  normal  flow,  shown  for  fl.  =  1  and  9,  = 
45°  and  (a)  Ax12=  1;  (b)  A,j2=  1.0428;  (c)  Axl^  =  1.0745;  (d)  1.0765.  For  detailed  discussion,  see  section  3.3.  In  part  5a 

the  weak  IS  transition,  1-*  2w,  corresponds  to  a  rotational  discontinuity  and  the  strong  IS  transition,  1— »  2s,  to  a  switch-off  shock  or 
to  a  rotational  discontinuity  followed  by  a  switch-off  shock.  In  pan  5 d  the  downstream  flow  is  critical  slow  (cs). 


case  shown  in  Figure  56,  this  trajectory  is  described  with  good 
approximation  as  an  arc  of  a  circle  with  its  center  at  B}  =  0,  Bt  = 
(Btl  +  Bt2)l 2.)  Thus,  this  leading-edge  portion  of  the  strong -IS 
shock  can  be  said  to  be  dominated  by  the  intermediate  wave 
mode.  On  the  other  hand,  its  trailing  edge  portion  involves  field 
rotation  accompanied  by  a  substantial  net  decrease  in  field 
magnitude  so  that  the  slow  mode  compression  in  this  part  of  the 
structure  is  strong. 

The  separation  of  intermediate  and  slow  mode  effects  in  the 
strong  IS  becomes  perfect  in  the  limit  as  — »  1,  i.e„  for  the 

switch-off  shock.  The  hodogram  for  this  case,  shown  in  Figure 
5 a.  has  a  purely  circular  weak-IS  trajectory  corresponding  to  RD 
behavior,  followed  (for  a  strong  IS)  by  purely  radial  slow-mode 
field  decrease  to  the  point  2s  at  the  origin.  However,  as  pointed 
out  already,  the  RD  portion  of  the  structure  will  in  fact  be 
infinitely  thick.  Thus  the  only  switch-off  shock  structure  having  a 
finite  thickness  is  that  for  which  «  0.  It  is  for  this  reason  that 


the  switch-off  shock  is  classified  as  a  slow  shock  rather  than  as  an 
intermediate  one. 

It  is  also  noted  that  those  solutions  on  the  strong  IS  branch 
which  have  Bym0  do  not  involve  the  intermediate  mode  at  all  but 
represent  simply  an  extension  of  the  slow-mode  shock  branch  into 
the  super-alfvinic  regime. 

In  terms  of  the  properties  of  the  fixed  point  2s  in  Figure  5,  it  is 
noted  that,  for  the  switch-off  shock  in  part  5a  of  the  figure,  this 
point  is  degenerate  in  the  sense  that  the  two  eigenvalues,  Ky  and 
Kt ,  characterizing  the  solution  near  the  point  [e.g.,  Hochstadt, 
1964]  are  equal,  giving  the  appearance  of  an  axisymmetric  sink  at 
the  origin.  In  Figure  56  the  behavior  at  point  2s  appears  nearly 
the  same  because  the  two  eigenvalues  are  close  but  not  identical. 
The  usual  nondegenerate  node  behavior  which  has  two  principal 
and  orthogonal  asymptotic  directions  of  approach  (or  departure) 
of  the  trajectories  is  always  evident  for  the  upstream  point  (1).  In 
Figure  5c  which  has  a  larger  value  of  than  Figure  56,  this 
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Fig.  6.  Spatial  structure  of  strong  and  weak  intermediate  shocks  with 
subfast  subsonic  upstream  flow.  Tangential  magnetic  field  components  B 
and  By,  and  plasma  density  p  are  given  as  a  function  of  distance,  x,  normal 
10  the  shock.  The  three  curves  shown  in  each  panel  correspond  to  the 
hodogram  traces  labeled  a,  f),  and  y  in  Figure  56.  The  curves  a  and  f) 
represent  strong  (downstream  subslow)  intermediate  shocks  (which  have 
nonumque  structure);  the  curve  y  represents  the  special  case  of  a  strong  IS 
composed  of  a  weak  IS  (WIS.  which  has  unique  structure)  followed  by  a 
slow  shock  (SS).  The  reference  value  p;  is  the  upstream  density  and  Xj  ■ 
500  Tl/P0vAr 

behavior  is  evident  at  point  2s  as  well.  It  implies  that  the  trailing 
edge  of  a  subfast  strong  IS  usually  involves  pure  slow-mode 
expansion  or  compression,  the  only  exception  being  the  one 
trajectory  that  enters  point  2s  at  right  angles  to  the  Bz  axis.  Figure 
5  d  shows  the  limiting  case  where  the  strong  and  weak 
intermediate  shocks  coincide  (2s  =  2w),  i.e.,  the  (downstream) 
critical-slow  case,  for  which  has  its  maximum  allowed  value. 
The  noncircular  nature  of  the  weak-IS  trajectory  is  evident  in  both 
Figure  5c  and  5 d. 

The  thickness  of  the  strong  intermediate  shock  depends  on  its 
hodogram  trajectory.  The  situation  is  illustrated  in  Figure  6 
which  shows  Bt,  By  and  p  as  a  function  of  x  for  the  hodogram 
trajectories  labeled  a,  fi,  and  y  in  Figure  56.  The  smallest 
thickness  is  obtained  when  Bya0  (curve  a).  For  hodograms 
extending  to  increasingly  large  IByl  values,  the  corresponding 
shock  thickness  also  becomes  increasingly  large  (curve  (J)  and 
reaches  a  maximum  for  the  outer  bounding  trajectory  (curve  y). 
As  pointed  out  already,  this  latter  case  consists  of  a  weak  IS 
followed  by  a  slow  shock.  The  slow  shock  may  in  fact  be  placed 
at  an  arbitrary  location  downstream  of  the  weak  IS.  The  case 
shown  in  Figure  6  has  AxX2  =  1.0428:  as  Axl2  -»  1,  the  thickness 
of  the  weak  IS  approaches  infinity.  In  this  limit  the  weak  IS 
becomes  an  RD. 

As  mentioned  already,  a  subfast  strong  IS  with  BymQ  (curve  a 


in  Figure  6)  involves  only  the  slow  mode.  As  Bt  decreases  Iren. 
its  initially  positive  value  to  zero  within  such  a  shock,  the  density, 
shown  in  the  third  panel  of  Figure  6,  is  seen  to  u„.,..use,  as 
expected  in  slow-mode  compression.  This  density  increase  is 
followed  by  a  small  decrease  as  Bt  reverses  sign  and  increases  in 
magnitude  to  its  final  negative  value.  This  latter  behavior 
corresponds  to  slow-mode  expansion  at  the  trailing  edge  of  the 
shock  structure. 

3.4.  Subfasl  Supersonic  Upstream  Flow 

As  indicated  in  the  third  column  of  the  matrix  in  Figure  4,  the 
upstream  state  in  this  case  is  a  saddle  point  located  on  the  pics 
Riemann  sheet,  and  the  strong  IS  downstream  state  is  a  stable 
node  on  the  minus  Riemann  sheet.  For  the  weak  IS  case,  here  are 
two  possibilities  which  we  discuss  separately. 

First,  for  certain  parameter  values,  the  downstream  flow  may 
remain  supersonic  in  which  case  the  downstream  state  is  a  stable 
node,  also  on  the  plus  Riemann  sheet  so  that  a  purely  resistive 
weak  IS  exists.  Trajectories  on  this  sheet  are  shown  as  dashed 
lines  in  Figure  7<j  (for  Pj  =  0.5,  0,  =  26.57°  and  Ax]2  =  1.0546).  It 
is  seen  that  only  a  single  (approximately  circular)  trajectory 
connects  the  upstream  saddle  point  with  the  downstream  weak  IS 
stable  node,  yielding  again  a  unique  weak-IS  structure.  The  plus 
sheet  also  contains  an  unstable  node  and  associated  trajectories. 
These  features  are  not  shown  in  the  figure  but  will  be  discussed  in 
section  3.5.  Trajectories  on  the  minus  Riemann  sheet  are  shown 
by  solid  lines  in  Figure  7 a.  They  emeTge  at  the  edge  of  a 
forbidden  region  in  the  ByBl  plane,  in  which  the  square  root  in 
equation  (12)  is  imaginary  (at  this  edge,  shown  by  the  dash -dotted 
curve  in  the  figure,  the  normal  flow  is  sonic,  vt  =  c),  and  converge 
toward  the  strong  IS  downstream  stable  node.  Transition  from  the 
plus  sheet  to  the  minus  sheet  is  achieved  by  a  gas  dynamic  shock 
(which  leaves  B  and  Bz  unchanged).  The  transition  point  can 
be  located  anywhere  on  the  approximately  circular  trajectory  on 
the  plus  sheet  from  point  1  to  point  2w  (an  example,  denoted  by 
gs,  is  shown  in  the  figure).  If  it  occurs  immediately  at  the 
upstream  edge  (point  1)  of  the  shock  layer,  the  strong  IS  shock 
has  By  5  0;  if  it  occurs  at  point  2 w,  the  strong  IS  has  the 
appearance  of  a  weak  IS  followed  by  a  slow  shock  where  the 
latter  has  a  regular  gas  dynamic  subchock  at  its  upstream  edge. 

The  second  possibility  is  that  the  weak  IS  downstream  flow  is 
subsonic  and  corresponds  to  a  saddle  point  located  on  the  minus 
Riemann  sheet  (see  matrix  in  Figure  4).  An  example  of  this 
situation  is  shown  in  Figure  7 b  (for  f),  =  0.5,  0,  =  26.57°  and  Axl2 
=  1.1471)  where,  as  before,  trajectories  in  the  plus  sheet  are 
shown  as  dashed  lines  and  those  on  the  minus  sheet  as  solid  lines 
(as  in  Figure  la,  we  have  not  shown  an  additional  unstable  node 
on  the  plus  sheet  and  iis  associated  trajectories;  these  features  will 
be  dealt  with  in  section  3.5).  In  this  case,  the  weak  IS  structure  is 
again  unique  but  there  is  now  a  smooth  supersonic-subsonic 
transition  at  a  sonic  point  (vt  =  c),  denoted  by  sp  in  the  figure. 
This  point  is  located  where  the  trajectory  out  of  the  upstream 
saddle  (point  1  on  the  plus  sheet)  and  the  trajectory  mto  the 
downstream  saddle  (point  2w  on  the  minus  sheet)  both  reach,  and 
are  tangent  to  the  boundary  of  the  forbidden  region.  The  strong 
IS  structure  remains  nonunique  and  there  are  cases  both  with  and 
without  a  gas  dynamic  shock.  Such  a  shock,  denoted  by  gs  in  the 
figure,  can  occur  anywhere  between  points  1  and  sp  along  the 
trajectory  out  of  the  upstream  point.  On  the  other  hand,  if  this 
trajectory  is  followed  all  the  way  to  the  sonic  point,  sp,  and 
perhaps  some  distance  beyond  it  toward  the  point  2w,  purely 
resistive  strong  IS  structures  are  obtained. 
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Fig.  7.  Magnetic  Held  hodogramt  for  tubfatt  tuperaonic  upstream  normal 
flow.  Dulled  curves  are  trajectories  on  the  plus  Riemann  sheet;  solid  lines 
lie  on  the  minus  sheet.  For  detailed  discussion,  see  section  3.4.  Case  la, 
with  =0.5.0,  =  26.57°.  V  =  '  .0546,  has  supersonic  downstream 
state  for  the  weak  IS.  For  the  strong  IS,  a  gas  dynamic  shock  (gs)  provides 
transition  from  the  plus  to  the  minus  sheet  The  inner  edge  of  the  forbidden 
region  is  shown  by  the  dash-dotted  line.  Case  lb,  with  (5,  =  0.5,  0,  = 
26.57°,  Az,2  =  1.1471,  has  subsonic  downstream  sure  for  the  weak  IS. 
For  the  weak  IS  the  supersonic-subsonic  transition  is  continuous  and 
occurs  at  the  sonic  point,  sp.  For  the  strong  IS,  a  gas  dynamic  shock  (gr) 
may  occur  anywhere  between  points  1  and  sp.  Another  possibility  is  a 
continuous  transition  at  point  sp. 


3.5  Superfast  Upstream  Flow 

In  this  case,  the  upstream  state  is  an  unstable  nodal  point  located 
on  the  plus  Riemann  sheet.  For  the  downstream  state,  the 
situation  is  the  same  as  the  previous  case,  i.e.,  the  strong  IS 
downstream  state  is  a  stable  node  on  the  minus  Riemann  sheet, 
while  there  are  two  possibilities  for  the  weak  IS:  its  downstream 


state  may  be  a  stable  node  on  the  plus  sheet  or  it  may  be  a  saddle 
point,  stable  t-  approach  along  the  B  direction,  on  the  minus 
sheet.  The  former  case  is  illustrated  in  Figure  8a,  which  is  the 
same  as  Figure  la  but  with  the  upstream  fast-mode  nodal  point,  1/ 
(on  the  plus  sheet)  and  its  associated  trajectories  shown,  ft  is  now 
this  point  that  serves  as  the  upstream  point  for  the  superfast 
intermediate  shocks  as  well  as  for  the  regular  fast  shock.  It  has 
(3,^=  0.4523,  8y=  6.05°,  =  1.2578.  These  parameter  values 

are  such  that  the  downstream  state,  If,  of  the  fast  shock  lemains 
supersonic.  Any  of  the  trajectories  out  of  the  node  point  1/can  be 
followed  to  the  weak  IS  downstream  state  2w.  Included  is  the 
special  case  where  the  weak  IS  consists  of  a  resistive  fast  shock 
transition  from  1/  to  2/  (2/  is  the  same  as  point  1  in  Figure  la), 
followed  by  a  subfast-supersonic  weak  IS  in  which  the  flow 
remains  supersonic  (vi2  >  c2)  and  for  which  the  hodogram 
trajectory  consists  of  the  unique  path  connecting  point  1  to  point 
2w.  At  the  other  extreme  is  the  special  case  where  a  direct 
transition  along  the  Bt  axis  from  1/  to  2w  occurs.  Thus  the  weak 
IS  structure  is  now  nonunique.  The  strong  IS  structure  is  also 
nonurtique:  one  may  follow  any  of  the  trajectories  in  the  plus 
sheet  out  of  point  1/  and  then  make  a  transition,  by  means  of  a  gas 
dynamic  shock,  gs,  to  the  minus  sheet  in  which  one  then  follows 
one  of  the  trajectories  into  the  point  2s.  At  one  extreme,  the 
strong  superfast  IS  structure  may  consist  of  the  path  \f-2f-2w-2s 
with  a  gas  dynamic  shock  to  achieve  a  transition  from  the  plus 
sheet  to  the  minus  sheet  located  at  the  point  2w.  In  this  special 
case,  the  superfast  strong  IS  consists  of  a  resistive  fast  shock, 
followed  by  a  subfast,  supersonic  purely  resistive  weak  IS, 
followed  by  a  slow  shock  with  a  viscous  subshock  at  its  upstream 
edge.  At  the  other  extreme,  the  superfast  strong  IS  may  consist  of 
a  direct  transition  along  the  Bf  axis  from  1/  to  2s  with  a  gas 
dynamic  shock  located  somewhere  between,  or  possibly  at  one  or 
the  other  of  these  two  points.  Or  it  may  cosist  of  a  direct 
transition,  along  the  Bt  axis  from  1/to  2w,  followed  by  a  slow 
shock  from  2w  to  2s,  the  latter  having  a  viscous  subshock  at 
location  2w. 

We  now  turn  now  to  the  second  case  mentioned  above,  where 
the  downstream  state  for  the  weak  IS  is  a  saddle  point  on  the 
subsonic  (minus)  Riemann  sheet.  This  case  is  illustrated  in  Figure 
8  for  two  situations.  In  Figure  8b  the  normal  flow  downstream  of 
the  fast  shock  remains  supersonic  (v^  >  Cy).  This  figure  is  the 
same  as  Figure  lb  but  with  the  upstream  fast-shock  nodal  point, 
1/  (on  the  plus  sheet)  and  its  associated  trajectories  shown.  The 
conditions  at  point  1/  are:  0.4738,  Qy=  13.57°,  Axl,2  = 

1.3048.  In  Figure  8c  the  norma!  flow  downstream  of  the  fast 
shock  is  subsonic  (v^<  Cy).  This  figure  is  the  same  as  Figure  5 b 
but  with  the  supersonic  (plus)  Riemann  sheet,  which  contains  the 
upstream  fast-shock  nodal  point,  1/,  supplied.  In  this  case,  the 
conditions  at  point  1/are:  (5,y  =  0.2586.  9w  =  1.74°,  = 

2.4129.  We  discuss  Figures  8b  and  8c  separately. 

In  Figure  8b,  the  superfast  weak  intermediate  shock  is 
nonunique  and  can  correspond  to  any  trajectory  emerging  from 
the  upstream  point  1/  There  are  two  classes  of  such  trajectories: 
those  that  reach  sonic  conditions,  vx  =  c  ,  at  the  point,  sp,  and 
those  that  reach  vt~c  at  the  boundary  of  the  forbidden  region 
away  from  that  point.  For  the  former  class,  purely  resistive  weak 
IS  structures  exist  with  the  supersonic-subsonic  transition 
occurring  at  sp.  For  the  latter  class,  that  transition  occurs  in  a  gas 
dynamic  shock,  gsw,  located  where  the  trajectory  in  the  plus  sheet 
crosses  the  short  segment  of  trajectory  in  the  minus  sheet  between 
the  points  sp  and  2w>.  The  strong  IS  is  also  nonunique:  again  one 
can  follow  any  trajectory  emerging  from  point  1/ in  the  plus  sheet 
until  it  crosses  one  of  the  trajectories  into  point  2s  in  the  minus 
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B/B. 


Fig.  8.  Magnetic  field  hodogrvni  for  luperfiil  (and  therefore  tupenonic)  upitream  normal  flow.  Dashed  curves  are  trajectories  on 
the  plus  Riemann  sheet;  solid  lines  lie  an  the  minus  sheet.  For  detailed  discussion,  see  section  3.5.  Case  8a  is  identical  to  Figure  7 a 
but  with  the  fast-shock  upstream  node,  1/,  on  the  plus  Riemann  sheet  shown.  This  node  has  (3,,=  0.4523,  0^  =  6.05°,  A,;,2  * 
1.2578,  end  serves  as  the  upstream  state  for  the  superfast  weak  and  strong  intermediate  shocks.  Case  86  is  idenucal  to  Figure  76  but 
again  with  the  node,  If,  on  the  plus  sheet,  shown,  This  node  hat  0.4738,  0y  13.57°,  <4xl/2*  1.3048,  and  again  serves  as  the 
upstream  stale  for  the  ISt.  Case  8c  is  identical  to  Figure  5b  but  nos  ■  with  the  plus  Riemann  sheet  and  the  node  1/ added.  This  node 
has  Py  =  0.2587,  e,/=  1.74°,  Axi/2  =  2.4129. 


sheet.  At  the  crossing  point,  a  gas  dynamic  shock,  gss,  brings  the 
solution  from  the  supersonic  to  the  subsonic  Riemann  sheet.  In 
this  case  too,  purely  resistive  structures  with  a  continuous 
supersonic -subsonic  transition  are  possible  and  occur  for  all 
trajectories  passing  through  point  sp. 

In  Figure  8c,  all  shocks  having  their  upstream  conditions 
defined  by  point  1/  must  contain  a  gas  dynamic  subshock  as  part 
of  their  structure.  For  the  fast-shock  transition  1/-2/  (2 f  is  the 
same  as  point  1  in  Figure  5b),  this  substructure  must  occur  at  the 
trailing  edge,  i.e.,  at  point  If,  since  this  point  is  an  unstable  node. 
Both  the  weak  and  the  strong  IS  have  nonunique  structures.  In 
one  extreme,  the  weak  IS  consists  of  a  fast  shock  with  a  viscous 
subshock  at  its  downstream  edge,  followed  by  a  unique  subfast 
subsonic  weak  IS  along  the  outer  bounding  trajectory  from  point  1 
to  point  2w.  In  this  same  extreme,  the  strong  IS  has  the  same 


structure,  followed  by  a  purely  resistive  slow  shock  transition  2w- 
2s.  In  the  other  extreme,  the  weak  IS  has  a  0  and  is  described 
by  a  trajectory  from  1/to  2w  on  the  plus  sheet  along  the  Bt  axis, 
followed  by  a  gas  dynamic  shock  at  2w  to  bring  the  solution  from' 
the  plus  sheet  to  the  minus  sheet  where  point  2w  is  located.  The 
strong  IS,  in  lids  extreme,  may  be  obtained  either  by  adding  a 
resistive  slow  shock  at  the  downstream  edge  of  the  weak  IS  just 
described,  or  by  direct  transition  from  1/to  2s  along  the  Bt  axis, 
with  a  gas  dynamic  shock  located  somewhere  between  these  two 
points  (or  at  one  or  the  other  of  them).  In  between  these  extreme 
cases,  weak  IS  structures  all  have  a  gas  dynamic  shock,  gsw, 
located  somewhere  on  the  outer  bounding  trajectory  connecting 
points  1  and  2w;  strong  IS  structures  have  their  gas  dynamic 
shock,  gss,  located  somewhere  inside  that  *r<>md>ng  trajectory,  at 
the  intersection  between  a  trajectory  emerging  from  point  1/ in  the 
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plus  sheet  and  a  trajectory  terminating  at  point  2s  in  the  minus 
sheet,  as  illustrated  in  the  figure. 

4.  Summary  and  Discussion 

The  principal  defining  property  of  an  intermediate  MHD  shock 
(IS)  is  that  it  produces  an  abrupt  transition  from  super-alfv^nic  to 
sub-alfvdnic  flow.  The  magnetic  fields  on  the  two  sides  of  the 
shock  obey  the  coplanarity  theorem,  i.e.,  the  two  field  vectors  and 
the  shock  normal  vector  lie  in  one  plane,  but  in  contradistinction 
to  the  better  known  fast  and  slow  MHD  shocks,  the  sense  of  the 
tangential  magnetic  field  reverses  across  an  intermediate  shock. 
In  this  paper,  we  have  examined  the  steady  state  structure  of 
intermediate  shocks  by  use  of  the  resistive  nonviscous  MHD 
equations.  The  results  may  be  summarized  as  follows. 

1.  When  the  upstream  normal  flow  velocity,  vxl,  in  the  shock 
frame  is  less  than  the  local  small-amplitude  fast-mode  MHD  wave 
propagation  speed,  c^.  as  well  as  less  than  the  local  sound  speed, 
C[,  the  magnetic  structure  of  weak  (vx2>  cj2)  and  strong  (vx2  < 
cj2)  intermediate  shocks  is  described  by  a  hodogTam  having  the 
topology  shown  in  Figure  8c  (see  also  Figure  5)  (the  downstream 
norma]  flow  speed  and  small-amplitude  slow-mode  MHD  wave 
propagation  speed  are  denoted  by  and  cj2,  respectively).  The 
weak  IS  has  a  unique  structure  which  involves  a  deviation  of  the 
magnetic  field  from  coplanarity  within  the  shock  layer.  The 
tangential  field  behavior  consists  mainly  of  a  rotation  by  180° 
accompanied  by  a  more  or  less  pronounced  change  in  field 
magnitude.  The  strong  IS  has  a  nonunique  structure  which  in  one 
extreme  satisfies  coplanarity  and  in  the  other  extreme  looks  like  a 
weak  IS  followed  by  a  slow  shock. 

2.  When  cy,  >  vx(  >  ct,  two  hodogram  topologies  are  possible, 
namely  that  shown  in  Figure  8a  (or  Figure  la)  when  v^  >  c2  for 
the  weak  IS,  and  that  shown  in  Figure  86  (or  Figure  lb)  when  v^ 
<  c2  for  the  weak  IS.  As  in  the  previous  case,  the  weak  IS  has  a 
unique  structure,  the  strong  IS  does  not 

3.  When  vxl  >  Cyj,  all  three  hodogram  topologies  in  Figure  8  are 
possible.  When  the  downstream  normal  flow  speed,  v^  of  a  fast 
shock  (having  the  same  upstream  state  as  the  IS)  is  subsonic,  the 
hodogram  topology  is  that  shown  in  Figure  8c.  In  the  case  where 
v^is  supersonic  instead,  the  hodogram  topology  is  that  shown  in 
Figure  8a  when  the  downstream  state  of  the  weak  IS  is 
supersonic,  vx2  >  c2,  and  is  that  shown  in  Figure  86  when  the 
downstream  state  of  the  weak  IS  is  subsonic,  <  c2.  Both  weak 
and  strong  ISs  have  nonunique  structures. 

4.  The  three  hodogram  topologies  in  Figure  8  are  the  only  ones 
that  occur  (except  for  transition  cases  between  them). 

5.  Intermediate  resistive  shocks  that  involve  a  transition  from 
supersonic  to  subsonic  values  of  the  normal  flow  speed  usually 
contain  a  discontinuity  consisting  of  a  regular  gas  dynamic  shock 
in  which  dissipation  processes  other  than  resistivity,  namely, 
viscosity  and  heat  conductivity  are  dominant.  However,  in 
special  cases,  it  appears  that  a  continuous  purely  resistive 
transition  from  supersonic  to  subsonic  flow,  i.e.,  a  transition 
without  a  gas  dynamic  subshock,  can  occur. 

6.  The  overall  thickness  of  resistive  shocks  is  proportional  to 

Axl2X.r,  where  Axl  is  the  Alfvin  number  based  on  the  upstream 
normal  flow  speed,  Axl2  and  Xrl  is  the  resistive 

length,  Xf]  »T|/p0vxl.  However,  the  complete  dependence  of 
shock  thickness  on  Axl  is  more  complicated.  For  example,  the 
weak  IS  shock  thickness  approaches  infinity  as  dxl  approaches 
unity.  When  the  shock  structure  is  nonunique,  the  shock 
thickness  is  usually  greater  the  greater  the  deviation  of  the 
magnetic  field  from  coplanarity  within  the  shock  layer. 


Several  comments  should  be  made  about  these  results.  First,  we 
have  found  a  large  number  of  possible  equilibrium  structures  for 
resistive  intermediate  shocks.  We  have  not  examined  the  stability 
of  all,  or  most  of  these  equilibria.  Numerical  simulations  by  Wu 
[1987,  1988a,  6],  as  well  as  a  few  simulations  that  we  have 
undertaken  ourselves  indicate  that  at  least  some  of  these  structures 
are  indeed  stable,  but  a  complete  survey  of  the  stability  properties 
is  not  available  at  present  In  particular,  the  stability  of  cases 
involving  a  smooth  purely  resistive  transition  from  supersonic  to 
subsonic  normal  flow  needs  to  be  examined,  along  with  cases 
where  this  transition  is  effected  by  a  gas  dynamic  subshock 
having  a  nonunique  location  within  the  overall  shock  structure. 

Another  remaining  task  is  to  map  out  the  regions  in  parameter 
space  in  which  the  three  different  types  of  hodogram  topology 
occur.  The  relevant  parameter  space  is  three  dimensional  and  is 
defined  by  the  upstream  plasma  beta,  P,=  /5[  2p0/flj2,  the 
upstream  angle,  8,,  between  shock  normal  and  magnetic  field,  and 
the  upstream  normal  Alfv6n  number  Ai]2=  vxl2pop,/Bxl2.  With 
the  exception  of  the  limited  information  provided  in  Figure  2, 
such  an  overview  is  not  at  hand.  However,  for  any  chosen  set  of 
parameters,  the  conditions  given  in  items  (l)-(3)  above  can  be 
used  in  a  straightforward  manner  to  establish  the  relevant 
hodogram  topology. 

It  should  be  noted  that  the  three  hodogram  classes  in  Figure  8 
also  incorporate  fast  and  slow  resistive  shocks.  In  particular,  we 
have  recovered  the  well  known  result  for  such  shocks  that  when  a 
transition  from  supersonic  to  subsonic  normal  flow  is  required, 
this  transition  is  effected  by  a  gas  dynamic  subshock  located  at 
the  upstream  edge  of  a  slow-shock  layer  and  at  the  downstream 
edge  of  a  fast-shock  layer  [Coroniti,  1970;  Kennel  and  Edmiston, 
1988].  The  only  case  not  contained  in  the  mam  pan  of  the  paper 
is  that  of  switch-on  shocks.  However,  since  such  shocks  are  close 
neighbors  to  the  intermediate  shocks,  they  are  discussed  briefly  in 
the  appendix. 

Finally,  we  emphasize  that  we  do  not  claim  that  resistive 
intermediate-shock  structures  are  necessarily  directly  relevant  to 
space  plasma  applications  such  as  the  magnetopause  (during 
reconnection)  or  the  solar  wind.  In  these  applications,  effects 
other  than  classical  electrical  resistivity  are  likely  to  be  important 
and  perhaps  to  dominate  the  structure  of  these  shocks.  In 
particular,  dispersive  effects  generated  by  the  Hall  term  in  Ohm's 
law  should  be  included,  as  in  the  early  study  by  Bickerton  et  al. 
[1971],  Nevertheless,  as  has  been  the  case  for  fast  and  slow 
shocks,  the  development  of  our  understanding  of  structure  can 
profitably  use  the  resistive  MHD  limit  as  a  starting  point. 
Furthermore,  many  numerical  simulations  of  magnetospheric  and 
space  plasma  phenomena  such  as  reconnection  are  based  on  the 
resistive  MHD  description.  The  results  provided  in  this  paper 
should  prove  useful  for  the  identification  of  field-reversing  shock 
structures  that  may  arise  in  such  simulations.  For  example,  it 
follows  from  Figure  5  that  only  strong,  not  weak  subfast 
intermediate  shocks  can  occur  in  two-dimensional  simulations 
where  the  magnetic  field  and  flow  vectors  are  confined  to  the 
simulation  plane. 

Appendix 

In  the  special  case  where  the  shock  propagates  exactly  along  the 
upstream  magnetic  field,  9,  =  0,  the  shock  curve,  defined  by 
equation  (6),  reduces  to  the  straight  line  given  by 
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plus  the  portion  of  the  line  Ag2  =  1  for  which  Ax2  lies  between 
unity  and  the  value  (Y+l)/(y-l)  -  yP,/(y-1).  The  situation  is 
shown  in  Figure  A1  from  which  it  is  clear  that  the  intermediate 
shock  branch  exists  only  for  0,  <  2/  y  and  that  it  then  has  a 
triangular  shape.  The  downstream  superslow  (weak)  branch  of 
this  IS  curve  is  the  vertical  line  at  AJ  =  1  located  between  Axl2 
=  1  and  the  tip  of  the  triangle  at  Ax,  =  (y+l)/(y-l)  -  yf)[/(y-l ). 
although  this  portion  of  the  shock  curve  can  also  be  viewed  as 
part  of  the  fast-shock  branch.  The  downstream-subslow  (strong) 
branch  of  the  IS  curve  is  the  portion  of  the  line  given  by  equation 
(Al)  located  between  Axl2  =  1  and  Axl2  =  (Y+l)/(y-l)  -  yP]/(Y- 
1). 

The  weak  IS  branch  corresponds  to  so-called  switch-on  shocks 
for  which  the  downstream  state  has  Atl2  =  1  and  a  nonzero 
tangential  magnetic  field  Ba .  The  magnitude  of  this  field  can  be 
obtained  by  putting  A2  =  A^2  =  1  and  0j  =  0  in  equation  (12): 


fi  =  1  +  =  yKP  -1  )  +  (2-P  ytxl  -  £±Axll  (A2) 

B  B  Y 

X  X 


It  can  be  shown  from  this  formula  that  the  two  end  points  of  the 
weak  IS  branch  have  B^IB2  =  1  (i.e.,  no  tangential  field  is 
generated)  and  that  a  maximum  value  of  B^IB  2  occurs  at  Ax!2  = 
'K2-p1  )/2(y-l )  and  is  given  by 


Y-l 


„  *? 
<1-Pi+7l) 


(A3) 


It  is  seen  that  this  maximum  value  is  largest  for  fl,  =  0. 

The  structure  of  resistive  switch-on  shocks  can  be  obtained  from 
equations  (10)-(12).  From  the  fust  two  of  these  equations,  with 
Bt[  =  0,  it  is  seen  that  the  magnetic  hodogram  will  consist  of 
purely  radial  straight  lines  through  the  origin.  Thus  unless  a 
rotational  discontinuity  is  added  at  its  trailing  edge,  the  switch-on 
shock  has  a  purely  coplanar  structure  and  does  not  involve  the 
intermediate  mode.  For  this  reason,  it  is  most  appropriately 
classified  as  a  fast  shock. 


Fig.  Al.  Shock  curve  for  the  cate  9]  =  0.  Switch-on  shocks  occur  along 
verucal  portion  of  the  shock  curve  n  A^2  =  1  in  the  range  1  <  Axl2  < 
(Y*l-tP|)«TM). 


The  structure  of  a  resistive  switch-on  shock  involves  a  ga_ 
dynamic  subshock  located  at  the  downstream  edge  of  the  shock 
layer,  whenever  a  supersonic  to  subsonic  transition  of  the  normal 
flow  is  required,  as  discussed  by  Bleviss  (I960],  As  an  example, 
for  y  =  5/3  and  p,  =  0  one  can  show  that  a  purely  resistive 
structure  of  the  switch-on  shock  occurs  only  in  the  range  1  £  Axl2 
<  1.708,  whereas  the  entire  possible  range  for  the  switch-on  shock 
in  this  case  is  1  S  Axl2  <  4. 

The  strong  IS  branch  for  0,  =  0  also  coincides  with  a  portion  of 
the  fast-shock  branch.  If  the  corresponding  shocks  are  viewed  as 
fast  shocks,  they  are  ordinary  gas  dynamic  shocks  in  which  the 
magnetic  field  remains  equal  to  Bxex  throughout  the  shock 
structure  and  where  the  structure  is  determined  entirely  by 
viscosity  and  heat  conductivity.  However,  if  they  are  viewed  as 
ISs  instead,  another  possibility,  pointed  out  by  Kantrowitz  and 
Petschek  [1966],  exists:  such  a  shock  can  be  composed  of  a 
switch-on  shock  followed  by  a  switch-off  shock  traveling  at  the 
same  speed.  This  possibility  exists  because  the  downstream 
Alfv6n  number  for  the  former  shock  is  Ax2  =  1  which  is  also  the 
required  upstream  Alfv6n  number  for  a  switch-off  shock  (more 
generally,  we  have  pointed  out  that  the  downstream  state  for  any 
weak  IS  is  also  the  upstream  state  for  a  slow  shock  propagating  at 
the  same  speed  as  the  weak  IS  and  producing  the  same 
downstream  state  as  the  strong  IS  mode).  It  would  also  be 
possible  to  insert  a  rotational  discontinuity,  with  an  arbitrary  angle 
of  rotation,  of  the  tangential  magnetic  field,  between  the 
switch-on  and  the  switch-off  shock,  in  which  case  the  strong  IS 
hodogram  would  have  the  appearance  of  a  segment  of  pie. 
However,  for  finite  resistivity  this  RD  would  have  infinite 
thickness.  For  further  discussion  of  switch-on  shocks,  the  reader 
is  referred  to  Kennel  and  Edmiston  [1988). 
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Appendix  8 


The  Structure  of  Resistive-Dispersive  Intermediate  Shocks 

L.-N.  HAU  AND  B.U.0.  SONNERUP 

Thayer  School  of  Engineering,  Dartmouth  College,  Hanover,  New  Hampshire 


The  structure  of  intermediate  shocks  is  studied  on  the  basis  of  the  resistive,  nonviscous  two-fluid  equations. 
Electron  inertia  effects  are  neglected  so  that  the  generalized  Ohm's  law  contains  only  the  Hall  current  and  the 
electron  pressure  terms  in  addition  to  the  usual  resistive  term  and  the  electric  field.  As  for  the  case  of  purely 
resistive  MHD,  reported  recently  by  Hau  and  Sonnerup  (Journal  of  Geophysical  Research,  94,  6539,  1989), 
fixed-point  analysis  is  performed  to  examine  the  nature  of  the  magnetic  structure  near  the  upstream  and 
downstream  states  of  the  intermediate  shock.  The  one-dimensional,  steady-state,  resistive  Hall  MHD  equations 
are  then  integrated  numerically  to  generate  complete  shock  structures  which  are  presented  in  the  form  of 
magnetic  hodograms.  These  hodograms  describe  fast  and  slow  shocks  in  addition  to  intermediate  shocks.  As 
expected,  the  calculations  show  that  the  main  effect  of  Hall  currents  is  to  remove  the  symmetry  between  left-hand 
and  right-hand  polarized  shock  structures  found  in  the  purely  resistive  case  and  sometimes  to  convert  the 
smooth  shock  transitions  obtained  from  the  resistive  MHD  model  into  transitions  that  incorporate  oscillatory 
standing  wave-train  structures  at  their  upstream  and/or  downstream  edge.  The  magnetic  structure  in  the  plane  of 
the  shock  near  the  possible  upstream  and  downstream  states  of  the  intermediate  shock,  which  in  the  case  of 
purely  resistive  MHD  is  either  a  node  or  a  saddle,  can  be  either  a  node,  a  saddle  or  a  spiral  point,  the  latter 
corresponding  to  a  standing  wave  train,  when  the  Hall  term  is  included.  As  a  result,  the  number  of  possible  types 
of  magnetic  hodogram  topology  increases  from  3  in  the  resistive  case,  to  a  total  of  20.  However,  it  appears  that 
the  constraints  provided  by  the  shock  jump  conditions  make  certain  of  these  topologies  unattainable:  only  13  of 
the  20  cases  have  been  found  and  are  reported  in  the  paper.  The  relationship  between  small  amplitude 
dispersive  waves  in  the  flow  upstream  or  downstream  of  a  shock  and  the  nature  of  the  corresponding  fixed 
point  is  also  discussed. 


1.  Introduction 

The  subject  of  intermediate  shocks,  i.e.,  shocks  that  effect  a 
transition  from  superalfvdnic  to  subalfvdnic  flow  and  that  reverse 
the  magnetic  field  component  tangential  to  the  shock,  has  been 
reopened  recently,  as  a  result  of  the  numerical  MHD  simulation 
results  of  Wu  [1987;  1988a,b).  One  of  the  peculiarities  of  the 
intermediate  shock  (IS),  obtainable  directly  from  the  MHD  jump 
conditions,  is  that  for  one  and  the  same  upstream  condition,  the  IS 
can  have  two  different  downstream  states:  one  of  these  is  subslow 
(vx2  <  cs2>  corresponding  to  what  is  termed  a  "strong"  IS,  the 
other  is  superslow  (v^  >  c^)  corresponding  to  a  "weak"  IS. 
When  the  upstream  flow  is  subfast,  i.e.,  vzj  <  cyj,  the  latter  is  also 
referred  to  as  an  Alfvdn  shock  [e.g.,  Jeffrey  and  Taniuli,  1964], 
Here  vx  is  the  flow  velocity  component  perpendicular  to  the 
shock,  measured  in  the  shock  frame,  and  the  subscripts  1  and  2 
denote  conditions  upstream  and  downstream  of  the  shock, 
respectively.  Also,  cy  and  cs  are  the  fast  and  slow  wave-mode 
speeds  in  a  direction  perpendicular  to  the  shock.  It  can  be  shown 
that  the  two  IS  downstream  states  also  satisfy  the  jump  conditions 
of  a  slow  shock  (SS)  propagating  at  the  same  speed  as,  and  behind 
the  weak  IS  .  Similarly,  one  can  show  that  the  downstream  state  of 
a  fast  shock  can  also  serve  as  the  upstream  state  of  an  intermediate 
shock  propagating  at  the  same  speed  as,  and  behind  the  fast  shock. 

By  performing  fixed-point  analysis  of  the  behavior  of  the 
magnetic  field  components  tangential  to  the  shock  surface  at  the 
possible  upstream  and  downstream  states  of  intermediate  shocks 
and  by  solving  the  one-dimensional,  steady-state,  resistive, 
nonviscous  MHD  equations  numerically,  Hau  and  Sonnerup  [1989] 
(hereafter  referred  to  as  Paper  I)  have  studied  the  structure  of 
purely  resistive  ISs.  Their  results  can  be  summarized  as  follows. 


(1)  There  exist  three  basic  types  of  magnetic  hodogram  topology, 
describing  the  resistive  IS  structure;  slow-mode  and  fast-mode 
shocks  are  contained  within  these  hodograms  as  well.  These 
topologies  are  characterized  by  the  normal  flow  speed,  vr  (in  the 
shock  frame)  relative  to  the  fast-wave  speed  (cy)  and  the  sound 
speed  (c)  at  the  upstream  and  downstream  states.  (2)  All  subfast 
weak  ISs,  i.e.,  all  ISs  which  have  an  upstream  normal  flow  velocity, 
vxj,  less  than  the  upstream  small-amplitude  fast-mode  wave  speed, 
cyj ,  perpendicular  to  the  shock  (vzj  <  cyj)  and  a  downstream 
normal  flow  speed,  vz2-  greater  than  the  downstream  small- 
amplitude  slow-mode  wave  speed,  c^.  perpendicular  to  the  shock 
(Vj^2  >  cs 2),  have  a  unique  magnetic  structure  (except  for  the  sense 
of  polarization)  consisting  mainly  of  a  rotation  of  the  tangential 
magnetic  field,  accompanied  by  a  more  or  less  pronounced  change 
in  field  magnitude.  (3)  On  the  other  hand,  all  subfast  strong  ISs 
(i.e.,  vzj  <  Cyj  and  vz2  <  Cfl)  have  nonunique  magnetic  structure. 
(4)  The  structures  of  both  superfast  weak  ISs  (vzj  >  c yj  and  vx2  > 
cs 2)  and  superfast  strong  ISs  (vxj  >  cyj  and  vz2  <  c^)  are 
nonunique.  (5)  When  the  IS  involves  a  transition  from  supersonic 
to  subsonic  conditions,  the  purely  resistive  IS  structure  usually 
contains  a  discontinouous  substructure  consisting  of  an  ordinary 
gasdynamic  shock  in  which  dissipation  processes  other  than 
resistivity,  viz.,  viscosity  and  heat  conductivity,  are  dominant. 
However,  in  certain  special  cases,  shock  structures  containing  a 
continuous,  purely  resistive  transition  from  supersonic  to 
subsonic  flow  appear  possible,  although  the  stability  of  such 
structures  has  not  been  established. 

The  overview  of  possible  resistive  MHD  IS  structures, 
described  above,  is  useful  in  some  respects,  e  g.,  for  the 
identification  of  field-reversing  shocks  in  MHD  numerical 
simulations  of  reconnection  (see  Scholer,  [1989]).  However, 
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effects  other  than  the  electrical  resistivity  are  usually  important  in 
space  plasmas  and  therefore  should  be  included.  In  this  paper,  we 
will  use  a  nonviscous  resistive  two-fluid  model  to  study  the 
dispersive  structure  of  intermediate  shocks.  However,  for 
simplicity,  we  shall  neglect  the  electron  inertia  terms  in  the 
generalized  Ohm's  law,  leaving  the  Hall  current  term  as  its  only 
important  new  feature.  We  refer  to  this  plasma  description  as 
resistive  Hall  MHD. 

Even  though  viscous  effects  and  heat  conduction  are  expected  to 
be  important  dissipative  mechanisms  in  many  intermediate  shocks, 
there  are  several  reasons  for  not  including  these  effects  at  the 
present  time.  To  gain  physical  insight,  we  find  it  desirable  to  add 
the  various  processes  that  operate  in  the  shock  one  by  one.  In  this 
manner,  one  can  come  to  appreciate  the  role  played  by  each 
individual  process  as  it  is  added  to  the  analysis.  From  this 
standpoint,  the  simplest  dissipation  mechanism  to  incorporate  is 
ordinary  electrical  resistivity.  This  was  done  in  Paper  I.  The 
logical  next  step  is  to  add  dispersion  effects.  This  is  done  in  the 
present  paper  by  inclusion  of  the  Hall  term  in  Ohm's  law. 
Viscosity  and  heat  conductivity  should  be  ultimately  included  as 
well  but  it  is  noted  that  these  effects  lead  to  added  complexity  in 
the  mathematical  structure  of  the  problem,  namely  a  change  from  a 
second  order  to  a  sixth  order  system  so  that  six.  rather  than  two 
eigenvalues  are  obtained  at  each  fixed  point.  As  pointed  out 
above,  and  discussed  further  in  Paper  I,  the  case  of  small  but  finite 
viscosity  and  heat  conductivity  can  in  fact  be  understood  rather 
well  without  actually  including  these  effects  in  the  analysis:  when 
these  dissipation  coefficients  are  small  compared  to  the 
resistivity,  they  tend  to  be  important  only  in  narrow  substructures 
of  the  shock.  These  substructures  show  up  as  discontinuities  in 
the  purely  resistive  as  well  as  in  the  resistive-dispersive  shock 
structure.  They  are  in  fact  ordinary  gasdynamic  shocks  and  the 
role  played  by  viscosity  and  heat  conductivity  in  them  is  well 
understood.  Finally,  we  note  that  the  correct  form  of  the  viscous 
and  heat  conduction  terms  in  the  equations  describing  a 
collisionless  magnetized  plasma  remains  open  to  debate.  For  this 
reason,  it  is  not  a  simple  matter  to  incorporate  these  effects  in  a 
realistic  fashion.  Although  a  similar  statement  can  be  made  about 
electrical  resistivity  effects  in  a  collisionless  plasma,  the  simple 
constant  resistivity  to  be  used  in  this  paper  should  be  sufficient  to 
capture  most  of  the  essential  features  of  resistive  shocks. 

The  effect  of  Hall  currents  on  the  intermediate  shock  structure  was 
also  considered  in  the  early  work  by  Bickerton  et  al.  (1971]  and  in 
the  recent  study  by  Kennel  et  al.  [1989].  Some  of  the  results  to  be 
presented  here  are  similar  to  those  reported  in  these  papers. 
However,  direct  quantitative  comparison  is  not  possible  (except 
in  cases  where  resistive  dissipation  dominates)  since,  unlike  these 
studies,  our  analysis  does  not  include  viscous  and  heal  conduction 
terms.  Our  work  is  more  complete  than  that  of  Bickerton  et  al.  in 
the  sense  that  we  present  a  catalog  of  all  allowed  hodogram 
topologies;  it  is  more  general  than  the  work  of  Kennel  et  al.  in  the 
sense  that  it  is  not  restricted  to  small  shock  amplitudes  or  small 
angles,  8j,  between  the  shock  normal  and  the  upstream  magnetic 
field.  By  performing  numerical  two-fluid  simulations  (including 
electron  inertia)  in  which  viscosity  and  heat  conductivity  were  the 
dominant  transport  coefficients,  Lyu  and  Kan  (1989)  recently 
found  that  an  initial  discontinuity,  which  satisfies  the  jump 
condition  of  a  subfast,  subsonic  weak  IS  and  which  has  a  smooth 


field  rotation  with  either  the  right-hand  or  the  left-hand 
polarization,  evolves  to  an  S-shaped  hodogram  structure  uith 
upstream  right-hand  polarization  and  downstream  left-hand 
polarization.  On  the  basis  of  their  results,  Lyu  and  Kan  suggest 
that  the  S-shaped  hodogTams  with  a  net  rotation  angle  of  the 
tangential  magnetic  field  component  of  180°,  occasionally 
observed  at  the  magnetopause  [Berchem  and  Bussell,  1982a],  may 
correspond  to  Alfvdn  shocks,  i.e.,  to  subfast  weak  intermediate 
shocks.  However,  it  will  be  shown  here  that,  at  least  in  resistive 
Hall  MHD,  S-shaped  hodograms  may  occur  not  only  for  the  weak 
but  also  for  the  strong  IS. 

The  paper  is  organized  as  follows.  In  sections  2  and  3,  we  will 
present  the  basic  equations  and  discuss  the  magnetic  structure  near 
the  upstream  and  the  downstream  states  of  ISs  by  performing 
fixed-point  analysis.  In  addition  to  a  node  and  a  saddle,  which  are 
the  only  possibilities  in  resistive  MHD,  the  magnetic  structure  in 
the  ByB  z  plane  (the  coordinates  y  and  z  are  tangential  to  the 
shock)  at  a  stationary  point  can  now  also  be  a  spiral  owing  to  the 
effect  of  Hall  currents.  The  actual  shock  structure  will  depend,  not 
only  on  the  upstream  plasma  beta  value,  Pj,  shock  angle,  0j,  and 
Alfv^n  number,  Ax j,  but  also  on  one  additional  parameter,  namely 
h,  the  ratio  of  electron  gyrofrequency  to  collision  frequency. 
Using  the  same  type  of  analysis  as  in  Paper  I,  all  allowed  types  of 
magnetic  behavior  near  the  upstream  and  downstream  states  of  ISs 
have  been  identified.  In  section  4,  the  results  are  presented  in 
terms  of  magnetic  hodograms,  in  which  the  two  tangential 
components  of  the  magnetic  field,  By  and  Bz,  are  plotted  against 
each  other.  Discussion  of  the  physical  meaning  of  the  different 
types  of  fixed  points  is  contained  in  section  5.  A  summary  of  the 
results  is  given  in  section  6. 


2.  Basic  Equations 

In  the  usual  notation,  the  one-dimensional,  steady  slate, 
nonviscous  conservation  laws  can  be  written  as  follows: 
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where  the  subscript  t  denotes  the  two  components  of  a  vector 
tangential  to  the  shock  and  the  quantities  denoted  by  subscript  1 
represent  the  upstream  condition.  Note  that  equation  (4)  is 
written  in  the  deHoffmann-Teller  frame  which  has  E  =  0  outside  the 
shock  and  E  =  eJE.x  within  the  shock.  The  pressure,  p,  in  (2)  and 
(4),  which  is  assumed  scalar  for  simplicity,  is  the  sum  of  electron 
and  ion  pressure;  quasi-charge  neutrality  is  assumed;  the  electron 
mass  is  neglected  and,  in  (4),  the  ratio  of  specific  heats,  y  =  5/3,  is 
assumed  to  be  the  same  for  electrons  and  ions,  i.e.,  the  ions  are 
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assumed  monoatomic.  Also,  the  electric  stress  ZQE^I2  is  assumed 
negligible  compared  to  the  magnetic  stress  B^I2\Iq. 

To  this  set  of  equations  must  be  added  the  generalized  Ohm’s  law 

E  +•  vxB  =  r\j  +  — _ jxB  -  — Vp  (5) 

ne  ne  c 

in  which  election  inertial  terms  have  been  neglected,  leaving  only 
the  resistive  term,  Tj,  the  Hall  term,  jxB/ne,  and  the  electron 
pressure  term,  -( Vpe)/ne ,  on  the  right  hand  side  ( n  and  e  are  the 
number  density  and  the  magnitude  of  the  electron  charge, 
respectively).  In  principle,  an  equation  for  the  electron  pressure, 
pe,  should  be  supplemented  for  the  closure  of  equations  (1  )-(5). 
However,  the  electron  pressure  term  appears  only  in  the  normal  (x) 
component  of  (5)  which  is  an  auxiliary  equation  for  Ex,  the  normal 
component  of  the  electric  field.  This  field  component  cannot  be 
determined  unless  an  equation  of  state  for  the  electrons  is 
provided  but  the  magnetic  and  plasma  structure  of  the  shocks  does 
not  depend  on  Ex 

It  can  be  shown  that  the  two  tangential  components  of  equation 
(5)  together  with  equations  (l)-(4)  can  be  reduced  to  the 
following: 
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in  which  By  \  can  be  put  equal  to  zero  without  loss  of  generality 
and,  for  By\  =0, 
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As  in  Paper  I,  equations  (l)-(8)  remain  valid  if  the  subscript  2, 
representing  the  downstream  conditions,  is  used  in  place  of  the 
subscript  1.  In  equations  (6)-(8),  Ax,  X^,  (5j,  and  0j  are  the 
normal  Alfven  number,  vx/vAx  where  vAx  =  (S^^^^pjO.S.  t]le 
resistive  length,  •n/p.gVjjj;  the  ratio  of  particle  to  magnetic 
pressure,  T^x^ylB-^-,  and  the  angle  between  the  shock  normal  and 
the  upstream  magnetic  field  vector,  respectively.  In  addition,  the 
Hall  parameter,  h.  defined  as  fl^/ner),  which  comes  from  the  Hall 
current  term  in  Ohm’s  law,  appears  in  equations  (6)  and  (7)  but  not 
in  equation  (8).  The  value  h  =  0  represents  the  resistive  MHD 
limit.  It  is  also  evident  that  the  Hall  current  term  plays  no  role  in 
perpendicular  shocks  (i.e.,  the  case  where  Bx  =  0).  Note  that  h  can 
also  be  written  as  the  ratio  of  electron  gyro  frequency,  c ocex,  based 
on  B, p  to  electron  collision  frequency,  r\ne^/me,  or  as  the  ratio  of 
ion  inertial  length,  Xj  =  10  Alfvin  resistive  length,  X^ 

the  latter  defined  as  t\I\iqvAx.  Finally,  it  is  emphasized  that,  for 
constant  tj,  h  is  inversely  proportional  to  the  density  and  therefore 


is  not  constant  across  the  shock.  By  use  of  mass  con.sen.  auon.  one 
may  write  h/h\  =  AX^/AX^. 

Equation  (8)  is  identical  to  equation  (12)  of  Paper  1  For 
supersonic  (subsonic)  flow,  the  plus  (minus)  sign  in  front  of  the 
square  root  has  to  be  used.  Corresponding  to  these  two  signs,  the 
ByBz  plane  can  be  considered  to  consist  of  two  Riemann  sheets 
the  supersonic  (plus)  and  the  subsonic  (minus)  sheet.  These  two 
sheets  come  together  at  a  certain  closed  curve  encircling  the  origin 
in  the  ByBz  plane.  On  this  curve,  the  square  root  in  equation  (8)  is 
zero  and  the  flow  is  sonic.  Outside  it,  the  square  root  is 
imaginary:  we  refer  to  this  region  as  the  forbidden  region,  since  no 
real  hodogram  trajectories  exist  there.  The  bounding  curve  itself 
is  referred  to  as  the  edge  of  the  forbidden  region  or  simply  the 
forbidden  curve.  In  principle,  a  smooth  transition  from  one 
Riemann  sheet  to  the  other,  i.e.,  a  smooth  transition  from  subsonic 
to  supersonic  flow,  or  vice  versa,  can  occur  at  points  on  the 
forbidden  curve.  However,  it  is  easy  to  show  that  only  hodogram 
trajectories  that  reach  the  forbidden  curve  (from  the  inside i  at 
grazing  incidence  can  effect  such  transitions:  trajectories 
intersecting  at  a  finite  angle  are  unacceptable  because  the  subsonic 
and  supersomc  trajectories  can  be  shown  to  have  the  same  slope  as 
well  as  the  same  direction  at  the  forbidden  curve.  If  the  shock 
involves  a  net  transition  from  supersonic  to  subsonic  conditions 
(the  reverse  does  not  occur),  the  resistive  or  resistive-dispersive 
shock  usually  contains  a  discontinuity,  representing  an  ordinary 
gasdynamic  shock,  in  which  dissipation  processes  other  than 
resistivity,  i.e.,  viscosity  and  heat  conduction,  are  dominant.  Such 
a  discontinuity  produces  an  abrupt  jump  from  the  plus  to  the  minus 
sheet,  without  change  of  By  and  B.  In  reality,  this  substructure 
has  a  finite  width,  of  the  order  of  the  characteristic  viscous  or  heat 
conductive  scale.  These  scales  become  vanishingly  small  as  the 
viscosity  and  heat  conductivity  go  to  zero.  However,  as 
mentioned  above  and  as  discussed  in  detail  in  Paper  I.  in  certain 
cases,  such  as  when  the  upstream  state  is  subfast  and  supersonic 
while  the  downstream  state  of  the  weak  IS  is  subsonic,  a 
continuous,  purely  resistive  transition  from  supersonic  to 
subsonic  flow  is  possible.  It  will  be  shown  in  this  paper  that  this 
property  also  exists  for  resistive-dispersive  ISs.  The  calculations 
in  Paper  I  further  indicated  that  when  the  signs  m  equation  (8), 
applicable  for  the  upstream  and  downstream  states  of  an  IS  are  the 
same,  i.e.,  when  both  slates  are  either  subsonic  or  supersonic,  a 
purely  resistive  transition  from  the  upstream  to  the  downstream 
state  always  exists.  As  we  shall  see  in  section  4,  in  resisuve  Hall 
MHD  certain  cases  can  be  found  where  no  purely  resistive- 
dispersive  shock  structure  connects  two  such  states. 

Remarks  should  be  made  concerning  two  general  properues  that 
can  be  easily  deduced  from  equations  (l)-(8).  It  is  well  known  that 
equations  (3)  and  (5),  applied  as  jump  conditions  from  one  side  of 
a  discontinuity  to  the  other,  give  rise  to  either  the  coplanarity 
condition,  ( B]xB2)'*x  =  0,  or  to  the  conditions  vzj2  =  V4X]2 
and  vx2 2  =  vAx2^.  <4x1^  =-4x2^  -  1-  In  the  former  case 
which  applies  to  all  shocks,  if  By\  =  0  is  assumed,  then  it  follows 
from  the  coplanarity  condition  that  By 2  =  0.  In  the  latter  case,  it 
can  be  further  shown  that  P2  =  P 1  •  P2  =  Pi  ^  ® 2  =  B 1  so  that 
vxi  =  vx2 .  This  type  of  nondissipative  discontinuity  is  called  a 
rotational  discontinuity.  In  the  presence  of  finite  resistivity,  it  can 
be  kept  nondissipative  only  by  making  its  width  infinite,  i.e  .  m 
practice  it  does  not  exist  [Wu,  1988b).  In  ordinary  MHD  with 
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zero  resistivity,  its  width  is  arbitrary  and  the  quantities  p,  vx,  p, 
and  B ^  remain  strictly  constant  throughout  the  structure.  When  the 
Hall  term  is  included,  the  zero-resistivity  case  has  Xj-j  =  0  and  h  = 
»>  but  Xjih  =X1/vi4^i .  For  Ax\^  =  1.  equations  (6)-(8)  then  yield 
Ax^  =  Ax  i  ^  =  1  and  dBy/dx  =  dBz/dx  =  0.  In  other  words,  one 
may  conclude  that  within  the  framework  of  the  nonresisdve  Hall 
MHD  model,  the  rotational  discontinuity  has  infinite  thickness, 
i  it  does  not  exist. 


3.  Fixed  Point  Analysis 

Although  the  detailed  shock  structure  will  be  obtained  by 
integrating  equations  (6)-(8)  numerically,  an  overall  picture  of  the 
magnetic  structure  is  most  conveniently  obtained  by  performing 
fixed-point  analysis  near  the  upstream  and  downstream  states. 
Linearization  of  the  equations  around  an  upstream  state  (or,  by 
replacing  the  subscript  1  by  2,  around  a  downstream  state)  leads 
to  the  following  equations: 
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where  8 By  and  8 Bz  are  the  small  deviations  of  By  and  Bz, 
respectively,  from  their  upstream  (or  downstream)  values.  As 
before,  c*  cy  and  c  are  the  propagation  speeds,  in  the  direction  of 
the  shock  normal,  of  small-amplitude  fast  waves,  slow  waves  and 
sound  waves,  respectively.  The  nature  of  a  fixed  point  depends 
on  the  value  of  the  two  eigenvalues  of  equations  (9)-(10),  which 
are 
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Three  possibilities  exist  First  if  the  two  eigenvalues,  X+  and 
X_,  are  real  and  positive,  the  point  examined  is  an  unstable  node.  If 
they  are  real  and  negative,  it  is  a  stable  node.  Second,  if  X+  and  X_ 
are  real  and  have  the  opposite  sign,  the  point  is  a  saddle  instead. 
Finally,  if  the  eigenvalues  are  complex  conjugates,  we  have  a  spiral 
point  The  spiral  point  is  unstable  when  the  real  part  is  positive 
and  stable  when  it  is  negative.  The  relationship  between  saddle 
points,  nodes  and  spiral  points  and  the  properties  of  small 
amplitude  waves  in  the  regions  upstream  and  downstream  of  a 
shock  is  discussed  in  section  5.  Here,  we  merely  emphasize  that 
assuming  upstream  conditions  correspond  to  and 


downstream  conditions  to  x  — >  +-»,  unstable  behavior,  i.e., 
exponential  growth  with  increasing  x,  is  the  behavior  normally 
required  upstream  of  a  shock.  Stable  behavior  corresponds  to 
exponential  decay  with  increasing  x  and  is  required  downstream 
of  a  shock. 

Before  examining  the  nature  of  the  fixed  points  for  ISs,  we  shall 
review  the  values  of  Ky  and  Kz  at  the  possible  upstream  and 
downstream  states  of  an  IS.  For  the  purpose  of  this  discussion,  we 
suppress  the  subscript  1  (or  2)  on  Ky,  Kv  K  and  h.  As  seen  from 
equations  (11)  and  (12),  and  as  discussal  in  detail  in  Paper  I,  at 
the  upstream  state  Ky  is  always  positive.  Therefore,  we  have 
KyKz  >  0  for  subfast  subsonic  (v^j  <  Cj  <  cn  )  as  well  as 
superfast  (v^j  >  cj })  ISs,  while  KyKz  <  0  for  subfast,  supersonic 
(cj  <  v^j  <  cj])  ISs.  At  the  two  possible  downstream  states  of 
ISs,  namely  the  subslow  (and  therefore  subsonic)  case  and  the 
superslow  case,  corresponding  to  the  strong  and  the  weak  IS, 
respectively,  Ky  is  always  negative.  Therefore,  at  the 
downstream  state  we  have  KyKz  >  0  for  subslow  (strong)  ISs  and 
for  superslow  (weak),  supersonic  ISs,  and  KyK z  <  0  for 
superslow  (weak)  but  subsonic  ISs.  It  is  seen  from  equation  (13) 
that  the  two  eigenvalues  are  always  real  and  have  the  opposite 
sign  for  KyKz  <  0;  in  that  case  the  fixed  point  therefore  is  a 
saddle.  However,  for  the  case  KyKz  >  0,  the  two  eigenvalues  are 
either  real  having  the  same  sign  so  that  the  magnetic  structure  is  a 
node,  if  ( Ky-Kz )^  >  Ah^KyKz,  or  they  are  complex  conjugates 
and  the  magnetic  structure  is  a  spiral,  if  (Kv-Kz)^  <  4h*KyKz. 
For  the  latter  case,  it  can  be  further  shown  that  for  Bx  >  0,  i.e.,  for 
Bx  in  the  direction  of  the  (positive)  flow  component  vx  across 
the  shock,  the  trajectory  in  the  B  yB  z  plane  spirals 
counterclockwise  with  increasing  x  for  the  upstream  slate  of  an  IS 
and  clockwise  for  the  downstream  state.  In  the  MHD  limit  ( h  =  0), 
the  two  eigenvalues  become  K^K  and  KZIK\  these  are  always  real 
so  that  the  magnetic  structure  is  a  node  for  KyKz  >  0  and  a  saddle 
for  KyKz  <0. 

In  Paper  I,  we  used  this  fixed-point  analysis  to  find  all  allowed 
types  of  magnetic  structure  at  the  upstream  and  downstream  stales 
of  an  IS.  The  results  were  summarized  in  a  3x3  matrix  (see  Figure 
4  of  Paper  I)  in  which  the  columns  represent  the  three  possible 
upstream  states  (subfast  subsonic;  subfast  supersonic;  superfast) 
and  the  rows  represent  the  three  possible  downstream  states 
(subslow;  superslow  subsonic;  superslow  supersonic).  The  same 
matrix  representation  can  be  used  in  the  present  case  and  is  shown 
in  Figure  la.  However,  depending  on  the  value  of  the  Hall 
parameter,  h,  more  than  one  type  of  upstream  and  downstream 
fixed-point  structure  is  now  possible  in  each  of  the  basic  matrix 
elements  so  that  many  more  topologies  of  the  ByBz  hodogram 
exist  than  for  h  =  0.  Note  that  the  element  in  the  lower  left  hand 
comer  of  the  matrix  is  unphysical  because  it  represents  a  net  shock 
transition  from  subsonic  to  supersonic  flow. 

As  can  be  seen  from  the  matrix,  there  are  three  fixed  points:  the 
upstream  state  and  the  strong  and  weak  downstream  states  of  the 
IS.  However,  as  discussed  in  Paper  I,  there  is  in  fact  a  fourth  fixed 
point  in  the  ByBz  plane,  which  corresponds  either  to  the  upstream 
or  the  downstream  state  of  a  fast  shock  depending  on  whether  the 
upstream  state  of  ISs  is  subfast  or  superfast.  In  the  former  case, 
this  fourth  fixed  point  is  a  node  or  a  spiral  on  the  supersonic  (plus) 
Riemann  sheet  and  it  represents  the  upstream  state  of  a  fast  shock. 
Furthermore,  in  this  case  the  downstream  state  of  the  fast  shock  is 
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also  the  upstream  state  of  ISs  so  that  a  subfast  IS  can  propagate 
immediately  behind  the  fast  shock  and  at  exactly  the  same  speed. 
The  combination  of  a  fast  shock  and  an  IS  propagating  in  this 
manner  constitutes  a  special  case  of  the  superfast  IS.  In  the  latter 
case,  this  fourth  fixed  point  can  be  either  a  saddle  on  the 
supersonic  (plus)  sheet  or  a  node  or  a  spiral  on  the  subsonic 
(minus)  sheet:  the  upstream  state  of  ISs  in  this  case  is  the  same  as 
the  upstream  state  of  a  fast  shock.  In  addition,  as  mentioned 
earlier,  the  weak  and  strong  downstream  states  of  the  IS  also 
satisfy  the  jump  condition  of  a  slow  shock  so  that  the  four  fixed 
points  can  be  identified  as  the  upstream  and  downstream  states  of 
fast  and  slow  shocks.  Following  the  notation  given  by  Germain 
(1960|,  the  upstream  and  the  downstream  states  of  a  fast  shock  are 
then  referred  to  as  points  1  and  2,  respectively,  while  the  upstream 
and  downstream  states  of  a  slow  shock  correspond  to  points  3 
and  4,  respectively.  In  this  notation,  the  possible  sh  s  are:  1— »2 
(fast  shock),  3— >4  (slow  shock),  1— >3  (superfast  we«.  ,i),  1— »4 
(superfast  strong  IS),  2— >3  (".ubfast  weak  IS),  and  2— >4  (subfast 
strong  IS).  It  is  evident  that  the  ByBz  hodograms  to  be  generated 
will  contain,  not  only  the  structure  of  ISs,  but  also  the  structure  of 
fast  and  slow  shocks.  Note  that  the  notation  used  here  for 
labelling  the  four  fixed  points  is  different  from  that  in  Paper  I,  in 
which  the  weak  and  strong  downstream  states  of  the  IS  (or, 
equivalently,  the  upstream  and  downstream  states  of  the  slow 
shock)  are  denoted  by  2w  and  2s,  respectively,  while  the  upstream 
and  downstream  states  of  the  fast  shock  are  labelled  If  and  1, 
respectively.  Note  also  that  we  will  continue  to  use  the  subscript 
1  and  2  to  denote  the  upstream  u.d  downstream  states  of  any 
particular  shock.  For  example,  for  a  slow  shock  the  subscript  1 
refers  to  fixed  point  3  and  the  subscript  2  to  fixed  point  4. 

In  the  first  column  of  the  matrix  in  Figure  la,  where  the  IS 
upstream  state  is  subsonic  (and  therefore  subfast),  the  three  fixed 
points,  corresponding  to  the  upstream  and  the  two  downstream 
states  of  an  IS,  are  all  on  the  same  Riemann  sheet,  namely  the 
subsonic,  or  minus  sheet.  Since  the  upstream  state  (point  2)  as  well 
as  the  downstream  subslow  IS  state  (point  4)  can  be  either  a  node 
or  a  spiral  and  since  the  downstream  superslow  IS  state  (point  3) 
is  always  a  saddle,  one  might  expect  that  four  types  of  magnetic 
hodogram  topology  should  exist  in  this  column.  However,  if  the 
fixed  point  on  the  plus  sheet,  representing  the  upstream  state  of  a 
fast  shock  (point  1),  which  can  be  either  a  node  or  a  spiral,  is  also 
considered,  there  exist  8  possible  magnetic  hodogram  topologies. 
One  of  these  topologies,  in  which  the  upstream  state  of  the  IS  is  a 
node,  the  strong-IS  downstream  state  is  a  node,  the  weak-IS 
downstream  state  is  a  saddle,  and  the  upstream  state  of  the  fast 
shock  is  a  node,  corresponds  to  the  resistive  MHD  limit  (Figure 
8c  in  Paper  I). 

When  the  upstream  state  is  subfast  and  supersonic, 
corresponding  to  the  second  column  of  the  matrix  in  Figure  la,  the 
upstream  point  of  the  IS  (point  2)  is  always  a  saddle  (on  the 
supersonic  sheet);  the  downstream  state,  however,  can  be  either  a 
node  or  a  spiral  on  the  subsonic  sheet  for  the  strong  IS  (point  4) 
and  it  can  be  a  node,  a  spiral,  or  a  saddle  for  the  weak  IS  (point  3) 
depending  on  whether  the  downstream  state  is  supersonic  or 
subsonic.  We  therefore  expect  6  possihle  types  of  magnetic 
hodogram  topology  in  this  column.  However,  if  the  fourth  fixed 
point,  which  is  again  the  upstream  state  of  the  fast  shock  (point  1) 
and  can  be  either  a  node  or  a  spiral  on  the  plus  sheet  is  considered. 


there  are  12  allowed  magnetic  hodogram  topologies  in  this  column 
Two  of  these  correspond  to  the  MHD  limit:  (1)  when  the 
downstream  state  of  the  strong  and  the  weak  IS  are,  respecto  elv,  a 
node  and  a  saddle  point  (as  mentioned  earlier,  the  upstream  state  of 
the  IS  is  always  a  saddle)  and  the  upstream  state  of  the  fast  shock 
is  a  node  (Figure  8 b  in  Paper  I);  (2)  when  the  two  downstream 
states  of  the  IS  as  well  as  the  upstream  state  of  the  fast  shock  are  all 
nodes  (Figure  8a  in  Paper  I). 

For  the  last  column  of  the  matrix  where  the  upstream  state  of  the 
intermediate  shock  is  superfast  (and  therefore  supersonic), 
corresponding  to  point  1,  it  would  appear  from  the  matrix  that 
there  are  two  possible  structures  for  the  upstream  state,  i.e.,  a  node 
or  a  spiral  point,  while  the  situation  for  the  strong  and  the  weak  IS 
downstream  states  is  the  same  as  in  the  previous  column.  Thus  the 
combination  of  possible  structures  of  these  three  fixed  points 
would  appear  to  constitute  another  12  types  of  magnetic 
hodogram  topology.  However,  if  one  includes  the  fourth  point. 

1. e.,  the  downstream  state  of  the  fast  shock  (point  2)  which  can  be 
either  subfast  and  subsonic  (a  node  or  a  spiral)  or  subfast  and 
supersonic  (a  saddle),  the  situation  is  in  fact  identical  to  the 
previous  two  columns.  In  the  last  column  of  the  matrix,  one  would 
therefore  expect  10  hodograms  in  each  subcolumn  for  a  total  of  20. 
But  these  20  hodogram  topologies  are  exactly  the  same  as  the 
8-1-12  cases  found  in  the  two  first  columns. 

Another  way  to  account  for  the  20  types  of  magnetic  hodogram 
topology  is  by  distributing  the  four  fixed  points  on  the  plus  and 
minus  sheets,  as  illustrated  in  the  matrix  in  Figure  lb.  Since  the  4 
fixed  points,  namely  the  upstream  stale  of  the  fast  shock  (point  1 ), 
the  downstream  state  of  the  fast  shock  (point  2).  the  downstream 
state  of  the  weak  IS  (point  3),  and  the  downstream  state  of  the 
strong  IS  (point  4),  cannot  all  be  on  the  plus  (supersonic)  or  minus 
(subsonic)  sheet,  there  are  only  three  possible  ways  to  distribute 
these  4  fixed  points  on  the  plus  and  minus  sheets.  First,  one  of  the 
four  fixed  points  is  on  the  plus  sheet  and  the  other  three  are  on  the 
minus  sheet;  in  this  case,  point  1  must  be  on  the  plus  sheet.  Second, 
two  fixed  points,  1  and  2,  are  on  the  plus  sheet  and  the  other  two, 
3  and  4,  are  on  the  minus  sheet.  Finally,  three  fixed  points  are  on 
the  plus  sheet  and  one  on  the  minus  sheet.  In  the  case,  point  4  must 
be  on  the  minus  sheet.  For  the  first  row  of  the  matrix,  point  1  on 
the  plus  sheet  as  well  as  points  2  and  4  on  the  minus  sheet  can  be 
either  nodes  or  spiral  points  while  point  3  is  a  saddle  on  the  minus 
sheet:  one  therefore  expects  8  possible  magnetic  topologies  in 
this  row.  The  same  accounting  procedure  can  be  applied  to  the 
second  and  the  last  row  of  the  matrix,  yielding  4  and  8  possible 
cases,  respectively.  The  three  rows  together  therefore  produce  20 
possible  cases,  in  agreement  with  our  previous  accounting. 
However,  as  we  shall  see,  some  of  these  20  cases  may  not  be 
realizable.  In  the  last  column  of  the  matrix  in  Figure  1  b  we  show 
the  cases  which  have  been  found.  In  this  column,  the  letters,  n,  sa, 
and  s  stand  for  node,  saddle  and  spiral  point,  respectively:  the 
sequence  of  letters  describes  the  four  fixed  points  in  the  order  1, 

2,  3  and  4.  It  is  seen  that  only  13  of  the  20  possible  hodograms 
have  been  found. 

When  the  fixed  point  2  is  located  on  the  subsonic  Riemann  sheet 
it  is  either  a  node  or  a  spiral  point  (Figure  lb,  first  row)  and 
furthermore  it  is  always  an  unstable  node  or  spiral.  Unstable 
behavior  is  appropriate,  and  provides  the  required  egress  from 
point  2  when  it  serves  as  the  upstream  state  of  an  IS.  But  stable 
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rather  than  unstable  behavior  is  required  when  it  serves  as  the 
downstream  state  of  a  fast  shock.  Thus  the  unstable  node  or  spiral 
behavior  is  not  directly  relevant  to  the  latter  case  where,  in  the 
resistive-dispersive  model,  access  to  the  downstream  fixed  point 
is  achieved  via  a  gasdynamic  subshock  at  the  trailing  edge  of  the 
fast  shock.  This  subshock  leads  to  an  abrupt  drop  of  the  solution 
curve  from  the  supersonic  Riemann  sheet  into  the  fixed  point,  2,  on 
the  subsonic  sheet.  If  finite  bulk  viscosity  is  included  to  permit 
resolution  of  the  viscous  subshock  structure,  the  order  of  the 
system  is  increased  from  two  to  three.  In  that  case,  one 
eigenvector  provides  a  direction  of  stable  approach  to  the  fixed 
point  2  which  is  utilized  when  this  point  serves  as  the 
downstream  state  of  a  fast  shock.  The  unstable  node  or  spiral 
behavior  remains  in  the  plane  containing  the  other  two 
eigenvectors  to  provide  egress  from  point  2  when  it  serves  as  the 
upstream  state  of  an  IS.  It  is  this  latter  behavior  that  is  used  to 
characterize  point  2  in  the  purely  resistive-dispersive  model 
discussed  in  this  paper.  Specifically,  a  fast  shock  characterized  as 
an  s-s  transition  in  Figure  1  (see  also  Figure  5)  in  fact  has  spiral 
behavior  of  the  B  field  only  at  its  upstream  edge:  the  downstream 
edge  consists  of  a  viscous  subshock. 

A  similar  situation  arises  when  the  fixed  point  3  is  located  on  the 
supersonic  sheet,  in  which  case  it  is  a  node  or  a  spiral  (Figure  lb, 
column  3),  and  furthermore,  it  is  always  a  stable  node  or  spiral. 
Stable  behavior  is  appropriate  when  point  3  serves  as  the 
downstream  state  of  a  weak  intermediate  shock  but  not  when  it 
serves  as  the  upstream  state  of  a  slow  shock.  In  the  latter  case,  the 
node  or  spiral  behavior  is  not  directly  relevant  because  egress 
from  point  3  occurs  abruptly  via  a  viscous  subshock  located 
immediately  at  the  upstream  edge  of  the  total  slow  shock  structure. 
Thus,  even  though  a  slow  shock  transition  characterized  as  S-S  is 
given  in  Figure  1  (and  in  Figure  14)  such  a  shock  does  not  display 
a  spiral  B  field  at  its  upstream  edge.  Instead,  that  edge  consists  of 
a  viscous  subshock. 

We  have  not  been  able  to  produce  a  simple  physical  explanation 
for  the  absence  of  certain  hodogram  topologies  but  we  have  found 
the  following  empirical  rule  to  be  consistent  with  all  cases 
reported  here:  in  the  resistive-dispersive  model,  shocks  that 
involve  fast-mode  compression  (IB^I  >  ^rl1)  cannot  have  an 
upstream  node  and  a  downstream  spiral  point  whereas  shocks  that 
involve  slow-mode  compression  (IB^I  <  lflrjl)  cannot  have  an 
upstream  spiral  point  and  a  downstream  node.  Fast-mode 
compression  occurs  in  all  fast  shocks  and  in  all  superfast  weak 
intermediate  shocks.  Thus  the  cases  ( n-s-sa-n )  and  ( n-s-sa-s )  are 
excluded  from  row  one  and  the  cases  (n-sa-s-n)  and  (n-sa-s-s)  are 
excluded  from  row  3  of  Figure  lb.  Similarly,  slow-mode 
compression  occurs  in  all  slow  shocks  as  well  as  in  all  subfast 
strong  intermediate  shocks.  Thus  the  cases  (n-sa-s-n)  and  (s-sa-s- 
n)  are  excluded  from  row  3  and  the  cases  ( n-s-sa  n )  and  (s-s-ra-n) 
are  excluded  from  row  1  on  Figure  lb.  In  this  accounting,  the  cases 
( n-s-sa-n )  and  ( n-sa-s-n )  appear  twice  so  that  only  6  of  the  7 
missing  cases  have  been  accounted  for.  It  can  be  shown  that  the 
final  missing  case  ( n-n-sa-s ),  in  row  one  of  Figure  lb,  would 
contain  a  superfast  strong  intermediate  shock  for  which  15,2*  > 
ifl,j  I,  with  an  upstream  (point  1)  node  and  a  downstream  (point  4) 
spiral,  behavior  that  is  again  excluded  by  our  empirical  rule. 

One  final,  unrelated  matter  is  that  certain  downstream  plasma  and 
magnetic  field  states  may  be  forbidden  because  the  corresponding 


upstream  state  would  have  unphysical  parameter  values  F-or 
exampe,  it  is  possible  to  choose  plasma  conditions  at  point  2  n 
such  a  way  that  point  1  has  a  negative  plasma  pressure.  In  such  a 
case,  point  2  is  not  an  acceptable  downstream  state  for  a  fast 
shock  but  it  remains  a  valid  upstream  state  for  a  weak  or  strong 
intermediate  shock. 

4.  Hodograms 

In  this  section,  we  show  the  behavior  of  the  tangential  magnetic 
field  in  resistive-dispersive  ISs  quantitatively.  The  results  were 
obtained  by  numerical  integration  of  equations  (6)-(8):  :he>  arc- 
displayed  in  terms  of  magnetic  hodograms  in  which  Zfv  an 2  Bz  are 
plotted  against  each  other.  For  convenient  comparison  with  the 
resistive  MHD  cases  in  Papier  I,  the  results  are  classified  on  the 
basis  of  the  normal  flow  speed  relative  to  the  small-amplitude  fast- 
wave  and  the  sound  speed  at  the  upstream  state  of  the  shock,  as  in 
the  matrix  in  Figure  la.  For  the  calculations  shown  in  the 
following,  Bx  is  in  the  direction  of  vx  and  in  each  figure  the 
trajectories  on  the  plus  (supersonic)  and  minus  (subsonic)  sheets 
are  denoted  by  the  dashed  and  solid  lines,  respectively.  For 
subfast  ISs  (the  first  and  second  columns  of  the  matrix  in  Figure 
la),  the  structure  of  the  fourth  fixed  point,  i.e.,  the  upstream  state 
of  the  fast  shock,  denoted  by  1  in  the  hodograms,  which  can  be 
either  a  node  or  a  spiral,  will  also  be  shown,  even  though  its 
character  does  not  affect  the  hodogram  topology  of  the  subfast  IS. 
The  reason  for  showing  this  fourth  fixed  point  is  that  it  also 
serves  as  the  upstream  state  of  superfast  ISs  (the  last  column  of  the 
matrix  in  Figure  la),  as  discussed  further  in  section  4.3  (in 
examining  sections  4.1  and  4.2  which  deal  with  subfast  ISs,  the 
reader  may  focus  attention  on  the  hodogram  traces  emerging  from 
point  2).  Also,  in  Figure  lb  and  in  the  text  following,  the  fixed 
[joints  will  always  be  listed  in  the  order  1;  2;  3;  4.  As  an  example, 
the  list  n-n-sa-n  refers  to  the  case  where  the  [joints  1,  2  and  4  are 
nodes  while  3  is  a  saddle  point.  As  in  Papier  I,  all  calculations  are 
performed  with  constant  T|  and  with  y  =  5/3. 

4.1 .  Subfast  Subsonic  Upstream  Flow 

In  this  case,  which  comprises  the  first  column  of  the  matrix  in 
Figure  la  or  the  first  row  of  the  matrix  in  Figure  lb  with  [joint  2 
as  the  upstream  state  of  ISs,  the  three  fixed  pjoints  correspjondmg 
to  the  upjstream  and  the  two  downstream  states  of  the  IS  are  all  in 
the  subsonic  (minus)  Riemann  sheet.  As  shown  in  Figure  lb.  the 
upstream  (pjoint  2)  and  the  strong-IS  downstream  ([joint  4)  states 
can  be  either  a  node  or  a  spiral  [joint  while  the  weak-IS 
downstream  ([joint  3)  state  is  always  a  saddle  pjoint  so  that  four 
hodogram  topjologies  are  pjossible.  In  principle,  each  of  these 
contains  two  pjossible  subcases  when  the  fourth  fixed  [joint.  1,  on 
the  plus  sheet,  i.e.,  the  upjstream  state  of  the  fast  shock,  is 
considered.  However,  in  reality  we  have  only  been  able  to  find 
four  of  the  8  subcases.  The  missing  cases  are  (n-n-sa-s),  (n-s-sa-s), 
(n-s-sa-n)  and  (s-s-sa-n).  For  the  hodograms  shown  in  Figures  2-5, 
the  upjstream  (pjoint  2)  conditions  used  are:  =  1,  0j  =  45°  and 

Ax  i2  =  1.0428. 

Case  ( i ):  n-n-sa-n.  We  start  by  examining  the  case  where  the 
upjstream  state  of  the  fast  shock  (1)  and  of  the  intermediate  shock 
(2)  are  nodes,  whereas  the  weak-IS  downstream  state  (3)  is  a 
saddle  [joint  (as  it  is  in  this  entire  subsection)  and  the  strong-IS 
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downstream  state  (4)  is  a  node.  The  hodogram  shown  in  Figure  2, 
for  which  Aj  =  0.012,  is  topologically  the  same  as  the  purely 
resistive  MHD  case  in  Figure  8c  of  Paper  I.  It  is  seen  that  the  two 
hodograms  are  in  fact  very  similar,  the  difference  being  the 
absence  of  precise  symmetry  between  right-hand  and  left-hand 
polarized  traces  in  the  hodogram  when  the  upstream  Hall 
parameter,  h j,  is  different  from  zero.  There  are  an  infinite  number 
of  trajectories  connecting  the  upstream  (point  2)  and  the  strong-IS 
downstream  state  (4),  but  only  two  trajectories  connecting  point  2 
and  the  weak-IS  downstream  state  (3).  Detailed  discussion  of  this 
type  of  hodogram  is  given  in  section  3.3  of  Paper  I. 

Case  (it):  s-n-sa-n.  Increasing  Aj  to  0.1  leads  to  the  case  where 
the  upstream  state  of  the  fast  shock  (point  1)  is  converted  from  a 
node  to  a  spiral  while  the  other  three  fixed  points  are  the  same  as 
in  the  previous  case.  It  is  seen  from  Figure  3  that,  except  for  the 
weak  counterclockwise  (right-hand)  spiral  structure  at  point  1,  the 
magnetic -field  behavior  is  the  same  as  in  the  previous  case. 

Case  (Hi):  s-n-sa-s.  By  further  increasing  the  Hall  parameter  to  A  j 
=  1,  we  obtain  the  case  where  the  strong-IS  downstream  state 
(point  4)  is  converted  from  a  node  to  a  spiral  point,  as  shown  in 
Figure  4,  while  the  other  three  fixed  points  are  the  same  as  in  case 
(ii).  It  is  seen  that  the  two  trajectories  connecting  points  2  and  3 
are  asymmetric,  an  effect  that  is  also  present  but  is  is  less 
pronounced  in  Figures  2  and  3  and  is  completely  absent  in  the 
purely  resistive  case.  The  hodograms  in  the  minus  sheet  are  similar 
to  those  in  Figures  2  and  3  in  that  there  still  exists  an  infinite 
number  of  transitions  connecting  points  2  and  4.  The  only 
difference  is  the  spiral  structure  of  point  4  in  Figure  4  which  leads 
to  a  clockwise  (left-hand)  twisting  of  the  trajectories  in  the  ByBz 
plane  near  that  point 

Cose  (iv):  s  s-sa-s.  By  increasing  the  Hall  parameter  still  further, 
we  obtain  the  case  where  the  upstream  fast  and  intermediate  shock 
states  as  well  as  the  strong-IS  downstream  states  are  all  spiral 
points  while  the  weak-IS  downstream  state  (point  3)  remains  a 
saddle.  Unlike  the  previous  cases,  in  which  purely  resistive- 
dispersive  transitions  exist  between  the  three  fixed  points,  2,  3 
and  4,  on  the  minus  sheet,  in  the  present  case  a  continuous 
transition  between  2  and  4  or  2  and  3  does  not  exist  if  the 
counterclockwise  twisting  at  the  upstream  point  2  becomes  too 
strong.  At  one  extreme,  illustrated  in  part  (a)  of  Figure  5  where  Aj 
=  3.33,  there  still  exist  nonunique  smooth  transitions  between 
points  2  and  4,  bounded  by  the  two  trajectories  connecting  points 
2  and  3;  at  another  extreme,  illustrated  by  part  (b)  of  the  figure 
where  Aj  =  10,  the  spiral  curves  out  of  point  2  and  the  two  curves 
into  the  saddle  point  3  all  terminate  at  the  boundary  of  the 
forbidden  region  where  the  square  root  in  equation  (9)  becomes 
zero  and  the  flow  is  sonic.  Thus  there  is  no  continuous  connection 
between  the  upstream  and  the  downstream  states.  However,  it  is 
seen  that  the  transition  from  points  2  to  3  can  be  achieved  via  a 
smooth  subsonic-supersonic  transition  at  the  sonic  point,  denoted 
by  sp  in  the  figure,  followed  by  a  trajectory  on  the  supersonic 
sheet  to  the  position  of  a  gasdynamic  subshock,  grwl  or  gsw 2, 
where  a  jump  from  the  plus  sheet  to  the  minus  sheet  occurs, 
followed  by  a  trajectory  on  the  latter  sheet  into  point  3.  For  the 
strong  IS  (2-44),  the  transition  can  be  achieved  by  an  infinit* 
number  of  trajectories,  e.g.,  along  the  one  just  described  followed 
by  a  slow  shock  from  point  3  to  point  4,  or  along  2-sp-gss-4. 


Note  that  the  trajectories  into  and  out  of  the  point  sp  are  tangential 
to  the  forbidden  curve  at  that  point  in  both  Riemann  sheets. 

Between  the  two  extremes  in  parts  (a)  and  (b)  of  Figure  5.  many 
possibilities  exist:  three  examples  are  shown  in  parts  ic),  id)  and 
(e).  As  seen  in  pan  (c)  where  A]  =  5.715,  the  curve  into  the  left 
side  of  the  saddle  point,  3,  reaches  the  forbidden  region  at  grazing 
incidence  at  the  sonic  point  sp,  while  the  curve  into  the  right  side 
of  3  remains  entirely  on  the  minus  sheet.  In  this  case,  there  still 
exists  an  infinite  number  of  spiral  curves  connecting  points  2  and 
4.  Slightly  increasing  h j  to  6.64  leads  to  the  case  shown  in  part 
(d),  in  which  the  left-hand  curve  into  point  3  terminates  at  the 
forbidden  edge  while  the  right-hand  curve  into  that  point  barely 
reaches  the  forbidden  region  at  grazing  incidence  (at  point  sp). 
The  transition  between  2  and  3  along  the  left  curve  can  be  achieved 
by  including  a  subsonic -supersonic  transition  at  sp  and  a  viscous 
subshock  (denoted  by  gsw)  in  the  structure,  i.e.,  along  2-sp-gsw- 
3.  For  the  strong  IS  (2-+4),  there  still  exists  an  infinite  number  of 
discontinuous  transitions,  such  as  along  2-sp-grs-4;  while  the  only 
smooth  transition  is  composed  of  a  S-shaped  curve  connecting  2 
and  3,  followed  by  a  slow  shock  described  by  the  spiral  curve 
between  points  3  and  4.  Between  the  two  cases  in  parts  (c)  and 
(d)  of  Figure  5,  one  of  the  curves  connecting  points  2  and  4  passes 
the  sonic  point,  sp,  at  grazing  incidence,  as  illustrated  in  pan  (e) 
(where  Aj  =  5.814).  The  right  trajectory  into  point  3  remains  on 
the  minus  sheet  but  the  left  trajectory  emerges  at  the  forbidden 
curve  and  is  disconnected  from  the  upstream  state.  In  this  case,  the 
purely  resistive-dispersive  shock  structure  connecting  points  2 
and  4  can  be  achieved  by  an  infinite  number  of  curves  bounded  on 
one  side  by  the  S-shaped  trajectory  connecting  the  upstream  state 
and  the  right  side  of  the  weak-IS  downstream  point,  3.  and  on  the 
other  side  by  the  curve  connecting  2  and  4  and  passing  through  the 
point  sp.  As  in  part  (d)  of  the  figure,  the  transition  between  points 
2  and  3  or  points  2  and  4  can  also  be  achieved  by  including  a 
smooth  subsonic-supersonic  transition  followed  by  a  viscous 
subshock  and  a  trajectory  on  the  subsonic  sheet  into  3  or  4. 

4.2.  Subfast  Supersonic  Upstream  Flow 

As  shown  in  the  second  column  of  the  matrix  in  Figure  la,  the 
upstream  IS  state  in  this  case  is  always  a  saddle  point  located  on 
the  plus  Riemann  sheet  and  the  strong-IS  downstream  state  is  a 
either  node  or  a  spiral  on  the  minus  Riemann  sheet.  For  the  weak- 
IS  downstream  state,  there  are  three  possibilities.  For  certain 
parameter  values,  the  downstream  flow  may  remain  supersonic  m 
which  case  the  downstream  state  is  a  node  or  a  spiral,  also  on  the 
plus  Riemann  sheet:  the  other  possibility  is  that  the  weak  IS 
downstream  flow  is  subsonic  and  corresponds  to  a  saddle  point 
located  on  the  minus  Riemann  sheet.  This  column  therefore 
contains  6  cases.  If  the  fourth  fixed  point,  1,  is  also  considered, 
this  section  can  be  viewed  to  comprise  the  second  and  third  rows 
of  the  matrix  in  Figure  lb  (with  point  2  as  the  upstream  state  of 
ISs)  with  a  total  of  12  possible  hodogram  topologies:  of  these,  the 
combinations  ( n-sa-s-s ),  (n-sa-s-n)  and  (s-sa-s-n),  all  in  the  third 
row,  have  not  been  found. 

Case  (v):  n-sa-sa-n.  A  sample  hodogram  for  this  case  is  shown  in 
Figure  6,  for  which  the  upstream  parameter  values  are  {5j  =  0.5,  8| 
=  26.57°,  Ax\^  =  1.1471  and  Aj  =  0.2.  The  hodogTam  topology 
is  the  same  as  that  in  Figure  8b  of  Paper  I  but  the  asymmetry  of  the 
hodogram  trajectories  generated  by  uie  Hall  current  effect  is 
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evident.  As  discussed  in  section  3.4  of  Paper  I,  the  weak  IS 
(2— >3)  has  its  upstream  and  downstream  states  on  different 
Riemarm  sheets.  Nevertheless,  two  shock-free  trajectories  connect 
these  two  states  with  a  smooth  supersonic-subsonic  transition  at 
the  two  points  sp.  For  the  strong  IS  (2— >4)  there  are  infinitely 
many  trajectories  connecting  the  upstream  and  the  downstream 
state;  some  but  not  all  of  these  contain  a  gasdynamic  subshock 
( gss )  which  can  occur  anywhere  between  points  2  and  sp  along  the 
two  trajectories  out  of  the  upstream  point. 

Case  (vi):  s-sa-sa-n.  Using  3]  =  0.255,  8j  =  40.89°,  = 

1.1425  and  hj  =  0.25,  we  obtain  the  case  where  point  1  becomes 
a  spiral  while  the  other  points  remain  the  same  as  in  the  previous 
case.  The  hodogram  is  shown  in  Figure  7.  It  is  seen  that  Figures  6 
and  7  are  similar,  the  only  difference  being  the  change  of  the  fast- 
shock  upstream  state  (1)  from  a  node  to  a  spiral  point. 

Case  (vii):  n-sa-sa-s.  By  use  of  the  same  upstream  conditions  as 
in  Figure  6  but  with  hj  >  0.323,  we  obtain  the  case  where  the 
strong-IS  downstream  state  (4)  becomes  a  spiral  while  the  other 
fixed  points  remain  the  same  as  in  Figure  6.  The  hodogram  shown 
in  Figure  8  is  for  hj  =  0.345.  It  is  seen  that  the  spiral  structure  at 
point  4  is  so  weak  that  the  hodogram  in  Figure  8  is  very  similar  to 
Figures  6  and  7.  In  particular,  there  still  exist  two  smooth 
supersonic-subsonic  transitions  from  point  2  to  3  at  the  sonic 
points,  sp. 

Case  (viii):  s-sa-sa-s.  By  slightly  increasing  the  Hall  parameter 
>i[  but  with  the  same  upstream  conditions  as  in  the  previous  case, 
we  obtain  the  case  where  point  1  is  converted  to  a  spiral  point,  as 
shown  in  Figure  9.  We  have  found  several  possible  transitions 
between  two  states  on  different  Riemann  sheets.  At  one  extreme, 
shown  in  part  ( a )  of  Figure  9,  the  magnetic  hodogram  topologies 
are  similar  to  the  purely  resistive  case  in  that  there  still  exist  two 
smooth  supersonic-subsonic  transitions  from  point  2  to  3  at  the 
sonic  points,  sp ,  while  the  transitions  from  2  to  4  may  or  may  not 
contain  a  subshock  (gss).  Another  possibility  is  that  one  of  the 
two  transitions  from  2  to  3  involves  a  discontinuity  in  the  form  of 
a  viscous  subshock,  as  illustrated  in  part  ( b )  of  Figure  9:  here  the 
dashed  curve  out  of  left-hand  side  of  the  saddle  point  2  intersects 
the  solid  curve  into  the  right-hand  side  of  the  saddle  point  3  at 
gsw  where  a  subshock  occurs,  while  the  trajectory  out  of  the  right- 
hand  side  of  point  2  still  connects  smoothly  to  3  at  the  sonic  point, 
sp.  For  the  strong  IS  (2— »4),  there  are  again  cases  both  without 
and  with  a  gasdynamic  subshock,  gss.  The  subshock  can  occur 
anywhere  between  points  2  and  sp  along  the  right  trajectory  or 
between  points  2  and  gsw  along  the  left  trajectory  out  of  point  2. 
For  the  magnetic  topologies  shown  in  parts  (c)  and  (d)  of  the 
figure,  the  transition  from  point  2  to  point  3  can  occur  only  by 
including  a  viscous  subshock  either  at  point  gswl  or  at  point 
gsw 2,  whereas  for  the  strong-IS  (2— »4),  a  viscous  subshock,  gss, 
can  occur  at  the  intersection  between  either  of  the  two  curves  out 
of  point  2  on  the  plus  sheet  and  any  of  the  spiral  curves  on  the 
minus  sheet  converging  to  point  4. 

Case  (ix):  n-sa-n-n.  We  turn  now  to  cases  where  point  3  is 
supersonic.  By  using  the  parameters:  (3j  =  0.5,  0j  =  26.57°,  ^xl2 
=  1.0546  and  hj  <  0.085,  we  obtain  configurations  of  the  type 
shown  in  Figure  10  (where  hj  =  0.067),  which  are  topologically 
the  same  as  Figure  8a  in  PapeT  I.  As  discussed  in  section  3.4  of 
that  paper,  there  exist  two  trajectories  between  points  2  and  3, 
both  of  which  are  located  on  the  supersonic  Riemann  sheet,  and  an 


infinite  number  of  curves  connecting  points  2  and  4,  m  al!  r; 
a  discontinuous  viscous  subshock,  gss,  is  included  in  the  overal, 
shock  structure. 

Case  (x):  s-sa-n-n.  Using  the  parameters:  3j  =  0.24,  0j  =  38.66°. 
ax\2=  1  .1316  and  hj  =  0.25,  one  finds  the  case  where  point  I  is 
converted  to  a  spiral  point  while  the  other  fixed  points  remain  die 
same  as  in  the  previous  case.  It  is  seen  from  Figure  1 1  that  except 
for  the  weak  spiral  structure  at  point  1,  the  magnetic  topology  is 
the  same  as  in  Figure  10. 

Case  (xi):  n-sa-n-s.  With  the  same  upstream  conditions  as  in  case 
(ix)  (Figure  10)  but  with  a  larger  value  of  hj,  we  obtain  the  case  in 
which  the  strong-IS  downstream  state  (4)  becomes  a  spiral  while 
the  other  fixed  points  remain  the  same.  The  case  shown  in  1  igun. 
12  is  for  hj  =  0.125.  The  basic  features  of  Figure  12  are  similar  to 
those  in  Figures  10  and  11  (see  also  Figure  8a  of  Paper  I)  in  the 
sense  that  there  are  two  trajectories  between  points  2  and  3  and  an 
infinite  number  of  transitions  from  2  to  4;  in  the  latter  case,  a 
viscous  gasdynamic  shock  (gss)  is  required  to  complete  the  shock 
transition. 

Case  (xii):  s-sa-n-s.  Increasing  h  j  still  further  leads  to  the  case 
where  point  1  becomes  a  spiral  point  while  the  others  remain  the 
same  as  in  the  previous  case.  As  indicated  in  Figure  13  (in  which 
h  j  =  1 ),  the  asymmetry  of  the  hodogram  becomes  more  evident  but 
otherwise  the  basic  hodogram  structure  is  similar  to  that  in  Figure 
12. 

Case  (xiii):  s-sa-.s-s.  Further  increasing  the  Hall  parameter  f/ij  > 
1.54)  but  otherwise  with  the  same  upstream  parameters  as  in 
Figures  10,  12  and  13,  one  finds  a  structure  where  the  upstream 
state  of  the  fast  shock  as  well  as  the  strong  and  the  weak  IS 
downstream  states  are  all  spiral  points.  This  case  is  similar  to 
case  (iv)  in  the  following  respect:  despite  the  fact  that  the 
upstream  and  the  weak-IS  downstream  states  are  both  on  the 
supersonic  sheet,  there  exists  no  smooth  purely  resistive- 
dispersive  transition  between  these  two  states  in  certain  cases. 
We  discuss  various  possibilities  below.  The  case  shown  in  part 
(a)  of  Figure  14  (where  hj  =  3.33)  is  similar  to  Figure  13  in  that 
two  smooth  transitions  between  points  2  and  3  exist;  the  main 
difference  is  that  in  Figure  14,  due  to  the  clockwise  spiral 
structure  of  point  3,  the  left  trajectory  out  of  point  2.  which 
connects  to  point  3,  is  S-shaped.  Part  (b)  of  Figure  14,  in  which 
hj  =  10,  shows  that  if  the  spiral  structure  at  point  3  is  so  strong 
that  the  two  curves  leaving  the  upstream  saddle  point  as  well  as  the 
spiral  trajectories  into  the  point  3  all  terminate  at  the  edge  of  the 
forbidden  zone  then  there  is  no  purely  resistive-dispersive 
transition  between  these  two  states.  However,  the  transition  from 
points  2  to  3  can  be  completed  via  a  gas  dynamic  shock  located 
either  at  point  gswl  ot  at  point  gswl,  which  effects  a  jump  from 
the  plus  to  the  minus  sheet,  along  with  a  subsonic  trajectory  to  the 
sonic  point  sp  where  a  smooth  transition  back  to  the  supersonic 
sheet  occurs,  followed  by  a  supersonic  trajectory  into  point  3. 
Unlike  the  weak  IS  (2-*3),  the  transition  from  the  upstream  to  the 
downstream  state  of  the  strong  IS  can  be  achieved  by  an  infinite 
number  of  paths,  such  as  along  2-gss-4.  Also  included  are  two 
trajectories  passing  the  sonic  point;  2-gsw\-sp-4  and  2-gswl-sp- 
4.  Between  the  two  cases  shown  in  parts  (a)  and  ( b )  of  Figure  14. 
intermediate  magnetic  hodogram  topologies  exist.  An  example  is 
shown  in  part  (c)  of  the  figure  where  the  right-hand  trajectory  out 
of  point  2  terminates  at  the  edge  of  the  forbidden  region,  while  the 
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left-hand  trajectory  out  of  2  is  tangential  to  that  edge  at  the  sonic 
point  sp.  It  is  further  seen  that  one  of  the  spiral  trajectories  into 
the  strong-IS  downstream  stale  (4)  also  passes  the  sonic  point. 
Therefore,  despite  the  fact  that  points  2  and  4  are  located  on 
different  Riemann  sheets,  a  smooth  supersonic -subsonic  transition 
between  these  two  states  is  possible.  As  in  part  (b)  of  Figure  14, 
the  trajectory  in  the  minus  sheet  between  points  gsw  and  sp  can 
also  be  used  to  achieve  a  transition  between  points  2  and  3  that 
includes  a  gasdynamic  subshock. 

4.3.  Superfast  Supersonic  Upstream  Flow 

As  discussed  earlier,  the  cases  in  this  section  include  all  three 
rows  of  the  matrix  in  Figure  lb  and  yield  a  total  of  20  possible 
hodogram  topologies.  In  the  hodograms  presented  in  the  previous 
two  subsections,  we  have  included  the  structure  near  the  upstream 
state  of  the  fast  shock,  i.e.,  near  point  1.  This  point  now  also 
serves  as  the  upstream  slate  of  the  superfast  IS.  The  present 
subsection  therefore  contains  all  magnetic  hodograms  displayed 
earlier,  with  point  2  representing  the  downstream  state  of  the  fast 
shock  rather  than  the  upstream  state  of  the  IS.  In  the  following,  we 
discuss  the  hodograms  shown  earlier  in  the  context  of  the  matrix  in 
Figure  lb.  Since  in  the  limit  of  resistive  MHD,  the  hodograms  in 
each  row  of  that  matrix  correspond  to  Figure  8c,  8b  and  8a  of 
Paper  I,  we  shall  classify  those  in  each  row  as  type  I.  type  II  and 
type  m,  respectively.  It  is  also  of  interest  to  note  from  the  matrix  in 
Figure  lb  that  a  certain  symmetry  exists  between  hodograms  of 
type  I  (those  contained  in  the  first  row  of  the  matrix)  and  type  HI 
(those  included  in  the  third  row).  Specifically,  the  eight  possible 
hodogram  topologies  in  the  third  row  are  the  same  as  those 
obtained  from  the  first  row  by  reversing  the  sequence  of  the  four 
fixed  points  (or,  equivalently,  by  flipping  the  hodogram  around 
the  By  axis)  and  interchanging  the  solid  (subsonic)  and  the  dashed 
(supersonic)  curves  in  the  corresponding  hodograms.  In  Paper  I, 
this  type  of  symmetry  therefore  exists  between  Figure  8c  and 
Figure  8a. 

Type  I.  This  case  comprises  the  first  row  of  the  matrix  in  Figure 
lb  where  point  1.  representing  the  upstream  state  of  superfast  ISs, 
is  on  the  plus  sheet  while  the  other  three  fixed  points  are  on  the 
minus  sheet.  This  case  therefore  includes  the  hodogram  topologies 
in  Figures  2,  3,  4  and  5.  It  is  seen  that  in  all  of  these,  an  infinite 
number  of  transitions  exists  for  both  strong  and  weak  superfast 
ISs.  However,  unlike  the  purely  resistive  MHD  case  (Figure  8c  of 
Paper  I),  in  which  a  viscous  subshock  is  always  required  to 
complete  the  transition  from  the  supersonic  upstream  state  to  the 
two  subsonic  downstream  IS  states,  in  certain  cases,  illustrated  in 
parts  (c),  (d)  and  (e)  of  Figure  5,  a  smooth  supersonic -subsonic 
transition  at  a  sonic  point  sp  is  possible.  Figure  5c  serves  as  an 
example  of  this  behavior  the  transition  between  1  and  3  can  be 
achieved  either  by  a  single  continuous  trajectory  along  l-sp-3  or 
by  an  infinite  number  of  discontinuous  transitions  such  as  the  one 
along  l-gs-3.  Similarly,  for  the  strong  IS,  the  transition  can  be  a 
continuous  one  along  2-spi  or  it  can  be  discontinuous,  a  special 
case  of  which  is  2-gs-J-4. 

Type  II.  In  this  case,  point  1,  the  upstream  state  of  superfast  ISs, 
and  point  2  are  on  the  plus  sheet  while  points  3  and  4  are  on  the 
minus  sheet.  As  indicated  in  the  second  row  of  the  matrix  in 
Figure  lb,  this  case  includes  the  hodograms  in  Figures  6,  7,  8  and 
9.  It  is  seen  that,  as  for  Type  I,  there  exists  an  infinite  number  of 


transitions  connecting  the  upstream  state  and  the  two  downstream 
states  of  the  IS.  Furthermore,  there  are  cases  both  with  and  w  ithout 
a  smooth  supersonic-subsonic  transition  at  the  sonic  point  sp  In 
the  former  cases,  the  hodogram  topology  is  similar  to  the  purely 
resistive  MHD  case  (Figure  8b  of  Paper  I)  in  that  all  of  the 
trajectories  out  of  point  2  are  tangential  to  the  forbidden  curve  at 
the  sonic  point;  in  the  latter  cases,  illustrated  in  parts  (b).  (c)  and 
(d)  of  Figure  9,  the  spiral  structure  of  point  1  is  so  strong  that  the 
trajectories  out  of  it  become  disconnected  from  those  into  the 
downstream  states:  a  gasdynamic  subshock  is  then  required  to 
complete  the  transition. 

Type  III.  This  type  of  hodogram  corresponds  to  the  case  where 
point  4  is  on  the  minus  sheet  while  the  other  three  fixed  points  are 
all  on  the  plus  sheet,  as  illustrated  in  Figures  10-14  and  in  the  third 
row  of  the  matrix  in  Figure  lb.  This  case  is  of  particular  interest 
fi*r  the  following  reason:  despite  the  fact  that  the  upstream 
superfast  IS  state,  1,  and  the  weak-IS  downstream  state  are  on  the 
same  Riemann  sheet,  in  certain  cases,  no  smooth  transition  exists 
between  these  two  states.  As  shown  in  pan  (b)  of  Figure  14,  an 
infinite  numbeT  of  transitions  between  points  1  and  3  can  be 
achieved  via  a  gasdynamic  shock,  which  can  occur  anywhere 
between  points  grwl  and  gsw 2  along  that  particular  trajectory  in 
the  subsonic  sheet  that  reaches  the  sonic  point  sp.  In  certain  cases, 
illustrated  in  part  (c)  of  Figure  14,  a  smooth  supersonic-subsonic 
transition  between  points  1  and  4  along  the  trajectories  1-2  sp  4 
coexists  with  the  supersonic-sonic-supersonic  transition  between 
points  1  and  3  along  the  trajectory  l-2-sp-3. 

5.  Discussion 

Fixed-point  analysis  of  the  type  employed  in  this  paper  consists 
of  establishing  the  properties  of  time- independent  small-amplitude 
spatial  perturbations  around  the  upstream  or  downstream  state  of  a 
shock.  But  these  properties  must  coincide  with  those  of  small- 
amplitude  waves  standing  in  the  upstream  or  downstream  regions. 
In  Hall  MHD,  such  waves  are  governed  by  the  dispersion  relation 
{ Stringer ,  196 i\  Formisano  and  Kennel,  1969) 

(a>2-t2v^cos20)[(o‘,-(c2+v^){o2l:2+c2v^i(:4cos20] 

-  \}k\2v2A((o2-k2cZ)Cos2e  =  0  (15) 

where  the  quantity  Xj  a  (/nj/jig/te^jO.S  in  front  of  the  dispersive 
term  is  the  ion  inertial  length;  c  is  the  speed  of  sotind;  is  the 
Alfvdn  speed  and  8  is  the  angle  between  the  propagation  vector 
and  the  magnetic  field.  The  fast  mode  described  by  this  relation 
has  the  following  properties.  (1)  Its  phase  and  group  speeds 
increase  monotonically  with  increasing  wave  number,  k.  For  k— »  0 
both  speeds  approach  the  MHD  fast-mode  speed,  cy.  For  k  -> 
both  speeds  approach  infinity.  (2)  For  all  finite  wave  lengths,  the 
mode  displays  anomalous  dispersion,  i.e.,  the  group  speed 
exceeds  the  phase  speed.  (3)  The  mode  is  right-handed.  Similarly, 
the  slow  mode  has  the  following  properties.  (1)  Its  phase  and 
group  speeds  decrease  monotonically  with  increasing  wave 
number.  For  k  -*  0  both  speeds  approach  the  MHD  slow  mode 
speed,  cr  For  k  -*  ~  both  speeds  approach  zero.  (2)  For  all 
finite  wave  lengths,  the  mode  displays  ordinary  dispersion,  i.e., 
the  phase  speed  exceeds  the  group  speed.  (3)  The  mode  is  left- 
handed.  Finally,  the  intermediate  mode  has  the  property  ( 1 )  that  its 
phase  and  group  speed  both  approach  the  MHD  intermediate  wave 
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speed,  v^x  =  v^cosG,  as  k  — *  0,  while  for  A  — >  both  speeds 
remain  finite  and  approach  the  sound  speed,  c.  (2)  The 
oolanzation  and  dispersion  properties  are  different  for  c  > 
v^cosG  and  c  <  v^cosG,  i.e.,  for  (5  >  (2/y)cos''9  and  f)  < 
i  2/y)cos't9  In  the  former  case,  the  intermediate  mode  is  right- 
handed  and  has  anomalous  dispersion;  in  the  latter  case  it  is  left- 
handed  and  has  ordinary  dispersion.  (3)  For  c  =  v^cosO,  the  mode 
is  longitudinal  and  nondispersive.  These  properties  of  the  three 
modes  arc  illustrated  by  the  dispersion  curves  in  Figure  15. 

As  shown  quantitatively  in  the  Appendix,  the  occurrence  of 
saddle  points,  nodes  and  spiral  points  tn  the  fixed-point  analysis 
is  related  to  the  above  small-amplitude  wave  properties  as 
follows.  If  none  of  the  three  modes  can  phase  stand  in  the  upstream 
or  downstream  flow,  i.e.,  if  the  phase  speed  cannot  be  equal  to  the 
plasma  flow  speed  there,  then  the  corresponding  fixed  point  is  a 
saddle  point.  If  one  of  the  modes  can  phase  stand,  the  fixed  point 
is  either  a  node  or  a  spiral  point.  It  is  a  node  for  sufficiently  small 
A  values  and  a  spiral  for  larger  A.  The  former  instance  corresponds 
to  the  case  of  an  overdamped  system  where  resistive  dissipation 
effects  dominate  dispersion  effects;  the  latter  case  represents 
underdamped  behavior,  and  the  critical  A  value  at  which  a  node  is 
convened  to  a  spiral  point  corresponds  to  critical  damping.  A 
right-handed  (left-handed)  spiral  point  corresponds  to  a  right-hand 
(left-hand)  polarized  wave  mode.  Finally,  as  pointed  out,  e.g..  by 
Kennel  et  at  (19851,  a  wave  standing  at  the  upstream  edge  of  a 
shock  must  always  have  anomalous  dispersion  otherwise  wave 
energy  cannot  be  transported  from  the  main  shock  into  the 
upstream  region  where  it  is  dissipated,  in  the  present  case  by 
Ohmic  heating.  This  situation  corresponds  to  an  unstable  spiral 
point  (or,  for  small  Aj  values,  an  unstable  node).  Similarly,  a  wave 
standing  at  the  downstream  edge  of  a  shock  must  always  have 
ordinary  dispersion  in  order  to  allow  wave  energy  to  escape  and 
be  dissipated  downstream.  This  situation  corresponds  to  a  stable 
spiral  point  (or,  for  small  values,  a  stable  node). 

Equipped  with  this  information,  we  may  now  reexamine  the 
results  obtained  in  sections  3  and  4.  First,  we  note  that,  at  a 
sufficiently  short  wave  length,  the  small-amplitude  fast-mode  wave 
can  always  phase  stand  upstream  of  a  fast  shock  or  a  superfast 
intermediate  shock.  For  this  reason,  point  1  in  the  Figures  is 
always  either  a  node  (for  small  A  j )  or  a  spiral  point  (for 
sufficiently  large  A])  but  never  a  saddle.  Furthermore,  the  fast 
mode  always  has  anomalous  dispersion,  as  required  for  it  to  be 
generated  at  the  upstream  edge  of  the  shock.  Similarly,  at  a 
sufficiently  short  wavelength,  a  small-amplitude  slow-mode  wave 
can  always  phase  stand  downstream  of  a  slow  shock  ot  a  strong 
intermediate  shock.  For  this  reason  point  4  in  Figures  is  always  a 
node  or  a  spiral,  never  a  saddle.  Furthermore,  the  slow  mode 
always  has  ordinary  dispersion  and  thus  can  be  generated  at  the 
downstream  edge  of  a  shock. 

At  the  downstream  state  of  a  fast  shock  (point  2  in  the  Figures), 
which  is  also  the  upstream  state  of  the  subfast  intermediate  shock, 
the  plasma  flow  is  subfast  but  superalfvdnic  and  therefore 
superslow.  It  is  evident  from  the  dispersion  relation  that  only  the 
intermediate  mode  can  phase  stand  in  such  a  flow  and  then  only  if 
the  flow  speed  falls  between  the  MHD  intermediate  wave  speed, 
v^cos8,  and  the  sound  speed,  c.  Since  the  flow  is  superalfvinic, 
this  is  never  the  case  when  c  <  v^cosO,  i.e..  when  {5  <  (2Af)cos^9. 
When  P  >  (2/y)cos^9,  it  will  occur  only  when  the  flow  is  subsonic. 


Thus,  when  point  2  falls  on  the  supersonic  Riemann  sheet  it  n, i;f; 
always  be  a  saddle  point.  When  it  falls  on  the  subsonic  Rterru;.;; 
sheet  (which  requires  fi  >  (2/y)cos^9),  it  is  either  a  node  nr  ■>  spiral 
point.  As  seen  in  Figure  16,  this  is  indeed  the  case.  Furthermore, 
since  the  intermediate  mode  has  anomalous  dispersion  an  : 
right-handed)  for  fl  >  (2/y)cos^9,  the  node  or  spiral  point  ;s 
always  unstable  indicating  that,  for  sufficiently  large  h  -.  a  right- 
handed  standing  intermediate  wave  train  can  be  generated  at  the 
upstream  edge  of  a  subfast  subsonic  intermediate  shock  hut  never 
at  the  downstream  edge  of  a  fast  shock.  As  mentioned  already,  it 
is  for  this  reason  that  a  resistive  fast  shock  ha-ing  ,t  sul-som 
downstream  slate  must  contain  a  viscous  subshock  at  its  tra.hr.g 
edge:  in  the  resistive-dispersive  model,  this  subshock  provides 
the  only  possible  access  to  the  unstable  node  or  spiral  point 
representing  the  downstream  state. 

The  remaining  fixed  point  represents  the  upstream  state  of  the 
slow  shock  or  the  downstream  state  of  the  weak  intermediate 
shock  (point  3  in  Figures),  The  plasma  flow  is  subalfvenic  but 
superslow  so  that  only  the  intermediate  mode  can  phase  stand  in 
the  flow  and  then  only  if  the  flow  speed  falls  between  c  and 
v^cosG.  Since  the  flow  is  subalfvenic,  this  is  never  the  case  when 
c  >  v^cosG,  i.e.,  when  p  >  (2/y)cos^9.  Wiiei  p  <  (2/y)cos^9,  it 
will  occur  only  when  the  flow  is  supersonic.  Thus,  when  point  3 
falls  on  the  subsonic  Riemann  sheet,  it  is  always  a  saddle.  When  it 
falls  on  the  supersonic  Riemann  sheet,  it  is  either  a  node  (for  small 
Aj)  or  a  spiral  point  (for  sufficiently  large  A j).  As  seen  in  Figure 
16,  this  is  indeed  the  case.  Furthermore,  since  the  intermediate 
mode  has  ordinary  dispersion  (and  is  left  handed)  for  P  < 
(2/y)cos^0,  the  node  or  spiral  point  is  always  stable,  indicating 
that,  for  sufficiently  large  A|.  a  left-handed  standing  intermediate 
wave  train  can  be  generated  at  the  downstream  edge  of  a  weak 
intermediate  shock  for  which  the  downstream  flow  is  supersonic 
but  never  at  the  upstream  edge  of  a  slow  shock.  It  is  for  this 
reason  that  a  resistive  slow  shock  having  a  supersonic  upstream 
stale  must  contain  a  viscous  subshock  at  its  leading  edge:  in  the 
resistive-dispersive  model,  this  subshock  provides  the  only 
possible  path  of  departure  from  the  the  stable  node  or  spiral  point 
representing  the  upstream  state. 

In  summary,  the  properties  of  small  amplitude  waves  in  resistive 
Hall  MHD  lead  us  to  conclude  the  following.  (1)  For  sufficiently 
large  Hall  parameter  Aj,  a  fast  shock  will  have  a  right-handed 
oscillatory  wave  train  at  its  upstream  edge  but  never  a  standing 
small- amplitude  wave  train  at  its  downstream  edge;  if  the 
downstream  state  is  subsonic,  a  viscous  subshock  will  appear  ai 
the  downstream  edge.  (2)  For  sufficiently  large  Hall  parameter,  a 
slow  shock  will  have  a  left-handed  oscillatory  wave  train  ai  its 
downstream  edge  but  never  a  standing  small-amplitude  wave  tram 
at  its  upstream  edge;  if  the  upstream  flow  is  supersonic,  a  viscous 
subshock  will  appear  at  the  upstream  edge.  (3)  Superfast 
intermediate  shocks  will  have  an  upstream  right-handed  wave  cram 
in  the  same  circumstances  as  the  fast  shock;  subfast  subsonic 
intermediate  shocks  will  also  have  a  right-handed  upstream 
standing  wave  train  for  sufficiently  large  A]  values  whereas 
subfast  supersonic  intermediate  shocks  will  not.  (4)  Strong 
intermediate  shocks  will  have  a  downstream  left-handed  standing 
wave  train  in  the  same  circumstances  as  a  slow  shock;  weak 
intermediate  shocks  will  have  a  left-handed  downstream  standing 
wave  for  sufficiently  large  Aj  values  when  the  downstream  flow  is 
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supersonic  but  not  when  it  is  subsonic.  (5)  It  follows  from  (3)  and 

(4)  that  certain  strong  as  well  as  weak  intermediate  shocks  may 
have  a  nght-handed  wave  standing  at  the  upstream  edge  and  a  left- 
handed  wave  standing  at  the  downstream  edge  of  the  shock. 

Note  that  conclusions  (1)  and  (2)  are  not  new  but  are  restatements 
of  earlier  and  by  now  well-known  results  (e.g..  Kennel  et  ai,  1985; 
Coronili,  1970;  1971;  Bickerton  et  ai.,  1971],  Note  also  that  the 
above  conclusions  do  not  depend  on  the  dissipation  mechanisms 
operating  in  the  shock  but  only  on  the  properties  of  small- 
amplitude  dispersive  waves.  Thus  we  expect  the  upstream  and 
downstream  behavior  of  shocks  which  incorporate  small  viscous 
dissipation  and  heat  conductivity  to  be  essentially  the  same  as  for 
the  purely  resistive  case,  with  the  exception  that  viscous 
subshocks  will  acquire  a  finite  width  (for  large  viscosity  the  latter 
may  become  the  width  of  the  entire  shock). 

As  mentioned  earlier,  fixed-point  analysis  indicates  the  possible 
existence  of  a  total  of  20  different  hodogram  topologies  for 
shocks  in  resistive  Hall  MHD.  However,  the  constraints  imposed 
by  the  jump  conditions  appear  to  restrict  the  actual  number  to  13, 
or  at  least,  our  numerical  search  of  parameter  space,  has  produced 
only  13  of  the  20  cases.  The  missing  cases,  as  well  as  the  13  cases 
that  have  been  found,  are  consistent  with  the  rule  that  an  upstream 
node  and  a  downstream  spiral  point  cannot  occur  for  a  shock  that 
produces  a  net  fast-mode  compression  (1 >  lB(j  I ) whereas  an 
upstream  spiral  and  a  downstream  node  cannot  occur  for  a  shock 
that  produces  a  net  slow  mode  compression  (Ifl^l  <  j  I).  This 
rule  is  known  from  previous  studies  to  be  valid  for  fast  and  slow 
shocks  and  four  of  the  missing  7  hodogram  topologies  can  be 
accounted  for  by  noting  that  they  contain  forbidden  fast  or  slow 
shocks.  The  remaining  three  missing  cases  (as  well  as  two  of  the 
four  cases  accounted  for  already)  contain  intermediate  shocks  that 
are  forbidden  by  the  rule.  In  the  context  of  small-amplitude 
standing  waves,  the  rule  implies  that  the  h  value  at  critical  damping 
is  always  lower  upstream  than  downstream  of  a  shock  that 
generates  net  fast  mode  compression  and  always  lower 
downstream  than  upstream  of  a  shock  that  generates  net  slow  mode 
compression.  From  the  behavior  of  damped  oscillations  in  simple 
mechanical  or  electrical  systems  (e.g.,  an  LR  circuit),  one  can 
further  infer  that  the  h  value  at  critical  damping  will  be  lower  the 
shorter  the  wavelength  of  the  phase  standing  wave.  Beyond  that, 
no  physical  explanation  for  the  rule  can  be  obtained  from  the  small 
amplitude  wave  analysis  alone;  the  shock  jump  conditions  appear 
to  be  involved  in  an  intrinsic  manner. 

6.  Summary 

In  this  paper,  we  have  examined  the  steady-state  structure  of 
intermediate  shocks  as  well  as  fast  and  slow  shocks  by  use  of  the 
resistive  nonviscous  Hall  MHD  equations.  It  is  evident  from  the 
fixed  point  analysis  in  section  3,  as  well  as  from  the  calculations 
reported  in  secuon  4,  that  for  a  sufficiently  large  upstream  Hall 
parameter,  hj,  defined  as  the  ratio  of  the  ion  inertial  length  to  the 
Alfv£n  resistive  length,  the  magnetic  hodogram  topology  may 
oecome  very  different  from  that  obtained  for  the  purely  resistive 
MHD  case  which  corresponds  to  the  limit  A|  =  0;  in  that  limit,  all 
fixed  points  are  either  nodes  or  saddle  points,  as  discussed  by 
Hau  and  Sonnerup  ( 1989)  whereas  for  hj  *  0  spiral  points  my  also 
occur.  Specifically,  we  have  found  the  following: 


(1)  For  sufficiently  large  h jvalue,  a  nodal  fixed  point  in  the  ByBz 
plane  is  converted  to  a  spiral  point  with  the  sense  of  the  electron 
(right-hand)  polarization  at  the  upstream  state  of  a  fast  or  an 
intermediate  shock  and  the  ion  (left-hand)  polarization  at  the 
downstream  state  of  an  intermediate  or  a  slow  shock.  Both  weak 
and  strong  intermediate  shocks  may  in  some  cases  have  an 
upstream  right-hand  and  a  downstream  left-hand  spiral  point, 
representing  phase  standing  wave  trains  of  the  intermediate  mode, 
or,  downstream  of  a  strong  intermediate  shock,  of  the  slow  mode. 

(2)  Thirteen  distinct  hodogram  topologies  (some  of  which  have 
several  subcases)  of  a  total  of  20  possible  cases  have  been  found, 
describing  resistive-dispersive  fast,  slow  and  intermediate 
shocks  in  Hall  MHD,  compared  to  only  3  topologies  for  h]  =  0. 
Seven  cases  that  are  allowed  m  the  fixed-point  analysis  appear  to 
be  missing  as  a  result  of  constraints  imposed  by  the  shock  jump 
conditions. 

(3)  The  spiral  structure  associated  with  certain  fixed  points  docs 
not  affect  one  of  the  basic  results  obtained  by  Hau  and  Sonnerup 
[1989]  from  the  purely  resistive  MHD  model:  there  still  exists  an 
infinite  number  of  transitions  for  all  strong  ISs  as  well  as  for  all 
superfast  weak  ISs,  while  only  two  transitions  exist  for  the 
subfast  weak  IS. 

(4)  Unlike  the  MHD  case,  a  purely  resistive  transition  between 
two  supersonic  or  two  subsonic  states  of  an  intermediate  shock 
may  not  always  exist.  In  such  cases,  the  transition  can  still  be 
achieved  via  a  discontinuity  in  the  form  of  a  viscous  gasdynamic 
subshock  along  with  a  smooth  subsonic-supersonic  transition  at  a 
sonic  point. 

(5)  The  relationship  between  small  amplitude  dispersive  waves  in 
the  flow  upstream  or  downstream  of  a  shock  and  the  nature  of  the 
corresponding  fixed  point  has  been  established. 

(6)  For  fast  and  slow  shocks,  which  are  also  contained  in  the 
hodograms  presented  here,  our  findings  are  in  complete  agreement 
with  the  previous  studies  by  Coronili  [1970;  1971  ],  Bickerton  el 
ai.  [1971]  and  many  others.  In  the  limit  of  resisuve  MHD,  i.e,  for 
=  0,  the  upstream  slate  of  a  fast  shock  is  always  an  unstable 
node  while  the  downstream  state  can  be  either  an  unstable  node  or 
a  saddle  point  [Hau  and  Sonnerup,  1989].  For  the  slow  shock,  the 
situation  is  reversed,  namely  the  upstream  state  can  be  either  a 
stable  node  or  a  saddle  point  but  the  downstream  state  is  always  a 
stable  node.  Inclusion  of  the  Hall  effect  with  sufficiently  large  h  [ 
values  leads  to  the  conversion  of  the  fast-mode  upstream  node  to  a 
right-handed  unstable  spiral  point  and  of  the  slow-mode 
downstream  node  to  a  left-handed  stable  spiral  point.  In  addition, 
when  the  downstream  fast-mode  slate  is  a  subsonic  unstable  node 
for  hj  =  0,  conversion  of  this  point  to  an  unstable  right-handed 
spiral  point  may  occur  for  both  h  j=  0  and  h  j  *  0  this  state  can  be 
reached  only  via  a  viscous  subshock  at  the  trailing  edge  of  the  fast 
shock  structure.  Thus,  spiral  behavior  of  the  magnetic  field  does 
not  occur  at  the  downstream  edge  of  a  fast-mode  shock.  Similarly, 
when  the  upstream  slow-mode  state  is  a  supersonic  stable  node  for 
=  0,  conversion  of  this  point  to  a  stable  left-handed  spiral  point 
may  occur;  for  both  hj  =  0  and  hj  *  0,  departure  from  this  state 
occurs  via  a  viscous  subshock  at  the  upstream  edge  of  the  slow 
shock  structure.  Thus,  spiral  behavior  of  the  magnetic  field  does 
not  occur  at  the  upstream  edge  of  a  slow-mode  shock.  Unlike  the 
intermediate  shock,  there  always  exists  a  purely  resistive 
dispersive  transition  between  upstream  and  downstream  slates 
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located  on  the  same  Riemann  sheet.  Unlike  the  intermediate 
shocks,  the  fast  and  slow-mode  shock  structures  are  unique  for 
given  upstream  parameter  values,  both  when  hj  =  0  and  when  Rj  * 
0.  Figure  lb  indicates  5  possible  hodogram  topologies  (nn;  s-n; 
s-s;  n-sa ;  s-sa)  for  the  fast-mode  shock  but  the  cases  s-n  and  s-s  are 
not  distinct  since  for  both  access  to  the  downstream  slate  occurs 
via  a  viscous  trailing-edge  subshock.  Similarly,  formally  there  are 
5  possible  hodogram  topologies  ( sa-n;  sa-s;  n-n;  n-s;  s-s)  for  the 
slow-mode  shock  but  the  cases  n  s  and  s-s  are  not  distinct  since 
for  both  egress  from  the  upstream  state  occurs  via  a  viscous 
leading-edge  subshock. 

Finally,  we  note  that  no  systematic  attempt  has  been  made  to 
identify  and  delineate  the  regions  in  parameter  space  in  which  the 
13  different  hodogram  topologies  arise,  to  examine  the  dynamic 
stability  of  the  various  intermediate  shock  structures  described 
by  these  hodograms,  or  to  work  out  spatial  profiles  of  quantities 
such  as  density,  temperature,  magnetic  field  and  velocity. 

Appendix 

The  dispersion  relation  for  small-amplitude  waves  in  Hall  MHD, 
t.e,  quation  (15),  can  be  rewritten  as  follows: 

,<02  2  2o,.<04  ,  2  2vC02  2  2  2 

(—  -  vAcos  6)[—  -  (c  *  c  vAcos  9] 

k  k  k 

_X2*2-^v2(i2i-c2)cos29  =  0  (Al) 

'  k2  k2 


If  a  wave  can  stand  in  the  upstream  or  downstream  flow,  then  its 
phase  speed  must  be  equal  to  the  plasma  flow  speed  there,  i.e.,  CO /k 
=  vx.  Furthermore,  it  can  be  easily  shown  that  =  cp-  + 

Cj2  and  c^-v^cos^Q  =  cp-c^  so  that,  together  with  the 
definition  Ax  =  vx  /v/^cosQ,  equation  (Al)  becomes 


2  (vH)(VS)  2  2 

(A  -1  )  / — — —  -  \2k2  =  0 

»  2,  2  2 
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Writing  (A2)  in  terms  of  the  quantities  Ky  and  Kz,  defined  in 
equations  (11)  and  (12),  yields 


k2  = 


K  K 

y  ' 

aV 


(A3) 


Equation  (A3)  clearly  indicates  that  for  the  case  KyKz  <  0,  i.e., 
when  the  fixed  point  examined  is  a  saddle,  none  of  the  three  wave 
modes  can  phase  stand  in  the  upstream  or  downstream  flow,  or, 
equivalently,  the  phase  speed  cannot  be  equal  to  the  plasma  flow 
speed  there.  For  the  case  KyKz  >  0,  i  .e.,  when  the  fixed  point 
examined  is  either  a  node  or  a  spiral  point,  (A3)  gives  the 
corresponding  wavelength  of  the  standing  wave  train. 
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Fig.  1.  Matrices  showing  possible  shock  stales  based  on  (a)  the  nature  of  the 
upstream  and  downstream  flow  for  intermediate  shocks  or  (ft)  on  the  fixed- 
potnl  location  on  the  supersonic  and  subsonic  Riemann  sheets.  Notation:  1,  2 
and  3,  4  denote  fast-shock  and  slow-shock  upstream  and  downstream 
conditions,  respectively;  the  possible  intermediate  shocks  (IS)  are:  t  — ►  3 
(superfast  weak),  1  — »4  (superfast  strong),  2-*3  (subfast  weak)  and  2-*4 
(subfast  strong).  The  fixed  points  (n  =  node,  sa  -  saddle  point  and  s  -  spiral 
poutt)  are  luted  m  the  order  1.  2,  3,  4.  Missing  hodograms  are:  (e  e  ra-r),  (a- 
s  sa-s),  (<i-j  jo-Ft)  and  (s-j  jo  a)  m  row  1  of  part  (b)\  (a  sa-r-r),  (a  sa  r-a)  and  (r- 
ra  -s-a)  ut  row  3  of  part  (fe). 
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Fig.  2.  Magnetic  field  hodognm  for  cue  (i)  of  section  4  (a-*-ja-«),  where  the 
fut-thock  upstream  iteie,  1 ,  end  downstream  state,  2,  u  well  u  the  strong-IS 

downstream  sute,  4,  tie  ell  nodei  while  the  wetk-IS  downitreim  iteie,  3.  ii  I  ^'8  3  Hodognm  for  cue  (u)  of  lection  4  (j  n-ia  /i),  where  point  1  u 

saddle.  Point  2  serves  u  the  upstream  state  of  a  subfast  IS  while  point  1  can  convened  fnxn  a  node  to  a  spiral  potra  while  pomu  2,  3  and  4  remain  the  same 

also  be  the  upstream  state  of  a  superfajt  IS.  Dashed  curves  are  trajectories  on  **  “>  figure  2.  Supersonic-subsonic  transition  occurs  in  a  gaidynamic 

the  supersonic  (plus)  Riemann  sheet,  solid  lines  lie  on  the  subsonic  (minus)  subihodt,  denoted  by  grw  end  gtt  for  the  weak  and  strong  superfart 

sheet.  In  the  superfut  IS.  the  supersonic-subsonic  transition  occurs  in  a  intermediate  shock,  respectively  Parameters  at  poult  2  are  the  tame  u  in 

gasthrnamic subahock  (ga).  Waama parameters  st point  2 are:  »  1 . 8)  « 45°,  Figure  2,  ezeep that  kj  *0.1. 

4,j  *  1.0428,  and  Hall  parameter  (the  ratio  of  electron  gyrofrequency  to 
collision  frequency),  h j  *  0.012. 


Fig.  4.  Hodognm  for  case  (iii)  of  tecdon  4  (,.,.,«.,).  where  pomu  1  and  4 
P0"**-  P°®<  2  >•  *  node  and  point  3  is  s  saddle  point  Parameters 
at  point  2  are  the  same  u  in  Figures  2  and  3,  except  that  4|»  1. 


Hodogrami 


Plasma  parameters 


Fig.  11.  Hodogram  for  cue  (x)  of  tection  4  (i-sa  n  n),  where  point  1  is 
converted  form  <  node  to  e  sptrtl  point  while  the  other  three  fixed  points 
remain  the  tame  as  in  Figure  10.  Plasma  conditions  at  point  2  are:  f)<  a  0.24, 
0,  =  38  66°.  AxX2  =  11316  and  A,  =  0.25. 
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Fig.  12.  Hodognm  for  cate  (xi)  in  icctioa  4  (it-se-is-s),  when  point!  1  and  3 
an  nodes,  point  2  is  a  saddle  and  point  4  is  a  spiral.  Parameters  at  point  2  an 
the  same  as  in  Figun  10,  except  that  Aj  =  0. 125. 


Fig.  13.  Hodognm  for  case  (xii)  in  section  4  (s-ra-n-r),  when  point  I  is 
converted  from  a  node  to  a  spiral  while  points  2.  3  and  4  an  the  same  as  in 
Figun  12.  Parameter!  at  point  2  an  the  same  as  in  Figun  12,  except  that  A  |  = 
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Intermediate  Mode 


0  I  2  3  4  k  5 

(b) 


Fig.  15.  Dispersion  relation  fphaae  speed,  a i/k,  versus  wave  number  *)  for 
small  amplitude  waves  (a)  for  8  >  O/y)cos20  (y=  5/3;  P  =  1;  9  =  45°);  (6)  for  8  < 
(2/y)cos  8  (y  =  5/3;  8  =  0.5;  0  =  26.57°).  Posuive  (negative)  slope  of  the 
dispersion  curve  corresponds  to  group  speed  greater  (smaller)  than  the  phase 
speed. 
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The  Magnetopause  for  Large  Magnetic  Shear:  Analysis 
of  Convection  Electric  Fields  From  AMPTE/IRM 
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A  number  of  magnetopause  crossings  by  the  AMPTE/IRM  spacecraft,  which  exhibited  large 
shear  in  the  magnetic  field,  were  studied  recently  by  Paschmann  et  al.  (1986)  in  order  to  assess 
the  presence  or  absence  of  reconnection  processes  at  the  dayside  magnetopause.  In  the  present 
article,  eleven  of  these  crossings  are  reanalyzed  by  use  of  methods  described  by  Sonnerup  et  al. 
(1987).  Although  only  eight  of  the  cases  lend  themselves  to  this  more  detailed  analysis  procedure, 
the  results  derived  when  the  analysis  is  successful  are  considerably  more  detailed  and  quantitative 
than  those  obtained  previously.  Four  such  cases  are  documented  in  detail  in  the  paper.  For  these 
events  it  was  possible  to  derive  accurate  vectors,  n,  normal  to  the  magnetopause.  It  was  also 
possible  to  place  bounds  yan  the  values  of  average  magnetic  field  and  flow  velocity  components 
along  n  as  well  as  on  the  average  electric  field  tangential  to  the  magnetopause  and  on  the  velocity 
of  the  magnetopause  itself  along  n  and  therefore  on  the  magnetopause  thickness.  It  is  particularly 
noteworthy  that  in  two  crossings  (on  September  4,  1984)  it  was  possible  to  place  lower  bounds  of 
2.8  mV/m  and  0.5  mV/m  on  the  tangential  (reconnection)  electric  field  and  corresponding  lower 
bounds  on  normal  flow  and  field.  In  a  third  crossing  (September  8,  1984),  located  about  1  RE 
north  of  the  subsolar  point,  evidence  is  deduced,  indicating  that  the  observed  plasma  acceleration 
along  the  magnetopause  had  a  large  temporal  component,  caused  by  a  tangential  gradient  in 
the  total  pressure,  in  addition  to  the  usual  convective  component  caused  by  the  Maxwell  shear 
stresses.  Finally,  in  the  fourth  crossing  (October  19,  1984),  large  magnetic  shear  was  present  but, 
in  agreement  with  a  conclusion  reached  by  Paschmann  et  al.  (1986),  the  analysis  shows  that  no 
evidence  for  reconnection  was  present  and  that  the  magnetopause  had  the  properties  of  a  tangential 
discontinuity.  This  case  provides  convincing  evidence  that  the  mere  existence  of  a  deHoffmann- 
Teller  frame  of  reference  in  which  the  flow  is  field  aligned  (an  excellent  fit  of  the  data  to  such  a 
frame  could  be  performed  in  this  case)  does  not  guarantee  that  the  magnetopause  is  a  rotational 
discontinuity.  The  remaining  events  analyzed  by  use  of  the  new  procedure  demonstrate  that 
the  methodology  sometimes  fails,  or  yields  unconvincing  results,  even  when  there  is  considerable 
evidence,  in  the  form  of  accelerated  plasma  flows,  that  some  form  of  reconnection  is  in  progress. 


1 .  Introduction 

Recently,  Paschmann  et  al.  [1986],  hereafter  referred  to 
as  paper  1,  have  surveyed  the  features  of  21  passes  by  the 
AMPTE/IRM  spacecraft  through  the  magnetopause  region 
in  which  large  magnetic  shear  was  observed  to  be  present. 
In  that  study,  special  attention  was  paid  to  the  presence 
or  absence  of  the  large  plasma  velocity  enhancements  in 
the  magnetopause/boundary-layer  region  that  are  believed 
to  signify  the  occurrence  of  reconnection  at  the  magne¬ 
topause,  such  enhancements  having  been  reported  earlier 
on  the  basis  of  observations  from  the  ISEE  1  and  2  space¬ 
craft  [Paschmann  et  al.,  1979;  Sonnerup  et  al.,  1981;  Gosling 
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et  al.,  1982;1986],  The  main  finding  in  paper  1  is  that  the 
presence  of  large  magnetic  shear  is  not  a  sufficient  condition 
for  the  occurrence  of  velocity  enhancements  having  direc¬ 
tions  and  magnitudes  that  are  in  approximate  agreement 
with  the  so-called  Walen  relation.  The  latter  relation  is 
valid  across  rotational  discontinuities  and  it  is  assumed  that 
the  main  magnetopause  structure  during  reconnection  con¬ 
sists  of  a  rotational  discontinuity,  as  in  the  classical  model 
proposed  by  Levy  et  al.  [1964].  Thus  the  principal  con¬ 
clusion  of  paper  1  is  that  the  presence  of  large  magnetic 
shear  is  not  a  sufficient  condition  for  the  occurrence  of  re¬ 
connection  in  the  subsolar  magnetopause  region.  Rather  it 
appears  that  velocity  enhancements  approximately  compat¬ 
ible  with  the  Walen  relation  occurred  only  when  the  plasma 
beta  value  (/?  =  2po p/B2)  in  the  adjacent  magnetosheath 
was  less  than  about  2.  For  larger  0  values,  the  velocity  en¬ 
hancements,  if  any,  amounted  to  only  a  small  fraction  of  the 
change  in  Alfven  velocity,  indicating  that  the  Walen  rela¬ 
tion,  Av  =  ±Av^,  was  poorly  satisfied.  Here,  Av  denotes 
the  difference  between  the  locally  measured  plasma  velocity 
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at  some  point  within  the  magnetopause/boundary  layer  re¬ 
gion  and  the  plasma  velocity  measured  during  a  reference 
interval  in  the  magnetosheath,  immediately  preceding  (for 
an  inbound  crossing)  or  following  (for  an  outbound  crossing) 
the  magnetopause  data  interval.  Similarly,  Av,,  is  the  corre¬ 
sponding  difference  between  the  locally  measured  magnetic 
field,  converted  to  a  local  Alfven  velocity,  and  the  Alfven 
velocity  in  the  reference  interval.  The  positive  and  nega¬ 
tive  signs  in  the  Walen  relation  correspond  to  plasma  flow 
across  the  discontinuity  that  is  parallel  and  antiparallel  to 
the  normal  magnetic-field  component,  respectively.  In  the 
context  of  the  standard  subsolar  reconnection  model  [Levy 
ef  ai.  1964],  the  positive  and  negative  signs  correspond  to 
crossings  north  and  south  of  the  reconnection  site,  respec¬ 
tively. 

A  new  framework  for  examination  of  various  features  of 
the  magnetopause,  including  its  orientation,  normal  motion 
and  acceleration  as  well  as  its  adherence  to  the  Walen  re¬ 
lation,  has  been  reported  by  Sonnerup  et  ai  [1987],  here¬ 
after  referred  to  as  paper  2,  who  applied  the  new  methods 
to  one  of  the  magnetopause  crossings  (September  4,  1984. 
1500:42—1501:51  UT)  discussed  in  paper  1.  Plasma  velocity 
enhancements  on  that  day  have  also  been  studied  by  John¬ 
stone  et  ai  [1986]  using  data  from  the  AMPTE/UKS  space¬ 
craft.  Certain  portions  of  the  new  methodology  have  also 
been  found  useful  in  the  study  of  magnetopause  flux  trans¬ 
fer  events  (FTEs)  [Papamastorakts  et  ai,  1989],  hereafter 
referred  to  as  paper  3.  In  the  present  paper,  the  new  proce¬ 
dures  will  be  applied  to  the  remaining  eleven  crossings  that 
were  discussed  in  detail  in  paper  1,  with  the  objective  of  test¬ 
ing  the  new  methods  further,  as  well  as  obtaining  improved 
information  about  the  orientation,  motion  and  structure  of 
the  magnetopause  during  these  events. 

In  brief,  the  new  analysis  is  based  on  the  convection  elec¬ 
tric  field,  Ec  =  -v  x  B,  computed  from  measured  local 
plasma  velocities,  v,  and  magnetic  fields,  B.  It  is  found 
that  for  many  (but  by  no  means  all)  magnetopause  crossings, 
this  electric  field  can  be  nearly  removed  by  transformation 
to  a  moving  frame  of  reference,  called  the  deHoffmann-Teller 
(HT)  frame,  which  follows  the  magnetopause  in  its  motion 
normal  to  itself  and  also  slides  in  the  local  magnetopause 
tangent  plane  in  such  a  manner  that  the  individual  plasma 
velocity  vectors  observed  in  the  HT  frame  are  as  nearly  field- 
aligned  as  the  data  set  permits. 

Unless  the  plasma  velocity  is  constant,  or  nearly  constant, 
it  is  by  no  means  a  trivial  property  of  a  magnetopause  data 
set  to  possess  a  good  HT  frame,  for  its  existence  implies  that 
the  component  of  each  measured  velocity  vector,  v,  perpen¬ 
dicular  to  the  simultaneously  measured  magnetic  field  vec¬ 
tor,  B,  is  equal  to  the  component  of  the  constant  velocity 
of  motion,  vht,  of  the  HT  frame  perpendicular  to  the  same 
field.  However,  an  HT  frame  does  exist  for  the  data  on 
two  sides  of  any  thin  one-dimension  a)  and  time-independent 
current  sheet  which  has  a  nonzero  normal  magnetic  field 
component,  such  as  a  shock  [deHoffman n  and  Teller,  1950] 
or  a  rotational  discontinuity.  Furthermore,  a  thin  tangen¬ 
tial  discontinuity  with  uniform,  but  different  field  and  flow 
on  its  two  sides  also  has  an  HT  frame  [Tajchmann,  1985] 
But  for  thick  current  sheets  where  the  data  consist  of  v  and 
B  measurements  mostly  within  the  layer  itself,  further  re¬ 
strictions  are  needed:  the  intrinsic  normal  electric  field,  i  e  , 
the  electric  field  normal  to  the  current  sheet,  evaluated  in 
an  HT  frame  obtained  from  exterior  data,  must  cancel  the 


normal  electron  pressure  term,  (Tp,  )/ne  the  resi-tivi 
dispersive  terms,  pj  and  j  x  B/ne,  as  well  as  the  electron 
inertia  terms  in  Ohm's  law  must  all  be  small  compand  to 
v  x  B.  These  additional  conditions  are  expected  to  r;e  f  :1- 
filled  for  a  rotational  discontinuity  of  thickness  mu  h  greater 
than  the  ion  gyroradius.  They  may  or  may  net  lx  ,a\-f,vd 
by  a  tangential  discontinuity  so  that  one  cannot  in  general 
use  the  existence  of  an  HT  frame  for  a  thick  di»-  .  ntinui'y 
to  conclude  that  it  must  be  a  rotational  disco'  tirriity  I  t.L 
point  will  be  illustrated  in  one  of  the  events  to  b<-  analyzed 
here.  For  internally  sampled  shock  structures  winch  have 
a  substantial  intrinsic  electric  field,  one  woui-j  i.  ,t  ‘  v;.i 
an  HT  frame  to  exist,  although  certain  weak  in-'  rrm-iiao 
shocks  [  Wu,  1987;  Ha u  and  Sonnerup,  1989]  may  in  practi-  e 
be  indistinguishable  from  rotational  discontinuities  in  this 
regard.  As  discussed  in  paper  3,  an  FTE  structure  moving 
along  the  magnetopause  may  also  have  an  HT  fram<- 

It  has  been  shown  in  paper  2  that  in  some  cases  the  fit 
between  —  v  x  B  and  —  Vht  x  B  can  be  improved  substan¬ 
tially  by  assuming  the  HT  frame  to  be  in  a  state  of  ac¬ 
celerated  motion  relative  to  the  spacecraft,  i.e.,  by  writing 
vht  =  v hto  +  &ht  ■  t,  where  both  the  initial  HT  veloc¬ 
ity,  v hto  and  the  (constant)  frame  acceleration.  &ht.  are 
determined  from  a  least  squares  fitting  procedure  The  com¬ 
ponents  of  vhto  and  of  a ht  perpendicular  to  the  magne¬ 
topause  represent  the  initial  normal  velocity  and  the  average 
normal  acceleration  of  the  magnetopause  itself.  1  he  compo¬ 
nents  tangential  to  the  magnetopause  represent  the  motion 
of  the  HT  frame  in  the  magnetopause  tangent  plane  which 
is  needed  to  bring  about  a  field-aligned  plasma  flow  in  that 
frame.  The  physical  significance  of  the  tangential  accelera¬ 
tion  is  discussed  at  a  later  point  in  our  paper. 

Finally,  we  note  that,  by  use  of  the  HT  frame,  the  Walen 
relation  can  be  written  in  the  convenient  form 

(v  -  v„r)  =  iv*  (11 

indicating  that  in  this  frame  the  flow  is  field-aligned  and 
Alfvenic.  As  discussed  in  the  Appendix,  the  existence  of 
an  HT  frame  and  the  validity  of  the  Walen  relation  are  in¬ 
terrelated  properties  of  steady  quasi  one-dimensional  MHD 
discontinuities  when  (and  only  when)  the  normal  magnetic 
field  component  is  nonzero. 

It  should  be  added  that,  even  for  rotational  discontinu¬ 
ities,  strict  agreement  with  the  Walen  relation.  (II,  is  ex¬ 
pected  only  for  sufficiently  thick,  one-dimensional  and  time- 
independent  structures;  all  of  these  conditions  are  usually 
not  met  at  the  magnetopause.  An  additional  difficulty  is 
the  fact  that  the  AMPTE/IRM  plasma  instrument  cannot 
discriminate  between  different  ion  species.  It  is  usually  as¬ 
sumed  that  the  particles  are  protons.  But  even  a  small  ad 
mixture  of  heavier  ions  such  as  0+  will  influence  the  mass 
density  and  thus  the  calculated  Alfven  velocity  significant Iv 
By  use  of  the  relation 

pi  1  -  o)  =  const  I  2  i 

which  is  valid  across  any  ideal  rotational  discontinuity  and 
is  also  approximately  valid  within  such  a  discontinuity  pro¬ 
vided  it  is  much  thicker  than  the  ion  gyroradius.  it  was  ar¬ 
gued  in  paper  1  that  the  effective  ion  mass  within  the  magne¬ 
topause  and  boundary  layer  can  often  be  significantly  larger 
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than  in  the  magnelosheath  reference  interval.  In  equation 
(2),  p  =  n‘m‘  ,s  the  total  mass  density,  summed  over  all 
species,  and  or  is  the  total  locally  measured  plasma  pressure 
anisotropy  factor,  a  =  (p  ||  ~  px)po/ B2 .  which  can  be  shown 
to  depend  only  weakly  on  the  mass  composition,  as  discussed 
in  paper  1.  Thus  the  problem  of  the  unknown  mass  com¬ 
position  in  calculating  the  Alfven  velocity  was  overcome  in 
papers  1  and  2  (a  similar  procedure  was  used  in  paper  1)  by 
writing 


v*  =  B  \/jr^~a}Jp^p  =  B(1  -  a)  /  (3) 

where  pi  and  Qi  refer  to  the  magnetOaheath  reference  in¬ 
terval  in  which  the  plasma  composition  is  assumed  known 
The  same  method  will  be  employed  here  and.  for  simplicity, 
it  will  be  assumed  initially  that  the  magnetosheath  plasma 
consists  exclusively  of  protons  and  electrons.  Possible  cor¬ 
rections  to  that  assumption  will  then  be  discussed. 

The  paper  is  organized  as  follows.  In  section  2,  we  sum¬ 
marize  briefly  the  nature  of  tne  data  and  data  analysis  pro¬ 
cedures  used  in  the  study.  In  section  3  we  present  detailed 
results  for  four  AMPTE/IRM  magnetopause  crossings,  con¬ 
tained  in  paper  1,  along  with  our  interpretation  and  discus¬ 
sion  of  those  results.  We  also  mention  briefly  the  results 
from  the  other  crossings  discussed  in  detail  in  paper  1.  In 
section  4,  a  summary  of  our  findings  is  given,  along  with 
concluding  remarks. 

2.  Data  Analysis  Methods 

The  observations  presented  in  this  paper  were  obtained 
in  the  Fall  of  1984,  with  the  3D  plasma  instrument  and 
the  magnetometer  onboard  the  AMPTE/IRM  spacecraft. 
A  brief  summary  of  the  features  of  the  plasma  instrument  is 
given  in  paper  1;  more  details  are  provided  in  Paschmann  et 
al.  [1983].  The  magnetometer  has  been  described  bv  Liihr 
et  al.  [1985], 

The  data  used  directly  in  the  analysis  consist  of  measured 
ion  number  density,  n,  flow  velocity  vector,  v,  magnetic  field, 
B,  and  pressure  anisotropy  factor,  a  =  (p||  —  px)po/B J. 
These  quantities  were  obtained  every  spin  period,  i.e.,  ap¬ 
proximately  every  4.4  s.  The  magnetic  field  data  has  much 
higher  time  resolution  (32  samples/s)  but  only  spin  aver¬ 
ages  synchronized  with  the  plasma  measurements  were  used 
in  the  study. 

The  data  reduction  procedures  are  described  in  detail  in 
paper  2.  Depending  on  the  quality  of  the  data  and  the 
event,  the  analysis  can  be  carried  through  one  or  more  of 
three  levels  of  increasing  complexity,  as  summarized  below. 

2.1.  Level  A 

A  (constant)  velocity,  vht,  of  the  deHoffmann-Teller 
frame  is  determined  by  minimization  of  the  quadratic  form 

.v 

D=^Xj(vm-Vwr,xB"Y  (4) 

mr-  1 

where  the  superscript  m  is  used  to  denote  the  /V  individual 
pairs  of  velocity  and  magnetic  field  vectors  in  the  data  set 
for  the  magnetopause  crossing  This  set  is  chosen  to  include 
points  within  the  current-layer  structure  as  well  as  some 
points  on  the  two  sides  of  the  layer  The  relative  residual 


D/Do,  where  Do  is  obtained  from  (4)  with  vht  —  0,  is  a 
measure  of  the  quality  of  the  fit  between  what  we  call  the 
HT  electric  field,  E ht  =  -Vht  x  B,  and  the  measured  con¬ 
vection  electric  field,  Ec  =  -v  x  B,  with  a  small  value  of 
D/ Do  indicating  a  high-quality  fit.  A  visual  representation 
of  the  fit  is  also  provided  in  a  single  scatter  plot  of  the  thr»e 
components  of  Ec  versus  the  corresponding  components  of 
E//r,  using  an  arbitrary  cartesian  coordinate  system,  in  our 
case  the  GSE  system,  denoted  by  [X,  Y.  Z)  in  the  paper.  It 
can  be  shown  that  in  such  a  scatter  plot  the  correlation  co¬ 
efficient,  but  not  the  regression  line  slope,  depends  weakly 
on  the  choice  of  coordinate  system;  since  the  correlation  co¬ 
efficients  given  in  the  paper  are  used  only  for  comparison  of 
fits  using  the  same  coordinate  system  but  different  levels  of 
analysis,  this  is  not  a  serious  problem.  Changes  in  regression 
line  slope  as  well  as  correlation  coefficient  also  occur  when 
the  electric  fields  Ec  and  E ht  are  transformed  to  a  frame 
of  reference  moving  with  the  magnetopause.  Again,  these 
effects  are  usually  negligibly  small. 

We  emphasize  that  E ht  is  not  the  electric  fi»M  in  the  HT 
frame.  The  latter  field  is  (Ec  -  Ewr)  and  v ht  has  been  de¬ 
termined  from  (4)  in  such  a  way  that  its  magnitude-square, 
averaged  over  the  data  set,  has  been  minimized.  Except  for 
singular  cases,  this  determination  of  vht  is  unique.  Further¬ 
more,  the  component  of  vHt  perpendicular  to  the  magne¬ 
topause  represents  the  motion  of  that  layer  perpendicular  to 
itself,  although,  as  discussed  more  in  detail  below,  the  vector 
normal  to  the  magnetopause  is  usually  not  precisely  known 
The  component  of  vht  tangential  to  the  magnetopause  rep¬ 
resents  he  sliding  motion  of  the  HT  frame  along  the  layer, 
needed  to  make  the  flow  in  the  HT  frame  as  field  aligned  as 
the  data  set  permits. 

The  agreement  of  the  data  with  the  Walen  relation  can 
now  be  tested  by  use  of  a  scatter  diagram  in  which  each 
of  the  three  components  of  (v”1  —  v ht)  is  plotted  against 
the  corresponding  component  of  the  Alfven  velocity,  v”  = 
B"1  ( 1  -  am)/ \J /  o Pi ( 1  —  oi).  Here  pi,  and  qj  are  the  mass 
density  and  pressure  anisotropy,  evaluated  in  a  suitable  ref¬ 
erence  interval  in  the  adjacent  magnetosheath  in  which,  ini¬ 
tially  at  least,  we  assume  the  plasma  ions  to  consist  only  of 
protons.  Good  agreement  requires  not  only  that  the  data 
points  fall  on  or  near  a  straight  regression  line  through  the 
origin  but  also  that  the  slope  of  that  line  be  unity.  Slopes 
greater  than  unity  should  not  occur  since  they  would  imply 
a  particle  mass  less  than  the  proton  mass  in  the  reference 
interval.  Slopes  that  are  moderately  less  than  unity  can 
perhaps  be  explained  by  assuming  the  presence  of  accept¬ 
able  amounts  of  alpha  particles  or  other  heavier  ions  in  the 
magnetosheath  reference  interval. 

It  is  noted  that,  in  contrast  to  the  version  of  the  Walen 
test  employed  in  paper  1,  the  present  test  is  independent 
of  the  plasma  velocity  in  the  reference  interval.  Since  that 
velocity  often  fluctuates  a  great  deal,  the  new  version  of 
the  Walen  test  is  far  less  sensitive  to  the  choice  of  reference 
interval. 

As  a  third  step,  one  performs  variance  analysis  on  the 
convection  electric  field  E[  =  — (v  -  u„n)  x  B  where  u„ 
is  an  assumed  velocity  of  the  magnetopause  normal  to  it¬ 
self.  The  velocity  v'  =  (v  -  u„n)  represents  the  plasma 
flow  in  a  frame  of  reference  moving  with  the  magnetopause 
The  normal  vector,  n,  is  identified  with  the  maximum  vari¬ 
ance  eigenvector.  ic,  for  the  field  E[  and  must  therefore  be 
obtained  by  iteration  of  the  variance  analysis  in  which  the 
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initial  guess  for  n  is  usually  taken  to  be  the  maximum  vari¬ 
ance  eigenvector  obtained  for  u„  =  0.  It  is  our  experience 
that  the  normal  vector  obtained  in  this  manner  is  usually  a 
far  better  estimate  of  the  true  normal  direction  than  that 
provided  by  the  magnetic-field  minimum-variance  direction 
(for  a  discussion  of  the  minimum-variance  method,  see  Son- 
nertip  and  Cahill  [1967]).  However,  the  normal  vector  thus 
obtained  does  depend  somewhat  on  the  choice  of  magne¬ 
topause  velocity,  u„.  A  diagram  of  important  quantities 
such  as  the  average  normal  magnetic  field.  B  •  n,  and  flow 
component,  v'  ■  n,  as  well  as  the  average  tangential  elec¬ 
tric  field  component,  E'c  x  n.  versus  u„  can  now  be  prepared 
and  usually  shows  linear  behavior  of  all  these  quantities.  We 
therefore  refer  to  such  a  plot  as  a  linear  diagram.  As  dis¬ 
cussed  in  paper  2,  an  allowable  range,  but  not  a  unique  value 
for  the  magnetopause  velocity,  un,  can  be  inferred  from  such 
a  diagram. 

Finally,  the  third  step  can  be  repeated  by  use  of  E'HT  = 
—  (vht  —  Unit)  x  B  in  place  of  E[  and  a  second  linear  dia¬ 
gram  can  be  prepared.  Close  agreement  between  the  linear 
diagrams  obtained  from  E[  and  from  E'HT  indicates  that 
no  need  exists  to  proceed  to  the  next  level  of  analysis,  to 
be  described  below.  Hodogram  plots  of  E[  and  EHt  can 
also  be  generated  and  compared  to  provide  a  visual  three- 
dimensional  picture  of  the  agreement  between  these  two  vec¬ 
tors. 

We  have  already  mentioned  that  the  maximum  variance 
eigenvectors  i,  or  i  ht,  evaluated  at  one’s  best  estimate  of 
the  magnetopause  normal  speed,  u„,  may  serve  as  predictors 
of  the  true  magnetopause  normal,  n.  However,  in  many 
cases  where  a  good  HT  frame  exists,  the  minimum  variance 
directions,  kc  and  k ht,  for  the  convection  and  HT  electric 
fields,  E[  and  E'HT.  respectively,  are  far  more  accurately 
determined  than  and  i ht-  Where  that  is  the  case,  these 
k  vectors  are  usually  also  nearly  aligned  and,  at  the  correct 
Un,  should  be  good  tangent  vectors  to  the  magnetopause. 
If  the  maximum-variance  eigenvector,  is,  of  the  magnetic 
field  is  also  well  determined,  in  the  sense  that  the  eigenvalue 
ratio  Ab./Abj  >  1,  then  is  is  also  a  good  tangent  vector. 
Therefore,  if  is  forms  a  substantial  angle  with  kc  and  k ht,  a 
preferred  predictor  of  the  magnetopause  normal  is  the  vector 

1  in  the  orthonormal  triad  given  by 

k  =  (kc  +  kwr)/|kc  +  kwri 

i  =  (is  x  k )/ [i s  x  k[  <5' 

j  =  k  x  i 

(If  the  vector  in  is  not  accurately  determined,  or  if  it  forms 
only  a  small  angle  with  k,  or  if  k<  and  kw7  are  widely 
different,  it  may  be  preferable  to  use  l,  the  re-normalized 
average  of  and  i//r.  as  the  predicted  normal  vector  In 
that  case  an  orthogonal  triad.  I,  J,  6.  is  formed  by  putting  j 
equal  to  the  renormalized  "ersion  of  the  vc<  tor  Ik,  s-  k  ht  )  x  I 
and  k  =  I  x  J  ) 

2  2  l.citl  B 

If  the  agreement  b-tween  the  linear  diagrams  based  on  El 
arid  E'lir  needs  to  be  improved,  one  may  attempt  to  include 
a  constant  acceleration  of  the  HT  fra  ne  by  writing 

v«r  =  vHTo  +  «irr<  (6) 


where  t  =  0  corresponds  to  the  first  data  point  in  tl,  .  ■  at 
which  time  v  ht  =  VHTo ■  The  expression  (6)  for  v:;:  can 
now  be  substituted  into  (4)  and  a  new  minimization  an  be 
performed  to  obtain  vhTo  as  well  as  a  ht-  The  remainder 
of  the  steps  performed  at  level  A  may  then  be  repeated 
with  the  proviso  that  u„  is  replaced  by  i i„o,  the  normal 
magnetopause  speed  at  (  =  0.  If  the  two  linear  diagtam> 
now  show  satisfactory  agreement,  the  data  analysis  ,.an  t - 
stopped  and  interpretation  of  the  results  can  be  ur.dc  M.iken 
Included  in  the  latter  process  is  a  check  to  see  whether  the 
normal  component  of  &ht  has  an  acceptable  macnit  mb-  I  n 
particular,  it  is  noted  that  un,,  should  be  cho-re  ..  i  h  ■ 
un  =  uno  +  a«r  ■  n<  does  not  reverse  its  sign  luri.,;  the 
crossing.  Also,  one  can  check  whether  an  improvement  in 
the  agreement  with  the  Walen  relation  has  been  obtained 
by  inclusion  of  a  ht-  An  improvement,  relative  to  level  A. 
in  the  agreement  between  the  convection  electric  field.  Et. 
and  the  HT  electric  field, Eht,  must  occur,  since  this  is  the 
basis  for  the  determination  of  a  ht  This  improvement  can 
be  seen  in  a  scatter  plot  of  the  components  of  the  two  fields 

E"  =  -(v  -  a htI  -  “non)  x  B 
E'ht  =  -(vnro  -  u„0n)  x  B 

which  are  fields  referred  to  a  frame  of  reference  moving  with 
the  magnetopause  at  speed  (uno  +  «Hr  n (),  directed  along 
n,  and  at  the  same  time  moving  along  the  magnetopause 
with  velocity  fn  x  (a ht  x  n).  In  preparing  such  a  scatter 
plot,  the  vector  n  is  replaced  by  i.  The  component  along 
n  of  the  plasma  velocity,  v"  =  (v  —  a urt  -  “non),  in  this 
moving  frame  of  reference,  now  represents  the  actual  flow  of 
plasma  across  the  magnetopause  so  that,  in  the  usual  model 
of  magnetopause  reconnection,  one  expects  9"  ■  n  <  0 

2.3.  Level  C 

If  the  coincidence  between  the  two  linear  diagrams  ob¬ 
tained  at  level  B  is  still  judged  unsatisfactory,  it  is  desirable 
to  attempt  one  further  step  in  the  analysis  procedure,  by 
use  of  what  is  referred  to  as  the  Final  Method  in  paper  2. 
This  method  is  described  in  detail  in  section  3  of  that  pa¬ 
per.  We  do  not  repeat  those  rather  complicated  details  here 
but  simply  note  that  in  some  cases  the  procedure  fails  to 
converge  which  means  that  the  analysis  cannot  be  carried 
beyond  level  B  In  other  rases  the  Final  Method  fails  to 
yield  an  overall  improvement  in  the  linear  diagrams  or  it 
bad-  to  unreasonable  values  of  the  acceleration  and  an  as 
-o< uated  substantial  deterioration  in  the  agreement  between 
i he  electric  fields  E "  and  E'ht-  defined  by  (7).  However, 
there  an-  also  instances  (see,  e  g.,  paper  2)  where  it  leads  to 
acceptable  accelerations  and  little  change  in  the  agreement 
between  E"  and  E "Hr  We  “-Iso  note  that  the  analysis  at 
level  ('  is  such  that  kr  H  k ht  at  a  chosen  reference  value  of 
th>  initial  normal  magnetopause  speed.  u„o 

d  \NAiY-is  oh  Events 

1  !  .'rplrmher  first  t  russing 

This  inbound  magnetopause  crossing,  the  first  i  f  t h r»  •  on 
the  September  4  inbound  pass  of  the  satelbte.  occurred  0 
the  afternoon  side  (1530  I.T)  r'  ,ne  magnetosphere  at  -ub 
stantial  southern  latitude  i  23"  GSMj  The  sec  mi  crossing 
on  this  pass  was  discussed  in  paper  2,  the  thud  ■  ros-ing  is 
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treated  in  the  next  subsection.  Three  flux-transfer  events 
in  the  magnetosheath,  preceding  the  three  crossings  were 
discussed  in  paper  X  The  first  crossing  has  a  rather  long 
duration  (1441:32-1444:08)  and  exhibits  an  extremely  com¬ 
plicated  magnetic  structure.  This  structure  is  shown  in  Fig¬ 
ure  1  in  the  usual  hodogram  form.  Since  the  ratio  of  in¬ 
termediate  to  minimum  variance  of  the  B  field  is  not  large 
=  1.7),  the  minimum  variance  eigenvector  ka  is 
not  a  useful  predictor  of  the  magnetopause  normal  vector, 
n.  In  fact  ka  forms  an  angle  of  120°  with  our  best  normal 
vector  prediction  (given  in  Table  1)  for  this  case.  On  the 
other  hand,  the  maximum  to  intermediate  eigenvalue  ratio, 
is  fairly  large,  indicating  that  the  maximum 
variance  eigenvector  ia  should  be  approximately  tangential 
to  the  magnetopause  (see  paper  2). 

The  measured  plasma  velocity  vectors  during  this  cross¬ 
ing  are  also  highly  variable  and  the  convection  electric  field 
Ec  =  —v  x  B  displays  a  complicated  structure  as  well.  Nev¬ 
ertheless,  the  minimum  variance  direction,  kc,  for  the  Ec 
data  is  extremely  well  defined,  the  ratio  of  intermediate  to 
minimum  eigenvalue  being  about  27,  and  furthermore  the 
average  value  of  E"  along  kc  is  nearly  zero,  as  shown  in 
Figure  24.  As  discussed  in  paper  2,  these  properties  of  Ec 
are  a  strong  indication  that  a  good  deHoffmann-Teller  frame 
may  exist.  Therefore,  in  spite  of  the  complicated  structure 
of  the  magnetopause,  this  event  lends  itself  to  the  analysis 
developed  in  paper  2;  in  fact  the  calculation  can  be  carried 
through  level  C,  although,  as  will  be  seen  below,  the  results 
at  level  B  are  of  higher  quality  than  those  at  level  C.  Per¬ 
tinent  results  of  the  analysis  at  all  three  levels  are  given  in 
Table  1.  First,  it  is  seen  that  even  when  the  acceleration, 
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Fig.  1  Magnetic  structure  during  magnetopause  crossing  on 
September  4,  1984,  1441  92  1444  08  UT,  shown  in  hodogram 
form.  The  quantities  B,,  Bt,  and  Bt,  are  the  'ield  components 
along  the  maximum,  intermediate,  and  mirumui i  variance  eigen¬ 
vectors  i,  j,  and  k,  respectively  Also  given  are  th •  average  values 
(nT)  and  the  variances  (=  the  eigenvalues  A,.  3,  3*  (nT)3)of 

those  components,  and  the  CSE  (X  Y  Z)  component"  of  i.  j  and 
k 


TABLE  1.  Derived  Magnetopause  Parameters  on 
September  4,  1984,  1441:32-1444.08  I/T 


Parameter0 

Level  A 

Lev!  5 

ULiCl 

deHojj  mann 

—  Teller  Frame 

v  HTo<  kra/i 

-189,298.-65 

-151,268,-80 

-130.217,-84 

a ht<  km/s2 

0 

-0.51.0.50.0.32 

-0.57.0  "6.0.38 

D/Do 

0.044 

0  030 

0  040 

Magnetopause  Motion 

u6„„,  km/s 

20 

40 

40 

a HT  >■  km/s 

2  0 

-0.28 

-0.21 

M agnetopause  Normals  (xlO4) 

:c 

7714,5082,-3829 

7908,5184,-3253 

7841.5312.-3209 

;c 

7897,4865,-3737 

7916,4839,-3730 

7780.51 10. -3656 

7765,4912,  3946 

7824,4804.-3963 

7731  .4,C4)-3V3'a 

(8360,5480,-170) 

Electric  Fie 

d  Correlation- 

Slope 

1.022  ±  0.022 

1.017  ±  0.021 

1  130*0.026 

Correlation 

0.978 

0.981 

0.97- 

coefficient 

Walen  C 

irrelation*  * 

Slope 

-0.756  ±  0.040 

-0.782  ±  0.030 

0  660  ±  0.033 

Correlation 

-0.899 

-0.937 

-0.90- 

coefficient 

“Vectors  are  given  in  terms  of  (A,  Y.  Z)  components  in  GSE 
^Magnetopause  reference  speed  used  for  normal  vector  calcula¬ 
tions,  electric  field  correlations,  and  for  calculation  at  level  C 
^Maximum  variance  direction  of  E”  or  E^r. 
dFrom  Fairfield  [1971], 

'Regression  line  constrained  to  pass  through  the  origin 
^Magnetoshealh  reference  interval  ( 1438:43- 144X30  b'l  i  has 
n i  =  63  cm-5;  Oj  =  -0  08;  effective  macs  o'""' I  1  -  :i"’  i/e;  >  1  - 
O) )  =  1.50. 

&HT.  is  ze7o  (level  A)  a  good  correlation  exists  between  E( 
and  E'HT.  It  improves  slightly  when  &ht  /  Cl  at  level  B  but 
a  substantial  decrease  in  the  relative  residual  D  /  D..  does 
occur  At  level  C,  the  correlation  coefficient  and  DID.,  are 
about  the  same  as  at  level  A.  The  correlation  at  level  B  is 
shown  as  a  scatter  plot  in  Figure  2a  for  uno  ~  40  km/;  (a 
choice  to  be  discussed  further  below),  and  as  a  superposition 
of  E"  and  E'^r  hodograms  (in  the  coordinate  system  i.j.k 
defined  by  (5))  in  Figure  24  The  vectors  i  at  the  different 
levels  of  analysis  are  given  in  Table  1  along  with  the  vectors 
ic  and  \ht  which  may  serve  as  alternate  predictors  of  n 
Comparison  of  these  vectors  provides  insight  into  the  level 
of  uncertainly  in  the  normal  vector  prediction 

The  Walen  correlation  at  level  B.  where  the  <orrelation 
coefficient  is  significantly  larger  than  at  levels  \  and  <  -ee 
Table  1),  is  shown  in  Figure  3  It  is  seen  that  the  slope  (  ihe 
regression  line  is  negative,  as  expected  from  the  standard 
reconnection  model  for  a  crossing  at  substantial  southern 
latitudes  The  magnitude  of  the  slope.  0  78  ±  0  OX  indi¬ 
cates  that,  assuming  all  particles  in  the  magnet  ishrath  ref 
erence  interval  to  be  protons,  the  fteld-aiigneo  flow  vp«-ds 
in  the  deHoffmann-Teller  frame  were  on  average  inlv  '“‘a 
of  the  local  Alfven  speeds  This  discrepancy  could  perhaps 
be  explained  by  assuming  tnal  in  addition  to  the  expe-  ted 
presence  of  some  5%  alpha  particles,  heavier  e  ns  e  s  t" 


181 


10.54ft 


SONNERUP  ET  AL.:  MAGNETOPAUSE  FOR  LARGE  MAGNETIC  SHEAR 


25 

1! 

5 

E< 

Ek 

-5 

-25 

_ 

1 

E.GE'J  VECTORS 
0  ’»;■»  0*80*  -0J963 

:  : 306  5  *08 '  0  8906 

:;896  -c  '?63  :::30 


Fig  2  Electric  structure  during  magnetopause  crossing  on 
September  4,  1984.  1441:32-1444.08  UT  Relationship  between 
the  two  electric  fields  E"  and  E "uT.  defined  by  equations  (7) 
with  uno  &nd  &ht  from  level  B  of  the  analysis,  is  shown  (a)  as 
a  scatter  plot  and  (b)  as  a  superposition  of  hodograms  for  E" 
(solid  line)  and  E'^r  (dashed  line),  using  components  along  the 
unit  vectors  i,  j,  k  defined  by  equations  (5).  Parameters  are 
provided  in  Table  1 . 


0+  by  number)  were  present  in  the  magnetosheath  refer¬ 
ence  interval  It  is  further  noted  that,  for  this  crossing,  the 
ratio  of  effective  ion  mass  in  the  magnetopause  to  that  in 
the  reference  interval,  calculated  from  equation  (2)  as  de¬ 
scribed  in  paper  1,  was  1.50,  suggesting  that  the  population 
of  heavy  ions  in  the  magnetopause  itself  may  have  been  even 
larger  <e  g  ,  8  7%  0+  by  number)  If  such  was  indeed  the 
case,  it  would  be  unreasonable  to  assume  that  none  of  these 
heavy  ions  would  migrate  into  the  adjacent  magnetosheath 
during  a  reconnection  event  In  this  context  it  is  noted  that 
the  boundary  layer  region  inside  the  magnetopause  has  been 
observed  occasionally  to  have  O*  number  densities  as  high 
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Fig.  3.  Walen  correlation  for  magnetopause  crossing  on  Septem¬ 
ber  4,  1984,  1441:32-1444:08  UT,  with  V;/y0  and  ti//T  from  level 
B  of  the  analysis.  Parameters  are  provided  in  Table  1 . 


as  50%  [Fuselier  et  al.,  1989],  although  only  for  northward 
interplanetary  magnetic  field.  On  the  other  hand,  we  have 
not  discovered  any  indications  in  the  measured  particle  dis¬ 
tributions  that  a  separate  species  with  different  flow  behav¬ 
ior  was  present.  In  our  view,  it  is  therefore  entirely  possi¬ 
ble  that,  because  of  the  complicated  three-dimensional  and 
presumably  time-dependent  magnetopause  structure  in  this 
event,  the  actual  average  flow  speed  in  the  HT  frame  was  in 
fact  some  20%  less  than  the  Alfven  speed  and  that  equation 
(2)  was  not  applicable  between  the  magnetosheath  refer¬ 
ence  interval  and  the  magnetopause.  However,  it  sh^uH  be 
pointed  out  that  equation  (2)  does  appear  to  be  relevant 
within  the  magnetopause  itself,  its  use  there  in  cast  the 
Alfven  velocity  into  the  form  B”1  ( 1  -  a"')/ j i  1  -  a  j ) 
leads  to  an  improvement  of  the  Walen  correlation  coeffi¬ 
cient  by  about  5%  relative  to  the  value  obtained  by  use  of 
=  B"1  \J ( 1  —  am)/ (i0pm ■  (As  before,  the  supeiacript  m 
denotes  individual  measurements  in  the  data  set  obtained 
during  a  magnetopause  crossing  ) 

We  turn  finally  to  a  discussion  of  the  acceleration  and 
of  the  linear  diagram  for  this  event.  The  latter  is  shown 
in  Figure  4  at  analysis  level  8.  The  calculated  acceleration 
is  rather  small  and  it  does  not  change  a  great  deal  from 
level  B  to  level  C  Furthermore,  the  normal  component. 
a«r  i  =  -0  28  km/s‘,  is  small,  as  might  be  expected  for  a 
crossing  of  long  duration  It  is  also  negative,  indicating  that 
the  magnetopause  was  slowing  down  in  its  outward  motion, 
as  one  would  expect  if  that  motion  were  initiated  in  an  im¬ 
pulsive  manner  prior  to  the  encounter  of  the  spacecraft  with 
the  magnetopause  The  time  plot  for  this  pass,  provided  in 
paper  1  suggests  that  the  magnetopause  ultimately  came 
to  a  near  halt  when  its  inner  edge  reached  the  spacecraft 
because  the  latter  then  remained  immersed  in  the  magne¬ 
topause/boundary  layer  region  for  about  15  min  before  the 
motion  was  reversed  to  produce  the  second  magnetopause 
encounter  (analyzed  in  paper  „')  It  is  for  the  above  reason 
we  believe  that  the  initial  normal  veloots  u„  •  f  ih>  mag 
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Fig.  4.  Linear  diagram,  at  analysis  level  B.  for  magnetopause 
crossing  on  September  4,  1984,  1441:32-1444:08  UT.  Solid  lines 
correspond  to  the  vector  system  (ic,  jc,  kc )  and  the  electric  field 
E"  from  equations  (7);  dashed  lines  correspond  to  the  vector 
system  (i/fj,  j ht<  k HT )  and  the  electric  field  &'HT  Note  that 
E'^r  •  k ht  =  0-  Allowed  range  for  un0  i»  such  that  u„e  >  0. 
Parameters  are  provided  in  Table  1 . 

netopause  was  in  the  vicinity  of  40  km/s.  This  is  the  value 
used  in  Table  1  and  in  Figure  2.  It  is  seen  from  the  linear 
diagram  in  Figure  4  that  for  uno  —  43  km/s  the  velocity  of 
the  magnetopause  at  the  end  of  the  data  interval,  u„t,  has 
been  reduced  to  zero.  Thus,  strictly  speaking,  only  values  of 
u„„  greater  than  43  km/s  are  allowed.  This  corresponds  to  a 
magnetopause  thickness  of  not  less  than  d  =  3350  km.  It  is 
also  seen  from  the  figure  that  the  average  normal  magnetic 
field  component  was  positive,  as  expected  for  a  southern 
hemisphere  crossing,  and  that  its  magnitude  was  at  least  10 
nT.  Similarly,  the  average  normal  flow  speed  was  negative, 
as  expected,  and  h'd  magnitude  of  at  least  13  km/s  The 
tangential  (reconnection)  electric  field  E"  j  was  at  least  2.8 
mV/m  while  the  component  of  E"  along  k  was  very  small. 
It  is  also  seen  in  the  linear  diagram  that,  at  level  B,  the  solid 
lines,  derived  from  E",  and  the  corresponding  dashed  lines, 
derived  from  E’^y,  are  parallel  but  do  not  coincide  exactly. 
At  level  C.  they  are  forced  to  intersect  at  the  reference  veloc¬ 
ity  uno  =  40  km/s,  but  are  then  no  longer  parallel  but  form 
angles  of  up  to  5°  We  take  this  latter  feature  of  the  linear 
diagram  as  a  further  indication  that  the  analysis  at  level  C 
yields  results  that  are  less  believable  than  those  at  level  B 
The  behavior  described  here  should  be  compared  to  the  case 
reported  in  paper  2  where  analysis  at  level  C  brought  .bout 
a  nearly  exact  coincidence  of  solid  and  dashed  lines 

Finally,  it  is  seen  in  Table  1  that  considerable  scatter  ex¬ 
ists  in  the  various  normal  vector  predictions  at  levels  A,  B, 
and  C  For  this  reason,  we  do  not  believe  that  the  normal 
vector  determination  in  this  event  has  the  same  high  qual¬ 
ity  as  for  the  second  magnetopause  crossing  on  September  4 
analyzed  in  paper  2  We  note,  for  example,  that  th>'  i  vector 
(at  level  [})  in  the  present  crossing  forms  an  angle  of  11  8* 


with  the  normal  vector  predicted  in  paper  2.  Nevertheless, 
it  is  remarkable  that  the  normal  vector  we  have  obtained 
is  such  that  the  average  norma!  magnetic  field,  B  -  i.  and 
the  normal  flow,  v"  i.  both  have  their  expected  sign  and 
reasonable  magnitudes. 

3.2.  September  4,  1984:  Third  Crossing 

This  final  inbound  crossing  o.  the  magnetopause  was  rel¬ 
atively  rapid  (1504:19-1505:24  FT)  and  was  the  result  of 
an  outward  magnetopause  motion  that  probably  started  im¬ 
pulsively  shortly  before  the  encounter.  The  results  from  this 
encounter  are  presented  in  the  same  format  as  in  section  3.1, 
the  only  difference  being  that  the  results  for  level  C  are  not 
given.  The  reason  for  omitting  the  level  C  results  is  that, 
relative  to  level  B,  a  large  change  in  acceleration  and  an  at¬ 
tendant  substantial  increase  in  D/Da  as  well  as  a  decrease 
in  electric-field  and  Walen  correlation  coefficients  occurred. 
Use  of  the  results  from  level  B  rather  than  those  from  level 
A  is  justified  on  the  basis  of  a  substantial  improvement  in 
the  linear  diagram. 

The  following  comments  should  be  made  on  this  case 
First,  as  can  be  seen  in  Figure  5,  the  magnetic  structure  of 
this  magnetopause  crossing  was  relatively  simple,  the  B, B, 
hodogram  showing  a  tangential  field  rotation  of  the  type  ex¬ 
pected  for  a  classical  rotational  discontinuity.  The  Bt  com¬ 
ponent  is  positive,  suggesting  a  positive  value  of  the  normal 
magnetic  field,  but  has  a  large  variance  (Abj/Ab*  =  l.Y). 
Therefore  the  vector  ks  does  not  provide  a  reliable  normal 
vector  prediction.  On  the  other  hand,  Ab./Abj  =  16-9  so 
that  ig  should  be  a  good  tangent  vector. 

The  correlation  between  E/  and  E'bX  (at  level  B)  is  ex¬ 
cellent  as  shown  in  Figure  6  and  in  Table  2.  The  Walen 
correlation  diagram,  Figure  7,  also  shows  much  less  scatter 
than  for  the  first  crossing  on  September  4  The  slope  of 
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Fig.  5  Magnetic  structure  during  magnetopause  crossing  on 
September  4,  1984.  1  ^04  19-1  r»0S  24  I  T,  shown  in  hodogram 
form  For  explanation  of  symbols,  see  Figure  1 
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Fig.  6.  Electric  ttructure  during  magnetopause  crossing  on 
September  4,  1984,  1504:19-1505:24  UT,  with  vno  and  ajfx  from 
level  B  of  the  analysis,  shown  (a)  as  a  scatter  plot  and  (6)  as  a  su¬ 
perposition  of  hodograms,  as  explained  in  Figure  2.  Parameters 
are  provided  in  Table  2. 

the  regression  line  is  again  negative,  as  expected  south  of  a 
reconnection  site.  The  magnitude  of  the  slope,  0.81,  could 
be  accounted  for  by  an  admixture  of  5%  alpha  particles  and 
2.6%  0+  in  the  reference  interval  { 1 503:30— 1 504 : 16  UT).  It 
is  noted  that  in  the  adjacent  reference  interval  (1502:00- 
1502:16  UT)  for  the  second  crossing,  an  admixture  of  3.5% 
alpha  particles  and  no  oxygen  would  account  for  the  slope 
discrepancy  in  that  crossing  (see  paper  2).  For  the  present 
crossing,  the  effective  ion  mass  in  the  magnetopause  pre¬ 
dicted  from  (2)  was  1  42  times  the  effective  ion  mass  in  the 
reference  interval  which  would  be  accounted  for  by  a  mag¬ 
netopause  ion  composition  of  5%  alpha  particles  and  7% 
oxygen. 

The  linear  diagram  (at  level  B)  for  this  crossing  is  shown 
in  Figure  8.  It  is  first  noticed  that,  as  in  the  previous  case, 
corresponding  lines  from  E"  and  from  E'ht  data  are  parallel 
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TABLE  2.  Derived  Magnetopause  Parameters  on 
September  4,  1984,  1504:19-1505:24  UT 


Parameter0 

Level  A 

Level  B 

Level  C 

deHof  /man  - 

Teller  Frame 

*HTo,  km/s 

-315,360,16 

-256,348,53 

>HT.  km/sJ 

0 

-0.92,-1.42,-2.08 

D/Do 

0.032 

0.011 

Magnetopa 

use  Motion 

<4,.  km/s 

15 

30 

a ht  '  *•  Wm/a 

2  0 

-0.48 

Magnetopause  Normals  (xlO4) 

*e 

5875,6107,-5309 

5997,6186,-5076 

lHT 

6207,6069,-4964 

6172,6150,-4908 

i 

6209,6279,-4694 

6225,6246,-4716 

“mad 

(8440,5350,-190) 

Electric  Field  Correlation* 

Slope 

1.017  ±  0.030 

1.008  ±0.021 

Correlation 

0.983 

0.992 

coefficient 

Walen  Correlation e,l 

Slope 

-1.101  ±0.028 

-0.840  ±  0.038 

Correlation 

-0.987 

-0.965 

coefficient 

““'For  explanation,  see  Table  1. 

f  Magnetosheath  reference  interval  (1503:30-1504:16  UT)  has 
ri]  =  92  cm*1;  ai  =  -0.11;  effective  mass  nm(l  -  am)/ni(l  - 
o,)=  1.41. 
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Fig.  7.  Wal6n  correlation  for  magnetopause  crossing  on  Septem¬ 
ber  4,  1984,  1504  19-1505:24  UT,  with  Vf/To  and  »np  from  level 
B  of  tbe  analysis  Parameters  are  provided  in  Table  2 

but  do  not  coincide  exactly  Second,  all  of  the  sets  of  parallel 
lines  intersect  the  u„o  axis  in  the  vicinity  of  u„0  =  20-25 
km/s.  The  magnetopause  is  again  decelerating  (see  Table 
2)  and  only  for  u„0>25  km/»  is  uB.,  the  normal  velocity 
of  the  magnetopause  at  the  end  of  the  crossing,  positive. 
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Fig.  8.  Linear  diagram,  at  analysis  level  B,  for  magnetopause 
crossing  on  September  4,  1984,  1504:19-1505:24  UT,  in  the  same 
format  as  Figure  4.  Parameters  are  provided  in  Table  2. 

as  required  to  avoid  reversal  of  the  motion.  In  this  case, 
the  lower  bound  on  B  •  i,  £"  ■  j  and  V"  •  i  is  approximately 
zero  and  the  lower  bound  on  the  magnetopause  thickness 
is  810  km  at  uno  ~  25  km/s.  For  larger  un<>  values  S  ■  i 
and  E"  •  j  are  positive  and  v"  •  i  is  negative,  as  was  the 
case  in  the  previous  two  crossings.  However,  at  the  end  of 
iue  third  magnetopause  crossing,  the  magnetopause  velocity 
was  probably  small,  because  t*>»  spacecraft  remained  in  the 
boundary  layer  or  in  the  innermost  portion  of  the  magne¬ 
topause  structure  for  3-4  min  beyond  the  end  of  the  data 
analysis  interval.  For  this  reason,  we  have  chosen  uno  =  30 
km/s  for  the  data  presentation  in  Table  2  and  in  Figure  6. 
If  this  value  is  approximately  correct,  then  the  reconnection 
rate,  measured  by  the  tangential  electric  field,  or  the  norma] 
magnetic  field,  was  small  but  nonzero  during  this  crossing. 

3.3.  September  S,  1984:  First  Crofting 

This  outbound  crossing,  the  first  of  a  set  of  three  during 
this  outbound  pass,  occurred  near  local  noon  (1140  LT)  at 
slightly  northern  latitude  (7.5*  GSM).  It  was  again  a  rel¬ 
atively  rapid  crossing  (1444:01-1445:02  UT)  and  was  the 
result  of  an  inward  motion  of  the  magnetopause  past  the 
spacecraft.  The  analysis  has  been  carried  through  level  C 
nd,  as  we  shall  see,  it  is  an  example  where  the  inclusion 
ot  a  large  acceleration,  ajrr,  appears  necessary.  The  linear 
diagrams  from  Ee  and  Eht  data  which  show  rathe:  poor 
agreement  at  level  A  are  brought  into  nearly  perfect  coinci¬ 
dence  at  level  C.  Basic  results  from  the  three  levels  of  anal¬ 
ysis  are  summarized  in  Table  3  and  (at  level  C)  in  Figures 
9-12.  The  following  comments  should  be  made. 

First,  the  magnetic  field  structure  of  this  magnetopause 
crossing,  shown  in  Figure  9,  was  relatively  simple  and  uot 
unlike  that  of  an  ideal  rotational  discontinuity  with  a  neg¬ 
ative  normal  magnetic  field,  Bs-  However,  the  minimum- 


TABLE  3.  Derived  Magnetopause  Parameters  on 
September  8,  1984,  1444:01-1445  *2  UT 


Parameter® 

Level  A 

Level  B 

Level  C 

deHof  fmann 

-  Teller  Frame 

y»To<  km/s 
«WT.  km/sJ 
D/Do 

34,286,74 

0 

0.040 

173,443,-252 

-1.67,0.09,5.79 

0.022 

210,474,-306 

-2.20,0.33,6.52 

0.024 

Magnetopause  Motion 

u‘o,  km/s 
« HT  •».  km/i 

-5 

i3  0 

0 

-0.04 

0 

-0.32 

Magnetopause  Normals  (xlO4) 

\Cc 

*5 IT 

0643,-2303,2269 

9491,-1944,2478 

9426,-2271,2447 

9398,-2168,2640 

9319,-2353,2762 

9321,-2371,2736 

T 

1 

“mo* 

9420,-2070,2640 

9394,-2144,2675 

(9940,-990,520) 

9318,-2344,2770 

Electric  Field  Correlation ‘ 

Slope 

Correlation 

coefficient 

1.020  ±0.035 
0.971 

1.015  ±0.028 
0.986 

0.984  ±  0.027 
0.987 

Waleix  Co 

rrelat\one,t 

Slope 

Correlation 

coefficient 

0.414  ±  0.024 
0.941 

0.924  ±  0.019 
0.993 

1.038  ±0.021 
0.993 

“"•For  explanation,  see  Table  1. 

1  Magnetosheath  reference  interval  (1444:58-1445.42  UT)  has 
ni  =  13  cm'1;  ori  =  -0.10;  effective  mass  nm(l  -  om)/ni(l  - 
at)  *  1-17. 

AMPTE/lRM  84-09-08  14.44:01-14:45  02  UT 


MIN  VARIANCE  AVERAGES 

Bi  Bj  Bk 

14  51  69  42  -20  65 

EIGEN  VALUES 
792  23  35  28  5  94 

EIGEN  VECTORS 
-0  1398  0  4730  0  8699 

-0  0692  -0  88  H  0  4679 

0  9878  0  0052  0  1559 

Fig.  9.  Magnetic  structure  during  magnetopause  crossing  on 
September  8,  1984,  1444:01-1445:02  UT,  shown  in  hodogram 
form.  For  explanation  of  symbols,  see  Figure  1. 

variance  eigenvector,  ks,  is  at  best  a  fair  predictor  of  the 
normal  direction  (As,/ A**  =  5.9)  whereas  the  maximum- 
variance  eigenvector,  is,  should  be  an  excellent  tangent  vec¬ 
tor  (As./As,  =  22.5). 
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Fig.  10.  Electric  structure  during  magnetopause  crossing  on 
September8.  1984,  1444:01-1445:02  UT,  with  un,  and  a//j-  from 
level  C  of  the  analysis,  shown  (a)  as  a  scatter  plot  and  (6)  as  a 
superposition  of  hodograms  as  explained  in  Figure  2.  Parameters 
are  provided  in  Table  3. 


The  correlation  between  E"  and  E'/,r  at  level  C,  shown 
in  Figure  10,  is  very  good,  although  certain  discrepancies 
are  evident  in  the  two  hodograms  shown  in  Figure  106  The 
Walen  correlation  is  shown  without  acceleration  (level  A) 
in  Figure  no  and  with  acceleration  (level  C)  in  Figure  116. 
It  is  seen  that  in  both  cases  the  regression  line  has  a  posi¬ 
tive  slope,  as  expected  for  a  crossing  north  of  an  equatorial 
reconnection  site.  However,  for  =  0  the  slope  of  the 
regression  line  is  only  0.41.  To  account  for  such  a  slope  in 
association  with  a  rotational  discontinuity,  one  would  have 
to  assume  an  admixture  of  5%  alpha  particles,  say,  plus  31% 
O*  in  the  reference  interval  and  5%  alpha  particles  plus 
38%  O*  in  the  magnetopause  interval.  As  mentioned  ear¬ 
lier,  such  high  concentrations  of  oxygen  cannot  be  excluded 
entirely.  However,  those  ions  would  be  of  magnetospheric 
•rigin  and  would  be  expected  to  have  properties  of  their  dis¬ 


tribution  function  that  are  significantly  different  fr'.n.  •:.cs. 
of  the  regular  magnetosheath  plasma.  In  particular  the-, 
would  be  flowing  across  the  magnetopause  in  a  direction  op¬ 
posite  to  the  magnetosheath  protons.  With  oxygen  present 
in  such  high  concentrations,  a  noticeable  influence  on  the 
measured  distribution  functions  should  therefore  he  at  hand 
We  have  found  no  such  effects  in  the  data  for  September  t. 
Furthermore,  the  data  scatter  in  Figure  116  is  considnrar.ly 
less  than  in  Figure  11a,  indicating  that  inclusion  of  the  ac¬ 
celeration  improves,  not  only  the  E"  -  E'^r  correlation  las 
it  must),  but  also  the  Walen  correlation  For  these  reasons 
we  find  the  results  with  a ht  /  0  more  bkelv  to  K-  c  :r-ct 
than  those  with  &ht  =  0.  The  Walen  regression-line  dope 
in  Figure  116  is  1.038  ±  0.021.  While  formally  this  result 
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Fig.  11  WaUn  correlation  for  magnetopause  crossing  un  Sep¬ 
tember  8,  1984,  1444:01-1445:02  LT:  (a)  with  v  ht  from  level  A 
of  the  analysis  and  (6)  with  *hTo  and  »ht  from  level  C  r,f  the 
analysis.  Parameters  are  provided  in  Table  3 
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Fig.  12.  Linear  diagram,  at  analysis  level  C,  for  magnetopause 
crossing  on  Septembers,  1984,  1444:01-1445:02  UT,  in  the  same 
format  as  Figure  4.  Solid  and  dashed  lines  coincide  in  this  case. 
The  allowed  range  for  uno  is  determined  by  the  requirements 
u„a  <  0  and  C"  •  i  <  0.  Parameters  are  provided  in  Table  3. 

would  correspond  to  sn  elective  ion  mass  about  2%  less 
than  the  proton  mass,  mp ,  in  the  reference  interval  (and  an 
effective  mass  of  1.15mp  (5%  alpha)  in  the  magnetopause 
interval)  we  find  that  such  a  discrepancy  easily  falls  within 
the  expected  uncertainties  of  this  type  of  analysis.  For  ex¬ 
ample,  it  is  seen  in  Table  3  that  at  level  B  of  the  calculation 
the  Walen  regression-line  slope  is  0.924,  i.e. ,  less  than  unity. 

The  large  change  in  Walen  regression-line  slope  between 
level  A  and  level  C  (or  B)  of  the  analysis  is  caused  by 
a  large  tangential  (northward)  component  of  a/rr  which 
causes  mainly  a  rota'ion  of  the  v//r  vector  from  its  initial 
duskward-southward  direction  to  a  final  duskward-north- 
ward  direction  with  an  associated  decrease  in  |vht!  from 
600  to  500  km/s.  It  has  been  pointed  out  to  us  (J.  Scud- 
der,  private  communication,  1986)  that  the  Walen  relation 
should  not  be  expected  to  hold  in  an  accelerating  frame. 
If  it  is  nevertheless  found  to  be  valid,  as  in  the  present 
case,  we  argue  that  the  effective  inertia  force  present  in 
such  a  frame  must  be  exactly  counterbalanced  by  a  tan¬ 
gential  force  other  than  that  associated  with  the  Maxwell 
shear  stresses  in  a  one-dimensional  current  sheet.  One  pos¬ 
sible  such  force  would  be  a  gradient  in  the  total  pressure, 
Pl  —  Pa  +  flJ/2p0,  in  the  north-south  direction  associ¬ 
ated  with  a  higher  value  of  Px  on  the  equatorward  side  of 
the  spacecraft.  In  the  spacecraft  frame,  this  gradient  drives 
a  nonsteady,  northward-accelerating  plasma  flow  such  that 
d\/dt(=  &ht)  =  -(1  /p)VPj..  In  this  frame,  each  of  the 
individual  velocity  vectors,  measured  as  the  spacecraft  tra¬ 
verses  the  magnetopause,  refers  to  a  different  dynamic  state 
of  the  system.  However,  when  those  vectors  are  used  to  test 


the  Walen  relation  in  a  nonaccelerating  frame,  the  tacit  (but 
incorrect)  assumption  is  made  that  they  refer  to  one  and  the 
same  state;  it  is  for  this  reason  that  the  Walen  relation  ap¬ 
pears  poorly  satisfied  in  Figure  11a.  On  the  other  hand,  in 
the  accelerating  HT  frame,  the  plasma  flow  is  approximately 
steady.  In  this  frame,  a ht  =  — (l/p)VPx  and,  furthermore, 
the  Maxwell  shear  stresses  are  balanced  by  the  convective 
change  of  tangential  momentum  as  a  plasma  element  crosses 
the  magnetopause,  exactly  as  required  by  the  Walen  relation 
(see  Figure  1 1  fc). 

To  provide  an  analytical  basis  for  the  above  explanation, 
the  steady  state  nonviscous  MHD  equations  in  an  acceler¬ 
ating  (HT)  frame  of  reference  have  been  written  down  in 
the  appendix,  under  the  assumption  that  the  flow  is  field 
aligned  in  that  frame,  as  was  the  case  for  the  September  8 
event.  If  the  flow  occurs  in  a  narrow  current  layer  having 
a  small  but  nonvanishing  normal  magnetic  field  component 
and  having  the  property  that  changes  across  the  layer  occur 
on  a  length  scale  that  is  much  less  than  the  characteristic 
length  scale  for  changes  along  the  layer,  then  it  is  shown 
that  (except  perhaps  in  certain  exceptional  cases)  the  flow 
in  the  HT  frame  must  be  Alfvenic  and  that  the  gradient  in 
total  pressure,  (pi  +  B2/ 2p0),  must  balance  the  effective  in¬ 
ertia  term  associated  with  a  ht,  exactly  as  described  above 
Note  that  Alfvenic  field-aligned  flow  means  that  the  Walen 
relation  is  satisfied,  as  was  indeed  found  to  be  the  case  for 
this  event.  Thus,  the  physical  explanation  of  a  ht  outlined 
in  the  previous  paragraph  is  a  reasonable  one.  at  least  for 
the  September  8  crossing.  However,  many  different  types  of 
temporal  and  spatial  variations  in  the  magnetopause  layer 
may  manifest  themselves  in  the  data  analysis  bv  yielding  a 
nonzero  a  ht  vector.  For  this  reason,  we  cannot  prove  that 
our  explanation  is  unique.  And  we  do  not  claim  that  it  is 
necessarily  applicable  to  other  events  where  a  ht  /  0. 

The  linear  diagram  (at  level  C)  for  this  event  is  shown 
in  Figure  12.  It  is  seen  that  the  lines  derived  from  E"  and 
E'hT  data  have  been  brought  into  virtually  exact  coinci¬ 
dence.  It  is  also  seen  that  u„0  is  restricted  to  the  range 
-10  <  u no  <  0  km/s;  the  corresponding  range  for  the  mag¬ 
netopause  thickness  is  580  <  d  <  1100  km  At  uno  =  0  the 
normal  magnetic  field,  B  •  i.  the  normal  flow  speed,  v"  i 
and  the  tangential  electric  field,  £"  j,  have  their  maximal 
values,  -1.2nT,  —7.5  km/s,  and  +0.7  mV/m.  respectively. 
Note  that  both  B  •  i  and  v"  ■  i,  although  small,  have  their 
expected  signs.  Note  also  that  these  two  quantities  along 
with  E"  •  j  all  decrease  as  u„o  becomes  negative  and  reach 
zero  simultaneously  at  uno  =  -10  km/s.  At  that  value  of 
u„o,  the  magnetopause  should  be  interpreted  as  a  tangential 
discontinuity.  However,  as  argued  above,  we  expect  a  small 
negative  normal  magnetic  field  component  to  be  present  so 
that  the  observed  velocity  changes  are  generated  as  a  com¬ 
bined  effect  of  pressure  forces  and  Maxwell  stresses.  For  this 
reason,  we  have  selected  un<>  =  0  as  the  reference  value  of 
the  normal  magnetopause  speed  in  Table  3  and  in  Figure 
10. 

3.4  October  19.  198J:  Ninth  Crossing 

This  outbound  crossing,  the  last  of  a  set  of  nine  during  this 
outbound  pass,  occurred  on  the  prenoon  side  of  the  magne¬ 
tosphere  (0930  LT)  at  substantial  northern  latitude  (-r-18.4* 
GSM).  It  was  again  a  relatively  rapid  traversal  (0518.20- 
0519:26  UT)  and  was  the  result  of  a  final  inward  motion  of 
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the  magnetopause  past  the  spacecraft  during  this  pass.  The 
analysis  had  to  be  stopped  at  level  B  since  no  convergence 
was  obtained  in  the  iterative  procedure  used  in  level  C.  Fur¬ 
thermore,  only  a  small  decrease  in  the  residual  D/ Da  and 
no  improvement  in  the  Ec  —  E ht  correlation  was  obtained 
by  allowing  for  an  acceleration  &ht  at  level  B.  The  linear 
diagrams  at  level  B  were  better  than  those  at  level  A  in 
the  sense  that  corresponding  lines  from  E"  and  E‘ht  were 
brought  closer  together.  However,  one  unacceptable  feature, 
not  present  at  level  A,  appeared:  the  normal  flow  was  pos¬ 
itive  in  the  entire  range  of  allowable  uno  values.  Thus  we 
decided  that  the  optimal  results  for  this  event  were  at  level 
A.  These  results  are  summarized  in  Table  4  and  in  Figures 
13-16. 


TABLE  4.  Derived  Magnetopause  Parameters  on 
October  19,  1984,  0518:20-0519:26  UT 


Parameter*1 

Level  A 

Level  B 

Level  C 

deHof  fmann 

-  Teller  Frame 

vHTo.  km/s 

-123,-223,75 

-102,-204,21 

a  HT.  km/s2 

0 

-0.62,-0.54,0.88 

D/Do 

0.012 

0.010 

M agnetopause  Motion 

u*0.  km/s 

-5 

-5 

a  HT  >.  km/ 

s2  0 

-0.25 

Magnetopause  Normals  (xlO4) 

‘c 

9015,-4312,370 

9012,-4254,822 

lHT 

8911,-4503,558 

9036,-4173,969 

i 

8989,-4178,1323 

9024,-4214,896 

i 

8963,-4408,466 

(8640,-5020,310) 

Electric  Field  Correlation 4 

Slope 

1.007  ±0.016 

1.004  ±  0.016 

Correlation 

0.994 

0.994 

coefficient 

Walen  Correlation 

Slope 

0.054  ±  0.263 

0.180  ±0.04 

Correlation 

0.140 

0.640 

coefficient 

Q  'For  explanation,  see  Table  1. 

f  Magnetosheath  reference  interval  (0519:30-0520:00  UT)  has 
n>  =  IS  cm-3:  qj  =  —0.15;  effective  mass  nm(l  -  arn)/m  (1  — 

Ol)  =  0.60. 

The  magnetic  structure  of  the  crossing  is  shown  in  Figure 
13.  The  structure  is  not  unlike  certain  magnetopause  struc¬ 
tures  observed  by  OGO  5  [Sonnertip  and  Ledley,  1979],  The 
minimum  variance  analysis  of  the  B  field  yields  extremely 
well  separated  eigenvalues  indicating  that  the  minimum- 
variance  eigenvector  should  be  a  good  predictor  of  the  mag¬ 
netopause  normal  and  that  the  maximum-variance  eigenvec¬ 
tor  should  be  a  good  tangent  vector.  It  also  appears  that 
the  average  normal  magnetic  field  component  0*  may  have 
been  close  to  zero.  We  shall  return  to  this  point  presently. 

The  correlation  between  E,  and  E 'pT,  at  level  A,  is  shown 
in  Figure  14.  It  is  seen  to  be  excellent,  with  a  correlation  co¬ 
efficient  of  0  994.  On  the  other  hand,  the  Walen  correlation, 
shown  in  Figure  15,  is  very  poor,  with  a  correlation  coeffi- 
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MIN  VARIANCE  AVERAGES 


Bi  Bj  Bk 

15  36  -23  40  -0  56 

EIGEN  VALUES 
1012  34  137  99  7  02 

EIGEN  VECTORS 
-0  4071  -0  6843  0  6049 

-0  2878  -0  5324  -0  7960 

0  8668  -0  4982  0  0198 

Fig.  13.  Magnetic  structure  during  magnetopause  crossing  on 
October  19,  1984,  0518:20-0519:26  UT,  shown  in  hodogram  form. 
For  explanation  of  symbols,  see  Figure  1. 

cient  of  0.140  and  a  slope  of  0.054.  It  is  clear  that  the  Walen 
relation  (or  anything  resembling  it)  is  not  satisfied  in  this 
case.  Since  little  systematic  flow  remains  in  the  HT  frame, 
it  appears  instead  that  the  detailed  structures  of  the  magne¬ 
topause  current  sheet  were  carried  past  the  spacecraft  in  a 
frozen  manner  by  the  tangential  plasma  flow.  As  mentioned 
in  connection  with  the  September  8  case,  and  as  discussed 
in  the  appendix,  the  existence  of  a  good  HT  frame  for  a 
quasi  one-dimensional  current  sheet  having  a  nonvanishing 
normal  magnetic  field  component  implies  that  the  Walen 
relation  should  be  satisfied  in  the  sheet.  We  therefore  be¬ 
lieve  that  no  normal  magnetic  field  component  was  present, 
i.e.,  that  the  magnetopause  was  a  tangential  discontinuity 
on  this  occasion.  This  belief  is  reinforced  by  the  fact  that  no 
relation  should  be  satisfied  in  the  sheet.  We  therefore  be¬ 
lieve  that  no  normal  magnetic  field  component  was  present, 
i.e.,  that  the  magnetopause  was  a  tangential  discontinuity 
on  this  occasion.  This  belief  is  reinforced  by  the  fact  that  no 
significant  velocity  enhancements  occurred  in  this  crossing 
I  see  paper  1). 

The  linear  diagram,  shown  in  Figure  16  (at  level  A),  is 
relatively  poor  in  the  sense  that  corresponding  lines,  de¬ 
rived  from  E'c  and  E'HT  data,  while  parallel,  do  not  coin¬ 
cide.  Their  slopes  are  also  small,  causing  a  substantial  un¬ 
certainty  in  the  intercepts  with  the  u„o  axis.  Nevertheless, 
if  the  renormalized  version,  I,  of  the  vector  (ic  +  iwTl/2  is 
used  as  a  predictor  of  the  magnetopause  normal  (the  kc  vec¬ 
tor  is  poorly  determined  for  this  case  so  that  I  rather  than 
i  :3  used  as  the  optimal  normal  vector),  the  average  inter¬ 
cepts  are  well  defined  and  are  found  to  be  u  no  — "2  km/s,  -4 
km/s,  and  -5  km/s,  for  the  normal  magnetic  field,  the  nor¬ 
mal  flow  velocity  and  (using  the  average  of  Ej  and  E'HT), 
the  tangential  electric  field,  respectively.  Since  we  have  al¬ 
ready  concluded  that  the  magnetopause  was  a  tangential 
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0  8963  -0  4408  0  0466 

-0  0385  -0  1821  -0  9825 

0  4416  0  87S9  -0  1801 

Fig.  14.  Electric  structure  during  magnetopause  crossing  on 
October  19,  1984,  0518:20-0519:26  UT,  with  uno  and  &HT  from 
level  A  of  the  analysis,  shown  (a)  as  a  scatter  plot  and  (6)  as  a 
superposition  of  hodograms  as  explained  in  Figure  2,  with  the 
exception  that  the  coordinate  axes  are  I,  J,  6  rather  than  i,  j,  k. 
Parameters  are  provided  in  Table  4. 
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Fig.  15.  Walen  correlation  for  magnetopause  crossing  on  Octo¬ 
ber  19,  1984,  0518:20-0519:26  UT,  with  vht  from  level  A  of  the 
analysis.  Parameters  are  provided  in  Table  4. 
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Fig.  16.  Linear  diagram,  at  analysis  level  A,  for  magnetopause 
crossing  on  October  19,  1984,  0518:20-0519:26  UT.  As  in  Fig¬ 
ure  4,  solid  and  dashed  lines  correspond  to  the  vector  triads 
(ic,  jo  kc)  and  (inr.  1HT<  k ht ).  respectively.  However, 
since  aHT  =  0  at  analysis  level  A,  the  electric  fields  are  E'  = 
-(v  -  unic)  X  B  and  E'wr  =  -(''HT  -  Uni/fr)  *  B.  Allowed 
u„  range  is  determined  by  the  condition  un  <  0.  Parameters  are 
provided  in  Table  4. 


discontinuity,  these  results  indicate  that  the  magnetopause 
was  moving  inward  with  a  speed  of  ~  4  km/s  so  that  the 
duration  of  the  event,  66  s,  can  be  translated  into  a  magne¬ 
topause  thickness  of  260  km. 

It  should  be  noted  that  the  various  estimates  for  the  nor¬ 
mal  vector  that  could  be  used  in  this  case  all  are  very  close. 
The  vectors  ic  and  \ht  (at  uno  =  —5  km/s)  each  deviate 
from  T  by  less  than  0.5®;  the  angle  between  I  and  i  is  4,2° 
and  the  angle  between  I  and  ke  is  4.0®.  The  vector  ka  can 
also  be  rotated  slightly  so  that  the  average  magnetic  field 
along  it  is  exactly  zero;  the  angle  between  I  and  this  cor¬ 
rected  vector  is  3.5®.  Further,  the  angle  between  T  and  ip  is 
88®,  indicating  that  is  is  a  rather  accurate  tangent  vector 
to  the  magnetopause.  However,  even  small  angular  discrep¬ 


ancies  can  produce  inconsistent  results.  For  example,  the 
projection  of  the  average  velocity  vector  along  ks.  which 
one  might  reasonably  adopt  as  the  true  normal  direction, 
yields  a  flow  component  of  +8  km/s  “normal"  to  the  mag¬ 
netopause,  an  unacceptable  result  since  it  is  known  that  the 
magnetopause  was  moving  inward  past  the  spacecraft  Fi¬ 
nally,  it  is  noted  that  the  angle  between  I  and  the  Fairfield 
[1971]  normal  is  only  4.3®. 


3.5.  Other  Cases 

In  addition  to  the  four  magnetopause  encounters  dis¬ 
cussed  in  detail  in  this  paper,  we  have  attempted  to  reana- 
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TABLE  5.  Summary  of  Magnetopause  Parameters  (AMPTE/IRM,  1984) 


GSM  latitude 
Local  time 

September  4 
-25.0° 

1530 

September  8 
+  7.5° 

1140 

October  19 
+  18.4° 

0930 

August  30 
+  1.8° 

1230 

Octol 

-10.5° 

1305 

Crossing 

1 

2“ 

3 

1 

9 

2 

3 

1 

4 

Direction 

SH— SP 

SP— SH 

SH-SP 

SP-SH 

SP-SH 

SH— SP 

SP-  SH 

SP-SH 

SH  — -T 

Analysis  level 

B 

C 

B 

c 

A 

A 

A 

B 

B 

E'e/B  "HT 
Correlation 
coefficient6 

0.981 

0.994 

0.992 

0.987 

0.994 

0.992 

0.978 

0.977 

0 

D/Do 

0.030 

0.011 

0.011 

0.024 

0.012 

0.010 

0  026 

0.04  'b 

l '."lb 

Walen 

Correlation 

coefficient 

-0  937 

-0.985 

-0.965 

0.993 

0.140 

0.715 

.535 

-0.627 

-0.861 

Walen  regression 
Line  slope 

-0.78 

-0.94 

-0.84 

1.04 

0.05 

0.20 

0.29 

-0.38 

0.7.3 

Uno  (km/s) 

Range 

Reference 

>43 

40 

>-97 

<-88 

-90 

>24 

30 

>10 

<0 

0 

<0 

-5 

>0 

0 

>15 

<0 

0 

>  -90 
<0 

10 

>11 

20 

d  (km) 

>3350 

>3040 

<3640 

>780 

>580 

<1100 

-260 

- 

<390 

>370 

<3520 

>315 

(nT) 

>10 

>0 

<2.4 

>19 

>1.3 

<0 

~0 

<-1.3 

>-3.1 

<0 

>0 

<3.0 

>*.o 

t”  (km/s) 

<•13 

>-5 

<0 

<-2 

>-8 

<0 

-0 

<-3 

>-2 

<0 

>-10 

<0 

<  -  7 

|£"|  (mV/m) 

>2.8 

>0 

<1.1 

>0.5 

>0 

<0.8 

~0 

>0.2 

<0.8 

>0 

<2.0 

>3.0 

>HT\  (km/s2) 

0.8 

1.6 

2.7 

6.9 

- 

- 

- 

3.0 

1.0 

awr  ■  n  (km/s2) 

-0.3 

1.3 

-0.5 

-0.3 

- 

- 

- 

-0.6 

-0.2 

Angle: 

22.9° 

119° 

•29. 7° 

15.5  ° 

4.3° 

16.3° 

4  9° 

13.0° 

3.1° 

aFrom  paper  2. 

‘’Evaluated  at  reference  value  of  uno 
‘Model  normal,  nmo^,  from  Fairfield  (1971). 


lyze  sewn  more  of  the  crossings  dealt  with  in  paper  1,  in  the 
same  manner  Included  were  the  two  remaining  crossings  on 
the  September  8,  1984.  outbound  pass:  in  neither  case  was 
it  possible  to  find  a  good  deHoffmann-Teller  frame.  For 
the  middle  crossing  (1446:51-1449:23  UT)  this  is  perhaps 
not  surprising  since  there  are  indications  that  the  reconnec¬ 
tion  site  may  have  moved  past  the  spacecraft  during  the 
crossing  (see  paper  1).  We  have  also  attempted  to  analyze 
the  three  crossings  on  August  30,  1984,  discussed  in  paper 
1  The  first  of  these  crossings  did  not  yield  an  acceptable 
HI  frame;  the  second  and  third  crossings  were  analyzed  at 
levels  A  and  B  but  did  not  show  convergence  at  level  C. 
Furthermore,  the  results  at  level  A,  which  are  summarized 
in  Iablc  3.  were  judged  more  reliable  than  those  at  level 
B  The  Walen  correlation  was  poor  (correlation  coeffici.  nts 
0.51  and  0.53)  and  the  Walen  regression  line  slopes  much 
too  small.  From  these  results,  one  might  be  tempted  to 
conclude  that  these  current  layers  were  tangential  discon¬ 
tinuities.  However,  since  large  velocity  enhancements  were 
present  in  these  two  crossings  we  do  not  believe  such  a  con¬ 


clusion  to  be  correct.  Rather  the  situation  may  have  been 
that  these  events  had  a  Loo  complicated  structure  (includ¬ 
ing  reflected  inagnetosheath  ions,  as  discussed  in  paper  1) 
to  lend  themselves  to  the  detailed  analysis  attempted  here. 
Finally,  two  crossings  on  October  9,  discussed  in  paper  1. 
were  studied.  The  first  of  these  (1419:51-1420:26  UT)  was 
analyzed  through  level  B.  A  fairly  good  deHoffmann-Teller 
frame  was  found  but  the  WaJen  correlation  was  only  -0  63. 
*  he  second  crossing  (1424:22-1425:19  UT)  could  be  ana¬ 
lyzed  through  level  C  although  the  results  at  level  B  were 
judged  more  acceptable  The  results  are  summarized  in  Ta¬ 
ble  5.  An  excellent  HT  fit  could  be  made  (correlation  coef¬ 
ficient  =  0.989),  the  Walen  correlation  was  less  good  (cor¬ 
relation  coefficient  =  0 .881)  with  a  regression  line  slope  of 
-0.73.  With  the  simpler  analysis  method  and  WaJen  test 
employed  in  paper  1.  both  of  these  crossings  appeared  to 
be  good  reconnection  cases.  However,  as  discussed  in  de¬ 
tail  in  that  paper,  both  had  complicated,  possibly  strongly 
time-variable  structures.  This  may  explain  why  they  give 
marginal  results  in  the  present,  more  detailed  analysis 
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4.  SUMMARY 

In  this  paper,  we  have  analyzed  four  magnetopause  cross¬ 
ings  in  detail,  and  discussed  several  others  briefly,  using 
the  methodology  developed  in  paper  2.  The  principal  el¬ 
ement  of  this  methodology  is  the  determination  of  an  opti¬ 
mal  deHoffmann-Teller  (HT)  frame  in  which  the  convection 
electric  field  Ec  =  —  v  x  B  has  been  transformed  to  zero 
as  nearly  as  the  data  permit.  An  initial  velocity,  v;/r<>,  of 
this  frame  as  well  as  its  acceleration,  a ht,  is  determined, 
although  in  some  cases  the  physical  meaning  of  the  latter 
remains  in  doubt.  A  summary  of  our  findings  is  given  in 
Table  5,  which,  for  completeness,  also  includes  the  crossing 
studied  in  paper  2. 

In  general  terms,  we  have  found  that  many,  but  by  no 
means  all  magnetopause  crossings  possess  a  reasonably  good 
HT  frame.  The  acceleration  cf  the  HT  frame  obtained  from 
the  analysis  should  be  taken  seriously  only  if  it  leads  to  a 
substantial  decrease  in  the  relative  residual.  DjD„%  associ¬ 
ated  with  the  determination  of  Vh^o  and  aiiT  and/or  an 
increase  in  the  correlation  coefficient  between  the  convec¬ 
tion  electric  field  and  the  HT  electric  field.  —Vht  >  B  This 
is  not  always  the  cause  but  when  it  is,  the  component  of  slht 
along  the  magnetopause  normal  is  interpreted  as  the  accel¬ 
eration  of  that  layer  in  its  motion  normal  to  itself.  The 
physical  interpretation  of  the  tangential  components  of  a  ht 
is  less  clear  and  can  vary  from  event  to  event. 

The  method  has  yielded  magnetopause  normal  vectors 
which  we  believe  to  be  rather  accurate  in  some  cases  It  has 
also  yielded  components  of  magnetic  field  and  flow  normal 
to  the  magnetopause,  as  well  as  an  electric  field  component, 
Et,  tangential  to  the  magnetopause,  that  have  the  expected 
signs  and  reasonable  magnitudes.  The  range  of  these  quan¬ 
tities  and  of  the  magnetopause  thicknesses  (more  precisely, 
the  data  interval  thicknesses),  d,  are  given  in  Table  5.  Note 
in  particular  that  in  one  case  a  lower  limit  on  E,  of  2.8 
a  value  in  the  range  1.7-2. 8  mV/m. 

The  Walen  relation  has  been  tested  for  all  of  the  cross¬ 
ings  in  Table  5  and  was  found  to  be  satisfied  in  a  reason¬ 
ably  accurate  way  only  in  the  second  and  third  crossing  on 
September  4  and  in  the  September  8  crossing.  In  the  first 
crossing  on  September  4,  the  Walen  correlation  was  convinc¬ 
ing  but  the  slope  of  the  regression  line  was  some  20?/c  too 
small.  Except  for  the  extremely  complicated  two-  or  three- 
dimensional  magnetic  structure  of  this  crossing,  we  have  no 
simple  and  convincing  explanation  for  this  deviation  from 
the  ideal  Walen  formula.  A  principal  source  of  uncertainty 
in  the  Walen  test  is  the  actual  plasma  composition,  which 
was  not  measured.  On  the  whole,  our  study  of  the  three 
crossings  on  September  4  nevertheless  confirms  their  inter¬ 
pretation  in  paper  1  as  reconnection  events.  In  the  Septem¬ 
ber  8  case,  excellent  agreement  with  the  Walen  relation  was 
achieved,  but  only  after  a  substantial  acceleration  of  the  HT 
frame  tangential  to  the  magnetopause  was  incorporated  in 
the  analysis.  In  accordance  with  the  theory  develop  d  in 
the  appendix,  we  interpret  this  acceleration  in  terms  of  the 
presence  of  a  gradient  in  the  total  pressure  (pi  +  B2/ 2p,) 
along  the  magnetopause,  this  gradient  being  responsible  for 
a  temporal  change,  9v/9(,  of  the  plasma  velocity  in  the 
magnetopause  region.  This  effect  would  set  into  northward 
accelerated  motion  plasma  and  magnetic  structures  located 
equatorward  of  the  spacecraft,  thus  causing  them  to  move 
toward  and  past  the  spacecraft  (which  was  located  ~  1  Re 


north  of  the  GSM  equatorial  plane).  A  similar  accelera¬ 
tion  may  have  been  responsible  for  the  motion,  suggested  in 
paper  1,  of  the  reconnection  site  itself  past  th«a  spacecraft 
during  the  srcond  magnetopause  encounter  on  September 
8,  which  occurred  only  2  min  after  the  crossing  analyzed 
here.  Thus  our  results  add  strength  to  the  interpretation 
of  the  September  8  events  in  terms  of  reconnection  The 
final  event  in  Table  5,  the  October  19  case,  is  interpreted 
as  a  tangential  discontinuity,  both  here  and  in  paper  1.  It 
provides  convincing  evidence  that  the  mere  existence  of  a 
gooil  HT  frame  does  not  guarantee  that  the  magnetopause 
structure  was  that  of  a  rotational  discontinuity. 

The  analysis  of  magnetopause  data  employed  here  (and 
in  paper  2)  is  considerably  more  detailed  than  that  used 
in  paper  1.  The  advantage  gained  thereby  is  that  the  re¬ 
connection  hypothesis  can  be  tested  in  a  more  quantitative 
and  therefore  more  objective  manner  and  that  precise  in¬ 
formation  about  the  magnetopause  normal  vector,  as  w  II 
as  approximate  information  about  magnetopause  thickness 
and  reconnection  electric  field  can  be  obtained.  Another  ad¬ 
vantage  is  that  the  new  version  of  the  Walen  test  depends  on 
the  choice  of  reference  interval  only  via  the  square  root  of  I  h* 
average  density  and  pressure  anisotropy  in  that  interval.  On 
the  other  hand,  the  older,  more  primitive  analysis  in  paper 
1  also  depends  linearly  on  the  plasma  velocity  in  the  refer¬ 
ence  interval  and  therefore  is  rather  sensitive  to  the  choice  of 
that  interval.  The  disadvantage  of  the  new  analysis  is  that 
only  relatively  few  events  have  sufficiently  simple  structure 
to  permit  such  detailed  analysis.  The  failure  of  a  partu 
ular  magnetopause  crossing,  in  which  substantial  vclocitv 
enhancements  are  measured,  to  lend  itself  to  the  more  ad¬ 
vanced  analysis  procedure  should  not  be  construed  to  mean 
that  the  event  could  not  or  should  not  be  interpreted  in 
terms  of  reconnection.  Rather,  it  may  simply  mean  that  the 
basic  assumptions  underlyn.j,  the  analysis,  namely  those  of 
a  time-stationary  (in  the  HT  frame)  quasi-one-dimensional 
magnetopause  structure,  were  not  at  hand  to  a  sufficient 
extent  to  allow  the  analysis  to  proceed. 

Appendix 

W'e  show  that  for  a  steady,  quasi-one-dimensiona]  Mill) 
current  sheet  having  a  nonzero  normal  magnetic  field  com¬ 
ponent,  B r,  the  existence  of  an  accelerating  deHoffmann- 
Teller  IHT)  frame,  in  which  the  flow  is  field  aligned,  implies 
the  validity  of  the  Walen  relation  in  the  accelerating  frame 
as  well  as  a  balance  of  the  total  pressure  force  and  the  in¬ 
ertia  term,  p&ht  in  the  sheet.  By  steady  is  meant  that 
the  flow  and  field  configuration  appears  time  independent 
in  the  accelerating  HT  frame;  by  quasi-one-dimensional  is 
meant  that  derivatives,  d/dx,  across  the  layer  scale  as  1  //• 
while  derivatives,  d/dy  and  d/dz,  along  the  layer  scale  as 
1/L  where  K  t.  Viscous  stresses  and  finite  resistivity  are 
both  assumed  unimportant. 

The  steady  state  momentum  equation  in  the  HT  fram". 
which  is  assumed  to  have  acceleration,  a ht,  can  be  written 
as 

V  [pvv  -  ( 1  -  a)BB//io]  =  -  VPi  -  pan  r  '  A  1  1 

where  the  total  pressure  P±,  =  (pi  4  B2 /2pn  l  is  the  sum  uf 
perpendicular  plasma  pressure  and  magnetic  pressure  and 
nr  =  (p||  -  pi  )p„/ B2  is  the  pressure  anisotropy  factor  ~inre 
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the  flow  is  assumed  to  be  field-aligned  in  this  frame  of  ref¬ 
erence.  we  may  write 


v  =  U-i/0r)B  (A2) 

so  that  (Al)  can  te  rearranged  to  the  form 

B  V[(A2  -  1)(1  -  o)B//ic>]  =  —  Vffi  -  p&hT  (A3) 

Here  A2  =  p0pvl/ B\(\—a)  =  papv2  /  B2i  1  —  a)  is  the  Alfven 
number  of  the  flow  in  the  HT  frame. 

We  now  examine  the  z  component  of  (A3)  which  repre 
sents  the  momentum  balance  normal  to  the  current  sheet. 
Assuming  (A2  -  1)  to  be  at  most  of  order  unity  and  pa.HTz 
to  be  at  most  of  the  same  size  as  dP±/dz,  we  then  find 

—dPx/dz  —  patiTz  —  0(  B\b  I  p0L2)  (A4) 

where  By  ~  B,  ~  B0  and  (from  V  •  B  =  0)  Bz  ~  (B0S/L). 
Neglecting  terms  of  order  62  /  L2  we  may  thus  replace  the  z 
momentum  conservation  by 

dPx/dz  =  -puhtz  ( A5) 

We  further  assume  pa»Tz  to  be  independent  of  z.  Since  a ht 
is  taken  to  be  constant  in  the  data  analysis  procedure  used  in 
the  paper,  this  assumption  means  that  the  mass  density,  p,  is 
assumed  independent  of  z.  This  was  approximately  the  case 
for  tne  September  8  event  but,  more  generally,  in  cases  where 
substantial  systematic  variations  of  p  with  z  ar  present,  we 
suggest  that  the  acceleration  should  perhaps  be  determined 
by  assuming  p&ht  rather  than  a  ht  to  be  constant. 
Equation  (A5)  can  now  be  integrated  to  give 

PJx.  y,  z)  =  Pxo(y,  z)  -  pamzi  (At>) 

and,  when  this  result  is  substituted  into  the  y  and  z  compo¬ 
nents,  i.e.,  the  tangential  components  of  (A3),  there  results 

B  •  V[(A2  -  1)(1  -  a)B.Jpa]  - 

-dPio/dy  +  zd(paHTz)/dy  -  paHTy 

(AT) 

B  ■  V[(A2  -  1 ) ( 1  -  a)Bz/p<>\  = 

-dPxo/dz  +  zd(paHTz)/dz  -  P&HT, 

But  the  ratio  of  the  second  to  the  third  term  on  the  right- 
hand  sides  of  (A7)  is  of  order  {b I L)(anTz / &htv,m  )  and  can 
be  neglected,  in  particular  since  the  tangential  component 
of  Blht  is  often  considerably  larger  than  the  normal  compo¬ 
nent.  Thus  we  obtain 

B  V[( A2  —  1 )( 1  —  o)Bv/po]  =  -d^xo/dy  -  paHrv 
B  -  V[(A2  -  1 )( — cr )B,/p0\  =  -d/To/dz  -  pauTt 

(AS) 

An  important  property  of  these  approximate  equations  is 
that  their  right-hand  sides  are  independent  of  z,  the  coordi¬ 
nate  across  the  layer,  whereas  their  left-hand  sides  contain 
By  and  B,,  both  of  which  vary  rapidly  with  z.  On  the  other 
hand,  since  we  have  assumed  p  to  be  independent  of  z,  only 
small  variations  of  the  factor  (A2  —  1 ) ( 1  -  a)  with  z  should 
occur.  Except  perhaps  for  special  cases,  the  only  way  the 
left-hand  sides  of  (A8)  can  be  independent  of  z  is  by  having 


A2  =  1 ,  so  that  they  are  zero  But  A2  --  1  means  :  .1  *}, 
Walen  relation  is  satisfied  in  the  accelerating  H  I  frame,  as 
was  indeed  the  case  for  the  September  8  crossing  and  also 


that 


clPxv/Oy  =  -P'ZHTy 
'jPx-z/dz  =  —  pa  ht  z 


l  AM 


These  equations  then  show  that  the  components  of  a  i,t  tan¬ 
gential  to  the  current  sheet  are  generated  by  change.1  m  total 
perpendicular  pressure  along  the  sheet. 

One  should  not  conclude  from  the  above  that  satisfac¬ 
tion  of  the  Walen  relation  is  in  unavoidable  •  ;u<  ;  c  ' i 

the  existence  of  a  good  JIT  frame.  If  the  rurr  ,  '  - !  , 

no  normal  magnetic  field  component,  or  if  any  of  the  ■  the: 
assumptions  leading  to  (A9),  e  g.,  those  of  stationarity  or 
quasi-one-dimensionahty,  are  seriously  violated,  it  is  entirely 
possible  to  find  a  good  HT  frame  but  poor  or  no  agreement 
with  the  Walen  relation.  An  example  of  this  situation  is  the 
October  19,  1984,  event  discussed  in  the  paper. 
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THE  MAGNETOPAUSE  AND  BOUNDARY  LAYER  FOR  SMALL  MAGNETIC  SHEAR: 
CONVECTION  ELECTRIC  FIELDS  AND  RECONNECTION 

G.  Paschmann'  ■  B.  Sonnerup^  .  I.  Papamastorakis'’’'  W.  Baumjohann',  N.Sckopke',  and  H  Lllhr^ 


Abstract  Convection  electric  fields,  Ec  =  -VpXB,  measured  during  a 
magnetopause/boundary  layer  encounter  at  low  latitude  by  the 
AMPTE/IRM  spacecraft,  are  shown  to  yield  an  accurate  determination 
of  the  magnetopause  normal  vector,  N,  even  though  the  magnetic 
shear  across  the  magnetopause  was  small.  The  average  plasma 
velocity  along  N  is  used  to  estimate  a  boundary  layer  thickness  of 
about  1.3  ft£  .  Analysis  of  Ec  in  the  magnetopause  itself  reveals 
the  existence  of  a  deHoffmann-Teller  frame  in  which  the  flow  is 
nearly  field  aligned.  The  field-aligned  flow  is  also  found  to  be 
approximately  Alfvinic,  indicating  that  the  magnetopause  was  a 
rotational  discontinuity;  this  is  interpreted  as  a  signature  that 
magnetic-field  reconnection  was  occurring  somewhere  on  the 
magnetopause. 


1.  Introduction 

The  properties  of  the  earth's  magnetopause  under  conditions  of  large 
magnetic  shear  have  been  studied  extensively  over  the  past  25  years. 
Early  investigations  [Cahill  and  Amazeen,  1963;  Sonncrup  and 
Cahill.  1967;  Aubry  et  al.,  1971;  Ledley.  1971]  were  based  on 
magnetic  field  data  alone.  An  unambiguous  identification  of  the 
magnetopause  is  difficult  in  such  circumstances,  unless  the  magnetic 
field  displays  a  large  rotation,  i.e.,  large  shear,  as  the  observing 
spacecraft  passes  from  one  side  of  the  magnetopause  to  the  other. 
Even  when  such  is  the  case,  it  is  occasionally  difficult  to  distinguish 
true  magnetopause  crossings  from  traversals  of  interplanetary 
magnetic  discontinuities  that  have  become  draped  over  the 
magnetosphere  by  the  magnetosheath  flow.  More  recent  studies 
[Mozer  et  al.,  1979;  Berchem  and  Russell.  1982;  Aggson  el  al„ 
1983;  Gosling  et  al.,  1986,  1990;  Paschmann  et  al.,  1986;  Sonnerup 
et  al.,  1981,  1987,  1990]  have  made  use  of  data  from  electric-field 
probes,  fast  plasma  analyzers  and  energetic-particle  detectors  on  board 
the  ISEE  and  AM  PTE  spacecraft  in  addition  to  magnetometer  data, 
thereby  greatly  enhancing  the  possibility  of  identifying  the 
magnetopause  unambiguously  and  of  studying  its  properties, 
orientation  and  dynamics.  In  particular,  analysis  of  the  convection 
electric  field  dc.  mg  magnetopause  crossings  with  large  magnetic  shear 
has  been  shown  to  yield  accurate  magnetopause  normal  vectors,  N, 
(Sonncrup  et  al.,  1987.  1990]  as  well  as  quantitative  evidence  for  the 
occurrence  of  magnetic  field  reconnection.  To  date,  the  case  of 
moderate  to  low  magnetic  shear  has  not  been  studied  in  the  same 
detail,  the  reason  being  that  it  has  been  thought  difficult  or 
impossible  to  derive  good  N  vectors  from  the  data.  Furthermore,  the 
signatures  of  reconnection  in  the  form  of  plasma  jetting  would  be 
weak  or  absent.  But  even  when  the  shear  is  observed  to  be  weak 
locally,  reconnection  may  be  globally  important:  because  of  draping 
of  the  interplanetary  magnetic  field  (IMF)  around  the  magnetosphere, 
unobeerved  regions  of  high  shear  and  strong  reconnection  signatures 
may  exist  elsewhere  on  the  magnetopause  surface. 

In  this  letter  we  show  that  an  excellent  N  vector  can  be  obtained 
even  for  low  magnetic  shear,  provided  a  region  of  boundary  layer 
plasma  and  flow  with  substantial  velocity  gradients  is  present  inside 
the  magnetopause.  We  also  show  that  convincing  evidence  for 
magnetic  connection  across  the  magnetopause  (and  thus  for 
reconnection)  can  be  obtained  even  for  low  magnetic  shear.  Finally, 
we  show  how  the  N  vector,  along  with  measured  plasma  velocities. 
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can  be  used  to  estimate  the  actual  boundary  layer  thickness  and  density 
profile. 


2.  Data  Description 

The  data  employed  in  our  study  were  obtained  on  December  29. 
1984,  with  the  3D  plasma  instrument  [Paschmann  et  al.,  1985]  and 
the  magnetometer  |Lt)hr  et  al.,  1985]  on  board  the  AMPTE/IRM 
spacecraft  during  an  inbound  pass  of  the  spacecraft  through  the 
momingsiue  magnetopause  (local  lime:  0815  h)  at  a  moderate 
southern  GSM  latitude  of  -10.5°.  An  overview  of  relevant 
observations  is  shown  in  Figure  1  during  a  20  minute  period 
surrounding  the  magnetopause  and  containing  measurements  during  a 
brief  period  of  the  magnetosheath  (on  the  left)  as  well  as  during  an 
extended  period  of  the  low-latitude  boundary  layer  (LLBL,  on  the 
right)  on  the  magnetosphcric  side  of  the  magnetopause.  Conditions 
in  the  magnetosphere  proper,  inside  the  LLBL,  appear  briefly  at 
around  1818:40  UT  near  the  right-hand  edge  of  the  diagram  but  the 
spacecraft  reenters  the  LLBL  almost  immediately  and  then  does  not 
return  to  the  magnetosphere  proper  until  1840  UT. 

We  have  identified  the  center  of  the  magnetopause  (MP)  to  be 
located  at  1804:58  UT  with  an  approximate  duration  of  40s.  In  the 
order  of  the  various  panels  in  Figure  1,  the  following  signatures  of 
the  magnetopause  are  evident.  Although  there  is  little  signficant 
change  in  the  measured  proton  number  density,  Np,  the  energetic 
electron  number  density  N2e(40>E>2  keV)  increases  rapidly  from 
very  small  values  in  the  magnetosheath  toward  an  intermediate  level 
characteristic  of  the  LLBL;  the  full  magnetospheric  level  can  be  seen 
briefly  in  the  interval  1818-1819  UT.  The  parallel  and  perpendicular 
proton  temperatures.  Tp||  and  Tpx.  both  increase  across  the  MP  but 
the  former  more  rapidly  than  the  latter  so  that  a  change  occurs  from 
Tpx>Tp||  in  the  magnetosheath  to  Tpx~Tp||  in  the  LLBL.  There  is 
also  a  pronounced  increase  in  the  electron  temperatures  Tej  and  Tej_ 
with  an  associated  change  from  approximate  isotropy  in  the 
magnetosheath  to  Tefl>Tej_  in  the  LLBL.  A  well  defined  decrease  in 
the  plasma  flow  speed.  Vp,  occurs  as  the  spacecraft  crosses  the  MP 
and  there  are  associated  small  changes  in  the  LMN  elevation  angle, 
kvp.  and  azimuth  angle,  <Pvp.  of  the  flow  vector.  Note  in  particular 
the  change  from  flow  to  ward  the  MP  (XypcO)  in  the  magnetoshcath  to 
flow  more  nearly  parallel  to  it,  but  on  the  average  slightly  outward 
(^vp-0),  in  the  LLBL.  Finally,  the  magnetic  field  magnitude.  B. 
exhibits  little  net  change  from  one  side  of  the  MP  to  the  other  but  has 
a  small  minimum  during  the  MP  crossing.  There  are  associated 
modest  changes  in  field  direction,  in  particular  in  the  azimuth  angle, 
<PB .  The  LLBL.  which  adjoins  the  MP.  exhibits  substantial 
structure,  much  of  which  may  have  been  caused  by  inward-outward 
oscillatory  motion  of  the  MP  with  a  period  of  60-120  sec  or  by  a 
modulation  of  the  layer  thickness.  Apart  from  these  effects,  the 
boundary  layer  density  decreases  gradually  over  a  period  of  about  13 
minutes  to  its  magnetospheric  level,  seen  at  1818-1819  UT. 

T wo  further  comments  are  required  concerning  Figure  1 .  First,  our 
identification  of  the  MP,  which  we  consider  to  be  unambiguous,  is 
not  based  solely,  or  even  principally,  on  the  changes  in  magnetic  field 
and  flow  velocity  that  occur  there.  Such  changes  can  be  observed 
frequently  in  the  magnetosheath.  Rather,  it  is  the  appearance  of 
energetic  electrons  in  association  with  marked  changes  tn  the  thermal 
properties  of  the  plasma  that  permits  the  identification  to  be  made.  In 
particular,  in  a  study  of  many  passes  of  the  spacecraft  through  the 
MP,  we  have  found  the  'cigar-shaped'  electron  distribution  functions 
(Te||>Tex)  that  appear  at  the  MP  on  an  inbound  pass,  say,  and  then 
persist  inside  it  for  a  period  of  time  to  be  a  common  and 
unambiguous  signature  of  boundary-layer  plasma. 
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The  second  comment  is  that  the  zero  level  of  the  elevation  angles, 
Xvp  and  Xg,  depends  sensitively  upon  the  choice  of  the  magnetopause 
normal  vector  N.  The  N  vector  used  in  Figure  1  is  the  maximum- 
variance  eigenvector.  tc.  of  the  convection  electric  field,  Ec  =  -(Vp- 
NVn)xB,  calculated  from  measured  plasma  velocities  and  magnetic 
fields  and  evaluated  in  a  frame  of  reference  travelling  with  the  average 
outward  speed,  Vn  -  10.8  km/s,  of  the  plasma  during  the  boundary 
layer  interval  1805:17-1818:37  UT.  This  vector  has  GSE 
components  N  =  (0.7551, -0.6343.-0.1660)  and  deviates  by  only  4.5° 
from  the  Fairfield  model  normal  (Fairfield,  1971);  it  has  the  advantage 
over  the  latter  that  it  leads  to  a  smaller  average  normal  magnetic  field 
(Bn  =  +0.3  nT  versus  +4.9  nT)  during  the  same  tune  interval.  With 
either  normal,  an  inward  plasma  flow,  i.e„  a  flow  towards  the  MP  is 
present  in  the  magnetosheath  in  a  4-minute  period  preceding  the  MP 
encounter  (a  tailward  rotation  of  N  by  more  than  8°  would  be  needed 
to  reverse  this  flow).  This  inward  plasma  motion  has  an  average 
speed  of  Vn  =  -38  km Is  during  the  magneiosheath  interval  (1801:00- 
1 804:37  UT)  but  it  decreases  toward  zero  near  the  end  of  that  interval, 
just  before  the  MP  encounter.  The  inward  flow  appears  incompatible 
w  ith  the  observed  fact  that  the  magnetopause  moved  outward  past  the 
spacecraft  around  18:04:58  UT.  unless  one  assumes  that  plasma  could 
flow  across  the  MP  or  (and)  that  N  was  directed  more  tailward  during 
the  magnetosheath  interval  than  during  the  boundary  layer  interval. 
Plasma  motion  across  the  magnetopause  would  require  it  to  have  been 
a  rotational  discontinuity  (RD)  rather  than  a  tangential  discontinuity 
>TD).  In  order  to  reach  the  spacecraft,  this  RD  would  have  propagated 
outward,  against  the  inward  magnetosheath  flow,  at  a  speed  greater 
than  that  flow.  There  may  also  have  been  a  change  in  N  but  even  so. 
wc  show  below  that  data  taken  within  the  MP  structure  itself  indicate 
RD  rather  than  TD  structure. 


3.  Magnetopause  Structure 

In  practice,  it  is  essentially  impossible  to  check  whether  a  low-shear 
magnetopause  is  an  RD  or  a  TD  on  the  basis  of  magnetic  field  data 
alone.  However,  when  plasma  measurements  are  also  available,  as  in 
the  present  case,  two  properties  can  be  checked:  (i)  the  existence  of  a 
moving  frame  of  reference,  the  so-called  deHoffmann-Tellcr  (HT) 
frame,  in  which  the  plasma  flow  is  field  aligned  (an  HT  frame  must 
exist  for  an  RD;  it  may  or  may  not  exist  for  a  TD);  and  (ii)  the 
requirement  for  the  RD.  also  referred  to  as  the  Walen  relation,  that  the 
flow  be  Alfvimc  in  this  moving  frame.  We  have  examined  these  two 
features  by  use  of  the  simplest  version  of  the  analysis  (i.c.,  assuming 
zero  acceleration  of  the  HT  frame )  described  in  Sonnerup  et  al.  1 1987). 
According  to  this  analysis,  the  velocity,  Vyj-p.  of  the  HT  frame  is 
determined  from  a  least-squares  fit  between  the  convection  electric 
field,  Ec  = -VpXB.  and  the  electric  field  Ehj  =  - VfjyxB.  Figure  2 
shows  a  scatter  plot  of  the  three  GSE  components  of  Ec  versus  the 
corresponding  components  of  EhT-  The  con-elation  coefficient  in 
this  diagram,  cc  =  +0.989,  is  sufficient  to  justify  the  conclusion  that 
an  HT  frame  exists.  This  frame  moves  relauve  to  the  spacecraft  with 
velocity  Vfjj  =  (-85.  -3.  -378)  km/s  (GSE  components).  The 
relationship  between  the  measured  velocity  components  and  the 
corresponding  measured  Alfven  velocity  components  =  BJ 1  - 
ofi/p oPl*^-  a  betr'8  Ihe  pressure  anisotropy  and  p  the  mass  density 
(based  on  the  assumption  that  all  measured  particles  arc  protons),  is 
shown  in  the  scatter  plot  m  Figure  3  Again,  the  correlation  between 
(VA’HT)  and  is  not  perfect  (cc  =  +0  986).  But  a  correlation  is 
clearly  present  and  furthermore  the  regression  line  slope,  s  =  +0.832, 
is  sufficiently  close  to  unity  so  that,  allowing  for  experimental 
uncertainties  including  the  possible  presence  of  heavier  ions,  the  flow 
could  indeed  have  been  Alfvenic  in  the  HT  frame.  Furthermore,  with 
an  assumed  inward  flow  of  plasma  across  the  MP.  the  positive  slope 
signifies  the  presence  of  an  inward  directed  component  of  B  across  the 
MP 

It  is  noted  that  the  existence  of  an  HT  frame  does  not  in  itself 
indicate  that  the  magnetopause  must  have  been  an  RD.  As  pointed 
out  by  Paschmann  f!985|.  and  as  established  observationaily  by  use 
of  the  AMPTE/IRM  data  (Sonnerup  el  al..  1990),  TDs  may  also  have 


excellent  HT  frames.  However,  for  a  TD  there  is  no  a  priori  reason 
why  the  flow  should  be  Alfv6nic  when  viewed  in  the  HT  frame  Even 
for  aTD,  Alfvtnic  flow  could  of  course  arise,  purely  accidentally  -. 
to  speak.  But  for  an  RD,  the  tangential  suess  balance  requires  i:.. 
flow  always  to  be  Alfvenic  in  the  HT  frame.  We  conclude,  not  or.'y 
that  the  data  during  the  magnetopause  crossing  are  consistent  with  the 
RD  structure  and  therefore  consistent  with  the  interpretation  outlined 
al  the  end  of  the  previous  section,  in  which  the  magnetopause 
propagated  outward  against  an  inward  magneiosheath  flow  component, 
but  also  that  the  consistency  of  those  data  with  the  Walen  relation 
would  be  purely  coincidental  in  the  TD  interpretation. 

Because  of  the  small  magnetic  and  flow  shear  across  the  MP.  the 
minimum  variance  direction  for  B  and  the  maximum  variance 
direction  for  Ec  during  the  short  MP  interval  fail  to  provide  consistent 
and  credible  N  vectors.  Therefore,  we  initially  assume  that  the  N 
vector  derived  from  LLBL  data  (see  Section  2)  applies  to  the  MP  as 
well.  We  thenjind  V„  =  V  N  =  -1 1  km/s,  Vyyn  =  Vjj  j  N  -  +0  ' 
km/s,  =  Vjy  N  =  17  km/s,  and  Bn  =  B  X  =  -1.8  nT  during 
the  magnetopause  crossing.  Note  that  represents  the  motion  ot 
the  MP  along  N.  This  velocity  has  the  correct  sign,  corresponding  to 
outward  motion,  but  is  too  small  (it  yields  an  MP  thickness  of  only 
20  km),  presumably  due  to  a  small  error  in  N.  The  plasma  flows 
inward  across  the  magnetopause  with  speed  Vn  -  Vpffn  =  -1 1.5  km/s 
as  expected,  but  this  flow  sjxted  is  smaller  than  V^j,,  again  indicating 
possible  errors.  The  normal  field  Bn  is  negative  as  expected  from  the 
positive  regression  line  slope  in  Figure  3.  A  rotation  of  \  by  only 
1.5°,  to  the  new  orientation  (.7494,-0.6342,-0.1899).  leads  to  Vn  =  - 
9.9  kiiu's.  '*HTn  =  '0  Xm.  ^  An  =  -27,5  km/s,  and  Bn  =  -2.8nT, 
corresponding  to  a  more  reasonable  MP  thickness  of  390  km  (=4  ton 
inertial  lengths)  and  flow  across  the  MP  at  72%  of  the  normal  Alfven 
speed.  In  light  of  the  imperfect  correlations  in  Figures  2  and  3,  and 
the  general  uncertainties  in  measured  plasma  velocities  and  mass 
densities,  this  latter  discrepancy  should  not  be  considered  significant^ 

If  the  MP  were  a  TD  instead,  one  would  expect  B  N  jq  =  0  and<  V- 
VHT)  NTD  =  0  which  gives  N'TD  =  (0.4514,  0.8363,  - 
0.3115):  such  a  large  deviation  from  the  model  normal  seems 
unlikely.  For  example,  it  would  lead  to  an  increase  of  the  variance  in 
Bn  from  4.2  (nT)2  (using  N)  to  7.6  (nT)2  (using  Ntd)  Also,  the 
magnetopause  velocity  would  be  82  km/s  and  the  corresponding  MP 
thickness  3200  km,  which  must  be  considered  unusually  large. 

4.  Discussion 

Three  conclusions  emerge  from  the  present  study: 

( 1 )  The  maximum-variance  direction  of  the  convecuon  electric  field, 
Ec  =  -VxB,  during  the  boundary  layer  crossing  discussed  here  apjiears 
to  provide  an  excellent  estimate  of  the  average  direction  normal  to  the 
magnetopause.  This  result  has  been  confirmed  by  examination  of 
other  cases  where  a  substantial  boundary  layer,  but  only  small 
magnetic  shear  across  the  magnetopause,  was  observed 

(2)  Even  magnetopause  structures  having  small  magnetic  and 
velocity  shear  may  display  the  rotational  discontinuity  structure  that 
has  been  associated  with  magnetic  connection  across  the 
magnelofiause  and  therefore  presumably  with  reconnection.  To  date, 
wc  have  found  one  additional  example  (November  10,  1984,  0929:45 
0942:50  UT)  in  the  AMPTE/IRM  data  set  of  the  type  of 
magnetopause  properties  discussed  here:  there  may  be  more  cases 
where  local  temporal  and  spaual  variations  obscure  those  properties 
Low  magnetic  shear  across  the  equatorial  magnetopause  may  occur, 
not  only  for  northward  or  nearly  northward  interplanetary  magnetic 
field  (IMF)  but,  as  a  result  of  field  draping  around  the  magnetosphere, 
also  when  the  IMF  has  other  orientations,  e  g.,  when  it  lies  more 
nearly  in  the  ecliptic  plane  Vet,  the  large  thickness  of  the  LLBL 
observed  in  this  event  is  most  conveniently  explained  in  terms  of  a 
northward  IMF  and  reconnection  above  the  cusps,  as  shown  bv  the 
insert  in  Figure  3  (from  Cowley,  1981).  Through  this  process,  layers 
ot  magneiosheath  plasma  and  magnetic  flux  are  connnuously  added  to 
the  frontside  LLBL. 
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l3)  There  is  evidence  in  Figure  1  of  quasiperiodic  outward/inward 
motion  of  the  LLBL  past  the  spacecraft  with  time  periods  in  the  range 
60-120  s.  If  such  motion  did  occur,  the  actual  thickness  of  the  layer 
can  be  estimated  as  the  product  of  its  duration  (800  s)  and  the  average 
measured  outward  plasma  velocity  in  the  LLBL  (10.8  km/s),  the 
result  being  a  thickness  of  -1.3  R F.  Wc  have  also  attempted  to 
deconvolve  the  radial  oscillatory  motion  and  the  measured  temporal 
density  profile  in  the  top  panel  of  Figure  1  in  order  to  obtain  a  true 
spatial  density  profile.  This  is  done  hv  associating  each  sampled 
density  Np^  at  lime  t^  with  a  distance  along  the  magnetopause 
normal  given  by 

k 

yk  =  at  s  vni 

i=l 

where  V,^  is  the  normal  plasma  velocity  at  time  tj  and  At  is  the  lime 
between  samples.  The  result  cf  its  nrocess  is  shown  in  Figure  4 
There  is  considerable  scatter  in  this  plot  but  one  can  nevertheless 
discern  a  smooth  average  density  profile  that  has  a  modest  negative 
slope,  starting  al  the  magnetopause  and  extending  over  most  of  the 
thickness  of  the  LLBL  with  a  steeper  negative  slope  near  the 
magnetospheric  edge  of  the  layer.  Such  a  profile  would  not  be 
generated  by  a  purely  diffusive  process  unless  (he  diffusion  coefficient 
is  a  decreasing  function  of  distance  from  the  magnetopause.  Eddy 
diffusivity  in  the  outer  part  of  the  layer  could  perhaps  lead  to  the 
observed  density  profile. 
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Fig.  1.  AMPTE/IRM  measurements  during  inbound  pass  through 
the  magnetopiuse/boundiry-liyer  region  on  December  29.  1984: 
proton  number  density.  Np(cm'^)  and  energetic  electron  number 
density,  N2e(inultiplied  by  100;  cm'  .  40>E>2  keV);  parallel  and 
perpendicular  proton  and  electron  temperatures.  Tpj|,  Tpj_  andTe||. 
Tei  (10^K):  plasma  bulk  flow  speed.  V-  (fans' '),  azimuth  angle, 
tpvp.  end  elevation  angle.  Xyp  (degrees);  magnetic  field.  B(nT), 
azimuth  angle,  (pg.  and  elevatian  angle,  X3  (degrees).  The  angles  9 
and  X  refer  to  the  boundary  normal  coordinate  system  LMN  [Russell 
and  Elphic.  1979]  with  X=0  in  the  magnetopause  tangent  plane  and 
X>0  indicating  an  outward  pointing  component;  <p=0  along  the  +L 
axis  and  9^90°  along  the  +M  axis.  In  each  panel,  the  bar-graph 
(solid)  trace  corresponds  to  the  upper  symbol  (Np.  Tp)|,  etc.)  and  the 
dash-dot  trace  to  the  lower  symbol. 


fig.  4,  'deconvolved  ton  density  profile  for  the  boundary  layer  on 
December  29, 1984. 1804.33-1818:28 
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Fig.  2.  Scatterplot  for  magnetopause  data  interval  of  GSE 
components  of  convection  electric  field  Ec  =  -VpxB  versus 
corresponding  components  of  the  deHoffmann-Teller  electric  field 
EHT  =  vHTxB-  with  VHT  =  (-®5-  -3.-378)  fans  '.  Conelation 
coefficient  is  0.989. 
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for  magnetopause  data  interval.  Agreement  with  WalAn  relation 
corresponds  to  a  regression  line  slope  i>il.  The  regression  line 
slope  obtained  is  s  »  +0.832  with  correlation  coefficient  +0.986. 
Insert  from  Cowley  (1981], 
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ABSTRACT 

A  brief  overview  is  presented  of  a  number  of  qualitative  geometrical  models  as  well  as  simulation  models  of  flux 
transfer  events  (FTEs)  and  an  attempt  is  made  to  identify  critical  observational  tests  that  would  help  discriminate 
between  these  models.  These  tests  are  concerned  with  flux  tube  orientation,  speed,  and  structure.  Available  single 
and  multiple  spacecraft  observations  are  discussed  in  the  context  of  these  tests.  Particular  attention  is  given  to  the 
problem  of  determining  flux-tube  orientation  and  speed  from  a  single  spacecraft. 

1.  INTRODUCTION 

The  phrase  "flux  transfer  event,"  or  FTE  for  short,  is  used  to  refer  to  a  set  of  observations,  near  the  magnetopause, 
of  short-lived  abnormal  deflections  in  the  magnetic  field,  in  many  cases  accompanied  by  associated  characteristic 
signatures  in  the  plasma  and  energetic  particle  properties.  For  events  observed  inside  the  magnetopause,  the  main 
plasma  signature  is  the  presence  of  magnetosheath- like  plasma  in  the  event;  for  observations  outside  the 
magnetopause,  the  main  signature  is  a  slightly  depressed  plasma  density  and  the  occurrence  of  magnetosphenc-like 
energetic  particles  streaming  along  the  magnetic  field.  Since  their  discovery  in  1978  by  Russell  and  Elphic /1 ,2,?/, 
FTEs  have  attracted  an  unusual  amount  of  attention  and  have  come  to  play  a  singularly  important  role  in  a  conceptual 
picture  of  the  solar-wind  magnetosphere  interaction  that  is  shared  by  many  workers  in  magnetospheric  physics.  In 
this  picture,  FTEs  represent  a  time -dependent  and  perhaps  patchy  form  of  magnetic-field  reconnection  which  may  be 
the  dominant  mechanism  whereby  the  cross-magnetospheric  electric  potential  is  generated  and  magnetic  flux  is 
transferred  from  closed  field  lines  in  the  front  lobe  of  the  magnetosphere  to  open  field  lines  which  are  deposited  in. 
and  added  to  the  geomagnetic  tail  flux. 

A  great  deal  of  data  analysis  has  been  performed  to  establish  the  main  observational  features  of  FTEs  in  terms  of 
occurrence  statistics  as  well  as  in  terms  of  the  geometrical  features  and  structure  of  individual  events. 
Simultaneously,  several  different  theoretical  models  have  started  to  emerge.  These  models  are  either  of  a  qualitative 
geometrical  nature  or  they  are  based  on  numerical  simulations  which  have  been  performed,  for  the  most  part  in  two 
space  dimensions  and  time.  It  is  not  the  purpose  of  this  paper  to  review  all  of  this  work  in  detail.  Rather  we  shall 
focus  attention  on  a  few  critical  observational  tests  which  need  to  be  performed  to  help  idennfy  the  most  promising 
model  or  models  and  which  may  perhaps  guide  the  development  of  new  different  or  more  detailed  models.  These 
tests  are  concerned  with  in  situ  measurements  at  the  magnetopause.  Observations  concerning  FTE  signatures  in  the 
ionosphere  are  potentially  important  as  well  but,  in  the  author  s  view,  are  more  likely  to  provide  supportive  evidence 
rather  than  unambiguous  critical  tests  of  different  FTE  models. 

The  paper  is  organized  as  follows.  In  sections  2  and  3  we  review  briefly  the  properties  of  the  original  Russell- 
Elphic  geometrical  model  of  an  FTE  as  well  as  the  main  features  of  several  more  recent,  mainly  two-dimensional 
models.  In  section  4  we  discuss  critical  observational  tests  which  are  concerned  with  local  FTE  flux-tube 
orientation,  motion,  and  structure.  In  section  5  we  provide  an  illustration,  from  the  recent  work  of  Papamastorakis 
et  al.  /4/,  of  the  determination  of  flux-tube  orientation  and  speed  by  use  of  data  from  a  single  spacecraft 
( AMPTE/IRM).  Section  6  deals  with  the  relationship,  proposed  by  Saunders  et  al.  /5.6/,  between  magnetic  twist  in 
FTE  flux  tubes  and  Alfv6n  waves.  Finally,  section  7  contains  a  brief  summary  and  comments  on  future  multiple 
spacecraft  studies. 

2.  THE  RUSSELL-ELPHIC  MODEL 

The  potential  importance  of  FTEs  was  generally  recognized  and  accepted  almost  instantly  after  their  discovery,  in 
part  perhaps  owing  to  the  highly  suggestive  name  "flux  transfer  event"  assigned  to  the  observational  syndrome  by 
Russell  and  Elphic,  in  part  owing  to  an  equally  suggestive  and  creative  cartoon  drawn  by  these  authors  to  represent 
the  magnetic  field  geometry  associated  with  this  syndrome.  This  cartoon,  a  modernized  version  of  which  is 
reproduced  in  Figure  1 .  shows  an  g|br»...*hapcd  flux  tube  crossing  die  magnetopause.  It  has  ?» least  four  lmpo-.a-.t 
implications  (of  which  however  only  the  first  can  be  considered  as  being  reasonably  firmly  established 
observationally):  (i)  that  the  FTE  signature  is  caused  by  an  elongated  object,  such  as  a  tube,  rather  than  by  a  short 
one  such  as  a  nodule  on  the  magnetopause;  (ii)  that  the  magnetosheath  part  of  an  FTE  flux  tube  ultimately  extends 
out  into  the  solar  wind  and  that  the  magnetospheric  part  ultimately  reaches  the  ionosphere,  thus  providing  direct 
magnetic  connection  between  a  patch  in  the  ionosphere  and  the  solar  wind;  (iii)  that,  very  approximately,  the  flux 

199 

iwi.>.i 


('lew 


B  L'  O  Sunnerup 


tube  has  a  cross  section  that  is  a  more  or  less  deformed  circle  or  semicircle,  leading  to  an  ionospheric  footprint  <>! 
similar  shape;  (iv)  that  magnetic  tension  in  the  elbow-shaped  tube  causes  it  to  accelerate  polewards  which  in  turn 
leads  to  a  gradual  straightening  of  the  elbow  This  latter  effect  means  that  the  two  arms  of  the  flux  tube  away  from 
the  elbow  form  an  angle  with  the  ambient  field,  causing  the  latter  to  be  draped  around  the  tube  However,  ihe 
draping  effect  may  be  relatively  weak  along  the  two  arm  parts  of  the  tube  whereas  it  is  strong  near  the  elbow 
indeed,  as  the  tube  sweeps  past  a  spacecraft  this  draping  produces  the  characteristic  bipolar  signature  in  B\.  the 
magnetic  field  component  normal  to  the  magnetopause,  that  led  to  the  discovery  of  the  FTK  syndrome  in  the  first 
place.  It  was  soon  realized  from  encounters  with  the  actual  FTE  flux  tube  that  tne  field  in  that  tube  must  itself  be 
twisted,  as  shown  in  Figure  1,  in  order  to  account  for  the  observed  magnetic  signature  and  for  the  persistent 
presence  of  a  maximum  of  the  total  pressure,  P  =  p+B2/2po>  in  the  tube  /7  8/  This  twisted  field  ma>  be 
incorporated  into  the  Russell-Elphic  model  in  an  ad-hoc  manner.  Observational  evidence  that  n  may  be  associated 
with  an  Alfven  wave  travelling  in  the  tube  has  been  discussed  by  Saunders  et  al.  /5.6/  and  will  be  considered  further 
in  section  6. 


Fig.  1.  Russell-Elphic  model  of  flux  transfer  event  (from  Saunders  et  al.  /6 /). 

An  added  implication  of  the  Russell-Elphic  model  is  that  the  Fit  flux  tube  has  been  produced  by  reconnection  that 
switches  on  and  off  in  a  fairly  narrow  longitude  segment,  creating  pairs  of  elbow-shaped  flux  tubes,  one  tube  in  the 
nonhem  hemisphere,  as  illustrated  in  Figure  1 ,  and  its  mirror  image  in  the  southern  hemisphere  as  shown  in  Figure 
2.  Indeed,  FTEs  with  mirror  image  Biy  signatures  are  seen  in  the  two  hemispheres:  the  source  region  for  an  FTE 
flux-tube  pair  statistically  appears  to  be  in  the  equatorial  region  191.  Other  important  observational  indications  that 
FTEs  involve  reconnection  are  the  fact  that  they  are  seen  only  for  southward  IMF  and  the  fact  that  enhanced  plasma 
flow  speeds  are  often  seen,  usually  near  the  trailing  (equatorial)  edge  of  the  events.  This  latter  observation  suggests 
that  active  reconnection  may  be  occurring  on  the  equatorward  side  of  the  flux  tube  /2,7/.  There  are  also  observations 
/10/  of  electron  heat  fluxes  to  support  this  laner  contention. 

Finally,  it  has  been  assumed  from  the  beginning  121  that  the  FTE  flux  tube  is  convected  away  from  its  point  of 
generation  more  or  less  with  the  velocity  of  the  ambient  magnetosheath  plasma.  It  has  been  argued  !\  1/ that,  as  a 
result  of  a  force  balance  between  Maxwell  stresses  in  the  elbow  and  Maxwell  stresses  produced  by  magnetopause 
field  lines  being  pushed  ahead  of,  and  wrapped  around  the  FTE  flux  tube  (see  Figure  2),  such  flux  tubes  of  small 
cross  section  will  indeed  be  convected  with  the  ambient  plasma  whereas  rubes  larger  than  a  certain  critical  size  will 
move  poleward  more  rapidly  and  will  involve  reconnection  of  magnetopause  field  and  FTE  flux-tube  field  as  well  as 
magnetopause  field  with  itself.  Another  consequence  of  pushing  the  magnetopause  field  out  of  the  way  is  the 
generation  of  field-aligned  currents  in  the  FTE  tube,  currents  that  have  the  sense  needed  to  generate  the  observed 
field  twist  /)]/. 

Because  of  its  intrinsically  three-dimensional  and  time-dependent  nature,  few  attempts  have  been  made  to  provide  an 
internally  consistent  mathematical  description  of  the  plasma  dynamics  associated  with  the  Russell-Elphic  model,  or 
to  establish  whether  this  kind  of  flux-tube  configuration  would  tend  to  be  generated  spontaneously  at  the  dayside 
magnetopause  (a  recent  3D  simulation  by  Sato  et  al.  /1 2/  showed  a  more  longitude-extended  structure).  Thus  the 
model,  while  qualitatively  predictive  of  a  number  of  geometrical  features  of  FTEs.  does  not  provide  quantitative 
predictions  concerning  field  and  plasma.  However,  it  must  be  said  that,  on  the  qualitative  level,  it  has  been 
remarkably  successful  in  either  accounting  for,  or  being  able  to  accommodate,  a  large  number  of  observations. 
Owing  to  this  success,  the  Russell-Elphic  model  remained  unchallenged  as  representing  the  proper  FTE  geomerry 
until  1985,  when  Lee  and  Fu  proposed  their  so-called  multiple  X-line  model.  That  model  and  others  that  have 
followed  are  summarized  briefly  in  the  next  section. 

3  TWO  DIMENSIONAL  MODELS 

The  Lee  Fu  multiple  X  line  model  /1 3,14/  is  the  outcome  of  a  two-dimensional  simulation  of  the  tearing  mode  as  it 
may  occur  at  the  nose  of  the  magnetopause,  i.e.,  in  the  presence  of  a  stagnation-point  like  flow.  A  recent  global 
version  of  this  simulation  by  Shi  et  al.  / 1 5/.  in  which  a  magnetized  incompressible  plasma  flows  past  a  two- 
dimensional  dipole,  is  reproduced  in  Figure  3(a)  Magnetic  islands  are  formed,  grow,  and  are  ejected  in  the 
polew*ud  direction  with  a  velocity  that  approximately  equals  the  magnetosheath  Alfvin  speed  evaluated  at  the 
subsolar  point.  Lee  and  Fu  /l 3/  proposed  that,  with  the  addition  of  a  field  component  By  perpendicular  to  the  plane 
of  the  figure,  such  magnetic  islands  become  FTE  flux  tubes  imbedded  in  the  magnetopause  and  containing  a  helical 
magnetic  field  (the  latter  having  the  actually  observed  sense  of  helicityl  Connection  of  such  a  tube  to  the 
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Fig.  2.  A  pair  of  FTE  elbow-shaped  flux  tubes.  Wrapping  of  magnetopause  field  Bmp  around 
the  elbow  is  shown  (from  Sonnerup  /l  If)- 

magnetosheath  field  and  to  the  magnetosphenc  field  would  occur  on  the  dawn  side  and  dusk,  side  as  illustrated  in 
Figure  3(b).  The  establishment  of  this  connection  is  not  described  by  the  simulations  (but  the  3D  simulation  b>  Sato 
et  at.  /1 2/  suggests  that  the  process  for  providing  such  connection  may  be  fully  three  dimensional  and  rather 
complicated).  It  is  of  course  possible  to  argue  that  the  basic  geometry  of  an  FTE  at  the  center  of  the  "elbow  ■<  as 
shown  in  Figure  3(a)  but  that  the  longitude  extent  of  the  portion  of  the  FTE  tube  that  is  imbedded  in  the 
magnetopause  is  much  more  limited  than  in  Figure  3(b).  In  that  case,  however,  2D  simulation  ceases  to  be 
quantitatively  valid  and  it  is  not  clear  that  the  model  is  then  significantly  different  from  the  Russell-Elphic  one.  One 
also  loses  a  key  prediction  of  the  2D  geometry:  that  a  spacecraft  located  somewhere  on  the  frontside  magnetopause 
will  encounter  ail  F  i  ts,  which  is  an  attractive  explanation  for  their  observed  high  frequency  of  occurrence. 


Fig.  3(a).  Simulation  of  two-dimensional  incompressible  MHD  flow  past  a  dipole,  showing  the 
formation  of  multipie  X  lines  and  magnetic  islands  (from  Shi  et  al.  / 1 5/).  (b)  FTE  flux  tubes 
(view  towards  the  sun)  in  Fu-Lee  multiple  X  line  reconnection  model  (from  Sonnerup  /1 1/). 

Careful  examination  of  the  magnetic  field  map  in  the  Fu  and  Lee  as  well  as  the  Shi  et  al.  simulations  /14.15/  show  s 
the  presence  not  only  of  magnetic  islands  but  also  of  layers  of  magnetic  flux  located  between  islands  and  penetrating 
the  magnetopause.  This  feature  has  not  been  emphasized  by  the  Alaska  group  but  it  forms  the  essential  ingredient  in 
the  recent  2D  simulation  model  by  Scholer !  1 6. 1 7/  as  well  as  in  the  qualitative  model  discussed  by  Southw  ood  et  al 
/ 18/.  These  authors  propose  to  interpret  Fi  bs  in  terms  of  ongoing  but  time-variable  reconnection  in  some  longitude 
segment  on  the  front-side  magnetopause.  They  argue  that  periods  of  increased  reconnection  rate  lead  to  the 
formation  of  a  pair  of  bulges  in  the  magnetopause,  much  like  magnetic  islands,  except  that  there  is  no  intrinsic  need 
for  X  lines  away  from  the  equator.  These  bulges  are  carried  pairwise  toward  the  north  and  the  south  cusp  regions 
essentially  with  the  Alfvin  speed.  Analysis  of  2D  time-dependent  reconnection  by  Biemat  et  al.  /1 9/  in  the  MHD 
description  and  by  Owen  and  Cowley  120/  in  the  collisionless  case  also  predicts  ejection  velocities  of  this  size  This 
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result  is  not  surprising  since  the  exit  flow  speed  in  standard  steady-state  reconnection  models  is  of  the  order  or  rite 
Alfven  speed  regardless  o!  the  reconnection  rate. 

Tin.  .tics;  important  suggestion  concerning  FTE  geometry  made  by  Scholer  and  by  South  wood  et  a!,  is  that  it  is  the 
open  flux  i<yer  between  two  magnetic  islands  rather  than  an  island  itself  that  provides  the  magnetic  coupl-r.g 
between  the  magnetosheath  and  the  magnetosphere  in  an  FTE  event.  This  layer  has  the  same  longitude  extent  as  tr.a’ 
of  the  overall  reconnection  event.  Thus  its  ionospheric  footprint  may  be  in  the  form  of  a  hand  extended  in  longitude 
rather  than  in  the  form  of  a  more  or  less  circular  patch.  The  field  in  the  center  of  the  bulge,  i.e  .  if  multiple  hues 
do  occur  as  in  the  Alaska  simulations,  the  field  in  the  flux  tube  produced  by  a  magnetic  island  plus  a  By  component, 
need  not  have  the  connection  to  the  magnetosheath  at  one  end  and  to  the  magnetosphere  on  the  other,  indicated  in  the 
Lee-Fu  model  and  shown  in  Figure  3(b).  Instead,  this  field  may  be  connected  at  both  ends  to  the  magnetopause 
field  or  perhaps  even  at  both  ends  to  the  magnetosheath  field  or  to  the  magnetosphere  field.  Connection  to  the 
magnetopause  field  is  proposed  in  a  recent  paper  by  Scholer  /17/  as  a  mechanism  wherebv  a  high  B  field’  is 
generated  in  the  core  of  an  FTE  and  whereby  a  drag  force  on  the  bulge  is  generated,  similar  to  that  discussed  K'; 
Sonnerup  /l  1/.  Such  a  drag  force  would  slow  down  ri  .■  poleward  speed  of  nn  FIT.  hmge  to  values  that  could  ne 
considerably  less  than  the  Alfven  speed  expected  m  2D  models  It  would  render  invalid  other  quantna:: . ■: 
predictions  obtained  from  2D  simulations  as  well.  For  short  elbows,  the  Scholer  /) 7/  geometrv  returns  rough! v  li¬ 
the  Russell-Elphic  situation  as  modified  by  Sonnerup /l  1/.  However,  it  is  different  in  some  important  respects,  in 
particular,  the  FTE  flux  tube  would  be  ribbon  shaped  rather  than  tubular,  the  nbbon  being  linked  by  a  bundle  of 
stretched  magnetopause  field  lines  which  would  form  the  core  of  the  FTE  bulge.  The  process  whereby  twist  is 
generated  in  the  band  might  include  the  effect  discussed  by  Wright  /21/  as  well  as  perhaps  velocity  shear  /IK/.  Both 
of  these  are  different  from  the  mechanism  proposed  in  /1 1/. 

Both  the  Scholer  and  Southwood  et  al.  geometry  and  that  described  by  Sonnerup  /1 1/  imply  a  layered  stnictute  of 
the  FTE  and  there  is  evidence  in  the  data  /22,23.24/  that  some  such  layenng  may  be  present. 

It  may  be  added  that  recent  2D  simulations  by  Liu  and  Hu  /25/  and  by  LaBelle-Hamer  et  al.  /26/  concerning  the 
interaction  of  the  Kelvin-Helmholtz  (KH)  instability  with  reconnection  (the  tearing  mode)  at  the  magnetopause  have 
led  to  yet  another  2D  FTE  model  in  which  the  FTE  bulge  is  a  rolled-up  vortex  and  its  associated  rolled  up  magnetic- 
field.  Such  a  model  also  entails  a  layered  FTE  struclure.  However,  detailed  comparison  with  observations  w  ill 
have  to  await  more  precise  predictions  concerning  this  structure  from  the  simulation  experiments. 

4.  OBSERVATIONAL  TESTS 

As  is  evident  trom  the  widely  different  nature  of  the  various  theoretical  models  described  above,  the  most  important 
unfinished  experimental  task  in  FTE  research  is  to  establish  the  overall  geometry  of  FTE  flux  tubes  and  their  motion 
on  the  magnetopause.  It  is  of  particular  importance  to  determine  to  what  extent,  if  at  all,  FTEs  can  be  understood 
quantitatively  in  terms  of  two-dimensional  models  and  simulations.  Three  specific  questions  will  be  addressed  here: 
(i)  what  is  the  orientation  of  the  FTE  flux  tube  or  bulge  in  an  individual  event  and  what  is  the  statistical  distribution 
of  orientanons  as  a  function  of  local  time  and  perhaps  latitude;  (ii)  what  is  the  velocity  of  motion  of  the  flux  tube  or 
bulge  along  the  magnetopause  and  perpendicular  to  the  tube  (bulge)  axis;  (iii)  is  the  FTE  signature  produced  by  a 
tube  that  is  pressed  against  one  side  or  the  other  of  the  magnetopause  current  layer  causing  an  indentation  in  that 
layer  or  is  the  flux  tube  an  integral  pan  of  the  magnetopause  itself,  describable  as  a  latitudinally  localized  grow  th  ot 
its  thickness  (caused  by  enhanced  reconnection)  which  produces  a  longitudinally  extended  bulge  on  the  outer  as  well 
as  the  inner  surface  of  the  magnetopause  layer?  We  now  discuss  briefly  how  these  questions  relate  to  the  various 
theoretical  models. 

(i)  flux- tube ariemation 

In  the  multiple  X  line  model  of  Lee  and  Fu  as  well  as  in  the  time-variable  reconnection  models  of  Scholer  and 
Southwood  et  al..  one  would  expect  most  or  alt  FTE  tubes  or  bulges  encountered  on  the  day-side  magnetopause  to 
have  their  orientation  approximately  along  the  magnetopause  net  current  (this  is  precisely  the  case  in  the  Fu-Lee  as 
well  as  the  Scholer  simulations).  For  equal  strengths  of  the  magnetospheric  field  and  the  magnetosheath  field,  the 
FTE  axis  would  then  bisect  the  angle  between  the  two  fields.  This  type  of  result  has  recently  been  reported  by 
Elphic  and  Southwood  1211  who  examined  nearly  simultaneous  observations  from  ISEE  and  AMPTE/UKS  of  an 
array  of  FTEs  in  the  nonhem  and  in  the  southern  hemisphere,  and  were  able  to  determine  the  flux-tube  or  bulge 
orientations  by  minimum-variance  analysis  of  the  magnetic  field,  as  discussed  further  in  section  5.  As  these  authors 
point  out,  their  result  is  compatible  with  the  Lee-Fu  model  (or  indeed  the  more  recent  models  by  Scholer  and  by 
Southwood  et  al.)  but  it  could  also  correspond  to  pairs  of  Russell-Elphic  flux  tubes  sampled  at,  or  near  the  elbow 
Only  in  a  statistical  sense  is  the  prediction  of  the  Russell-Elphic  model  different:  when  many  events  are  observed  at 
the  day-side  magnetopause  and  are  analyzed  to  yteid  the  flux-tube  direction,  there  ought  to  be  a  substantial 
probability  of  encountering  either  the  magnetospheric  arm  or  the  magnetosheath  arm  of  an  elbow-shaped  flux  tube 
The  former  arm  would  be  more  closely  oriented  along  the  magnetospheric  field  and  the  latter  more  closely  along  the 
magnetosheath  field.  However,  this  type  of  statistics  must  be  done  with  care:  as  pointed  out  already,  the  elhow 
events  are  likely  to  have  a  larger  magnetic  draping  signature,  on  average,  than  arm  events.  Therefore,  there  may  be 
a  built-in  bias  in  favor  of  detecting  elbow  events. 

The  Lee-Fu  model  has  a  flux  tube  topology  that  is  similar  to  the  Russell-Elphic  model  but  with  the  elbow  flattened 
and  extended  over  a  substantial  longitude  segment.  In  such  a  geometry,  only  elbow  encounters  are  expected  near 
local  noon  whereas,  for  positive  interplanetary  By  component,  as  shown  in  Figure  3(b).  one  would  expect  to  see 
magnetospheric-arm  FTEs  on  the  afternoon  and  dusk  ode  in  the  northern  hemisphere  and  on  the  morning  side  and 
dawn  side  in  the  southern  hemisphere.  Similarly,  for  Bv>()  one  would  see  magnetosheath-arm  FTEs  on  the 


An  increase  in  field  strength  also  occurs  in  a  purely  two-dimensional  model,  as  a  result  of  plasma  compression  and  an  associated 
increase  in  By  near  the  center  of  a  magnetopause  island  or  bulge 
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morning  (dawn)  side  in  the  nonhem  hemisphere  and  on  the  afternoon  (dusk)  side  in  the  southern  hemisphere  For 
By<0  the  reverse  would  hold. 

It  is  noted  that  the  Scholer  and  Southwood  et  al.  models  must  also  have  some  kind  of  three-dimensional  structure  at 
the  morning  and  evening  ends  of  the  bulge  in  the  magnetopause  caused  by  ,i._  main  flux  transfer  event.  The  exact 
nature  of  these  effects  is  not  known  but  it  clearly  depends  on  how  the  field  lines  in  the  core  of  the  FTE  bulge  are 
connected. 

Undertaking  a  statistical  study  of  the  type  outlined  here  is  a  major  task  which  is  made  extremely  difficult  by  the  fact 
that  determination  of  flux  tube  orientation  in  general  requires  multiple  spacecraft  observations  of  one  and  the  same 
flux  tube  or  bulge.  The  only  realistic  hope  is  that  the  method,  utilized  by  Elphic  and  Southwood  1211  and  discussed 
further  in  section  5.  which  requires  only  magnetic  data  from  a  single  spacecraft,  can  be  used  in  a  sufficient  number 
of  cases  to  provide  the  required  statistics. 

(ii)  Flux-tube  velocity 

Based  on  the  previous  description  of  various  FTE  models,  it  would  appear  that  experimental  determination  of  the 
velocity  of  an  FTE  flux  tube  or  bulge  perpendicular  to  its  axis,  together  with  the  direction  of  the  axis,  would  provide 
a  critical  test  of  the  two-dimensional  aspect  of  these  models  even  if  only  a  few  events  are  studied.  As  pointed  out 
already,  models  which  invoke  ongoing  reconnection  with  a  modulation  of  the  reconnection  rate  and  which  are 
basically  two-dimensional,  should  show  FTE  bulge  ejection  away  from  the  principal  reconnection  region  in  the 
equatorial  plane  with  a  speed  comparable  to  the  Alfven  speed.  On  the  other  hand,  the  Russell-Elphic  configuration 
and  any  other  configuration  where  the  tube  has  to  push  its  way  through  the  magnetopause  field  would  show 
velocities  that  are  comparable  to,  but  for  large  flux  tubes  perhaps  somewhat  greater  than  the  surrounding 
magnetosheath  flow  speeds  / 1 1/;  these  are  generally  substantially  smaller  than  the  Alfven  speed  on  the  frontside 
magnetopause.  Finally,  with  reference  to  the  recent  models  by  Liu  and  Hu  1251  and  LaBelle-Hamer  et  al.  12 6/,  the 
process  of  generating  Kelvin-Helmholtz  vortices  requires  these  vortices  to  move  at  a  speed  less  than  the  ambient 
magnetosheath  flow  speed.  This  would  also  be  the  case  if  the  FTE  signatures  were  produced  by  nothing  more  than 
a  simple  wave  on  the  magnetopause,  travelling  past  the  observing  spacecraft. 

In  general,  the  determination  of  the  orientation  and  speed  of  a  planar  front  requires  the  use  of  three  probes  in  a 
triangular  configuration,  well  separated  and  located  near  the  magnetopause.  With  luck,  a  few  such  events  may  be 
found  when  the  Cluster  spacecraft  become  operational.  However,  in  this  case  too  it  turns  out  that  data  from  a  single 
spacecraft  may  yield  the  desired  information,  provided  a  good  deHoffmann-Teller  frame,  i.e.,  a  frame  in  which  the 
plasma  flow  is  aligned  with  the  magnetic  field,  can  be  found  for  an  FTE  structure.  An  efficient  method  for 
determining  the  velocity  of  this  frame  has  been  described  recently  by  Sonnerup  et  al.  /28/  who  applied  the  method  to 
a  quasisteady  reconnection  event.  The  application  to  an  FTE  is  illustrated  in  section  5. 

Once  the  perpendicular  flux-tube  speed  has  been  determined,  one  can  convert  the  duration  of  the  FTE  into  a 
characteristic  scale  size  along  the  magnetopause  but  transverse  to  the  FTE  axis. 

(iii)  Flux-tube  stnicmre 

In  order  to  examine  whether  an  FTE  is  caused  by  a  swelled-up  part  of  the  magnetopause  itself  (a  bulge),  as  in  the 
Lee-Fu  model  or  the  Scholer  and  Southwood  et  al.  models,  or  whether  it  is  caused  by  a  flux  tube  pressed  against 
one  side  or  the  other  of  the  magnetopause  current  layer,  it  would  be  of  particular  value  to  examine  data  from  two 
radially  separated  spacecraft,  located  near  to,  but  on  opposite  sides  of  the  magnetopause.  Observations  of  this  kind 
have  in  fact  been  made  by  Farrugia  et  al.  /29/,  who  referred  to  them  as  "Two-Regime  FTEs."  These  authors  discuss 
two  events  where  ISEE1  and  2  were  located  in  the  required  manner.  They  found  one  ^ase  to  be  consistent  with  an 
encounter  with  the  magnetospheric  arm  of  a  Russeil-Elphic  type  flux  tube.  This  tube  was  penetrated  by  the 
spacecraft  in  the  magnetosphere  but  was  sensed  remotely  also  by  the  adjoining  magnetosheath  spacecraft.  The 
magnetosheath  effect  was  assumed  to  be  caused  by  the  indentation  of  the  inner  magnetopause  surface  and  the 
corresponding  bulging  of  the  outer  magnetopause  surface  caused  by  the  flux  tube.  However,  the  evidence  is  not 
conclusive:  the  magnetopause  could  have  bulged  on  both  sides  with  the  magnetospheric  spacecraft  penetrating  the 
bulge  on  the  magnetospheric  side  and  the  magnetosheath  spacecraft  sensing  the  bulge  on  the  magnetosheath  side 
remotely. 

The  second  case  reported  by  Farrugia  et  al,  1291  and  interpreted  by  them  as  an  encounter  with  the  magnetosheath  arm 
of  a  Russell-Elphic  type  FTE  flux  tube  may  have  been  more  conclusive.  Here  it  appears  that  the  magnetospheric 
spacecraft  briefly  sampled  the  flux  tube  itself  and.  in  doing  so.  passed  through  the  magnetopause  on  the  way  into 
and  out  of  the  tube.  This  type  of  behavior  would  not  be  compatible  with  the  FTE  flux  tube  being  part  of  the 
magnetopause  itself. 

Most  importantly,  observations  of  "two-regime"  events  rule  out  the  aforementioned  interpretation  of  Fits  in  terms 
of  a  simple  travelling  wave,  since  such  a  wave  would  not  generate  the  observed  simultaneous  Bn  signature  on  both 
sides  of  the  magnetopause.  However,  rolled-up  KH  vortices  /25,26/  cannot  be  excluded  in  this  manner. 

Another  critical  observation  relating  to  the  internal  structure  of  an  FTE  bulge  is  that  of  enhanced  plasma  flow  speeds 
concentrated  to  the  equatorward  portion  of  an  FTE  bulge  travelling  past  a  spacecraft  PI.  These  enhanced  flow 
speeds  are  likely  to  be  associated  with  reconnection  However,  in  a  two-dimensional  model  with  continuously 
ongoing  reconnection  at  a  time-modulated  reconnection  rate,  the  whole  FTE  structure  should  be  moving  with  the 
Alfven  speed  and  one  would  expect  flow-speed  enhancement  throughout  the  time  that  the  spacecraft  is  located  inside 
the  FTE  structure,  not  just  during  the  latter  part  of  its  residence  time  in  the  tube.  It  would  therefore  seem  that  this 
asymmetry  of  the  flow  speed  enhancements  is  an  indication  that  the  poleward  motion  of  the  FTE  structure  occurs 
with  a  velocity  that  is  substantially  less  than  the  flow  speeds  generated  by  the  reconnection  process  (i.e.,  the  Alfven 
speed).  This  is  the  situation  for  the  Russell-Elphic  model  and  for  Scholer's  model  /l 7/  when  drag  generated  by 
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pushing  (he  magnetopause  field  out  of  the  way  is  included  However,  it  remains  unclear  whether  ihe  trailing -cJi— 
flow-speed  enhancement  is  generated  by  reconnection  between  magnetosphenc  and  magnetosheath  fields  ,n  vie 
equatorial  plane,  as  in  Scholer  s  mcxlel.  or  by  reconnection  away  from  the  equatorial  plane,  perhaps  as  proposed  hv 
Sonnerup  /!  1/  in  the  context  of  ihe  Russell-Elphic  model  In  both  cases,  a  layered  FTP.  structure  is  predicted  n 
which  the  reconnection  heated  and  jccclciatcd  plasma  occupies  an  outer  layer  where  the  magnetic  field  magnitude 
mas  be  also  depressed,  surrounding  an  FTE  core  which  is  occupied  by  plasma  of  magnetosbealh  tor.  in  Schulers 
c_m;.  magnetopause)  origin.  These  predictions  may  have  a  direct  bearing  on  the  crater-like  FTE  signatures  n  the 
magnetosphere  reported  b'  LaBelle  ei  al  '22/  and  on  the  similar  structures  reported  hv  the  AMPTE/L  K.S  group 
2T24/. 

Another  clue  related  to  the  flow-speed  enhancements  is  that  they  are  seen  both  in  magnetosphenc  and  :i: 
magnetosheath  events  (although  perhaps  somewhat  more  frequently  in  the  latter >  This  is  expected  in  Sonnet  .ip  - 
!!  '  configuration  but  it  is  less  clear  what  to  expect  if  the  FTE  is  simply  a  manifestation  of  a  burst  of  high 
reconnection  rate  in  an  ongoing  reconnection  even:  in  winch  magnetosheath  and  magnetosphenc  fields  continually 
become  interconnected.  In  quasisteady  reconnection,  tin-  a  .  .derated  plasma  appears  .a  the  magnetopause  and  or. 
magnetosphenc  side  of  the  magnetopause  bui  not  on  me  magnetos;  eath  side  of  :t.  1.  is  not  clear  why  :h.- 
asymmetry  should  be  lost  if  the  reconnection  rate  is  suddenly  increased.  In  the  numerical  simulations  1 
sy  mmetry  appears  to  be  at  hand  but  this  may  be  due  to  a  failure  to  build  into  the  calculations  the  mtnnsic  plasma  and 
magnetic-field  asymmetry  that  usually  exists  across  the  real  magnetopause. 

Finally,  we  comment  on  the  nbbon-like  nature  of  the  flux  tube  that  connects  the  magretosheath  and  the 
magnetosphere  in  a  model  of  Scholer  s  type  This  band  is  wrapped  around  a  core  of  magnetic  field  and  plasma  of 
magnetopause  origin.  Since  the  overall  diameter  of  an  FTE  bulge  may  be  fairly  large.  1-2  Re  say.  it  would  seem 
that  escaping  energetic  magnetosphenc  panicles  should  be  mainly  confined  io  this  band  Thus,  a  spacecraft 
penetrating  all  the  way  into  the  deep  core  of  such  an  FTE  should  see  a  burst  (or  at  least  an  enhancement!  nr 
streaming  such  panicles  dunng  entry  into  and  exit  from  the  FTE  structure  whereas  they  should  be  more  or  less 
absent  dunng  the  traversal  of  the  core  itself.  Evidence  of  this  type  should  be  looked  for:  none  of  the  15  FTF.s 
examined  by  Paschmann  et  al.  /!/.  using  1SEE  data,  showed  this  behavior  (although  only  the  energetic-particle 
density,  not  the  streaming,  was  examined).  In  the  Southwood  et  al.  scenano.  all  of  the  field  lines  in  the  FTE  bulge 
provide  connection  between  the  magnetosheath  and  the  magnetosphere  so  that  the  entire  FTE  may  contain  streaming 
energetic  particles.  However,  even  in  that  case,  one  may  expect  the  fluxes  to  be  most  intense  near  the  surface  of  the 
bulge  where  field  lines  first  become  connected. 

5.  EXAMPLE 

In  this  section  the  process  of  obtaining  FTE  flux-tube  orientation  and  velocity  from  single  spacecraft  data  is 
illustrated  The  analysis  to  be  presented  is  discussed  in  more  detail  in  a  recent  pape  by  Papamastorakis  et  al  /4 / 
The  method  is  based  on  two  assumptions:  (i)  that  the  magnetic  field  sampled  in  the  event  has  a  constant  component 
along  the  flux  tube  axis;  (ii)  that  a  frame  of  reference,  the  deHoffmann-Teller  frame,  exists  in  which  the  plasma  flow 
sampled  in  the  event  is  aligned  with  the  magnetic  field  Both  of  these  assumptions  are  also  made  in  a  recent 
theoretical  study  of  the  external-field  draping  region  by  Farrugia  et  al.  flOl  and  both  can  be  verified  by  use  of 
magnetic  field  and  plasma  velocity  measurements.  From  examination  of  a  few  AMPTE/IRM  events  the  impression 
has  been  gained  that  assumption  (i)  is  likely  to  work  well  only  in  the  draping  region  whereas  (ii)  may  work  also  in 
ihe  interior  of  at  least  some  events. 


Fig.  4.  Magnetic  field  hodograms  for  FTE  observed  by  AMPTE/IRM  on  4  Sep  1984  The 
average  field  B  has  been  subtracted  (from  Papamastorakis  et  al.  /if). 
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Fig.  5.  Hodograms  of  convection  electric  field.  Ec  =  -vxB  in  Fig.  5  (from 
Papamastoralas  ei  al.  /4/). 

Figure  4  shows  the  result,  in  the  usual  hodogram  form,  of  minimum  variance  analysis  of  the  magnetic  field  in  a 
weak  magnetosheath  FTE  event  in  which  the  AMPTE/1RM  spacecraft  sampled  the  field  draping  but  did  not  penetrate 
the  FTE  flux  tube.  The  ratio  of  the  intermediate  to  the  minimum  variance  is  58.4/3.4,  indicating  that  a  good 
minimum  variance  direction  (k)  has  been  obtained.  This  direction  should  be  identified  with  the  direction  of  the  flux- 
tube  or  bulge  axis.  The  average  field  component  along  this  axis  is  seen  to  be  -95nT.  The  roughly  circular 
hodogram  representing  the  field  components  perpendicular  to  the  minimum  variance  direction  is  what  is  expected 
from  a  model  of  the  type  discussed  by  Farrugia  et  al.  /30/.  For  the  semicircular  tube  cross  section  (of  radius  a.  say  i 
used  by  these  authors,  one  can  further  deduce  a  satellite  "impact  parameter"  of  about  1  4a  in  this  case. 

The  axis  determination  described  above  is  identical  to  that  used  by  Elphic  and  Southwood  1211  who  examined  15 
cases  and  found  8  of  these  to  have  the  ratio  of  intermediate  to  minimum  variance  greater  than  10.  The  existence  of  a 
good  minimum-variance  diiection  in  these  FTEs  provides  convincing  evidence  that  they  are  produced  by  distant 
encounters  with  an  elongated  rather  than  a  nodular  structure 

We  now  analyte  the  convection  electric  field  Ec  =  -vxB  in  the  manner  discussed  in  Sonnerup  et  al.  /2&/.  Minimum 
variance  analysis  on  Ec  yields  the  results  in  Figure  5  It  is  seen  that  the  eleori.  field  component  in  the  minimum 
variance  (k)  direction  is  nearly  zero  and  that  it  has  a  very  small  variance.  This  is  usually  an  indication  that  a  good 
deHoffmann-Teller  transformation  velocity,  vht.  exists  (vht  is  expected  to  be  parallel  to  k).  Leas;  squares  fating 
as  described  in  /28/  was  used  to  determine  this  velocity.  The  three  components  of  the  resulting  electric  field  Ekt  =  - 
vht-xB  are  found  to  have  a  correlation  coefficient  of  0.990  with  the  corresponding  components  of  Ec.  which 
demonstrates  that  a  eood  deHoffmann-Teller  frame  has  been  found. 

Figure  6  shows  the  orientauon  and  magnitude,  in  a  plane  tangential  to  the  magnetopause,  of  the  magnetosphenc  and 
magnetosheath  fields,  of  the  net  magnetopause  current,  of  the  flux-tube  axis,  of  the  deHoffmann-Teller  velocity,  and 
of  the  magnetosheath  flow  velocity.  The  FTE  occurred  in  the  magnetosheath  around  1 5.40  LT  and  -1.1°  OSE 
latitude.  It  had  ’he  signature  of  a  southern  hemisphere  event.  It  is  seen  that  the  flux-tube  axis  is  lilted  by  a 
substantial  angle  away  from  the  net  magnetopause  current  vector  and  towards  the  external  field.  Yet  it  also  deviates 
substantially  from  the  latter  field.  Furthermore,  the  component  of  vht  perpendicular  to  the  flux  tube  axis  is  only 
about  35  km/s,  in  the  southerly  direction.  The  magnetosheath  flow  speed,  on  the  other  hand,  has  a  perpendicular 
component  of  about  70  km/s,  in  the  northerly  direction.  Thus  it  is  clear  that  this  portion  of  the  FTE  structure  is  not 
convected  with  the  magnetosheath  flow.  Furthermore,  we  note  that  the  opposite  sense  of  motion  of  the  FTE  bulge 
and  the  magnetosheath  plasma  is  also  present  in  Scholer  s  simulations  /!6/\  As  shown  in  the  figure,  the 
magnetosheath  plasma  velocity  in  the  deHoffmann-Teller  frame,  vshHT.  is  235  km/s  and  is  approximately  field- 
aligned  as  expected.  It  should  be  compared  to  an  Alfv^n  speed  of  290  km/s  in  the  magnetosheath.  The  correlation 
coefficient  between  the  three  components  of  (v-vht)  and  the  corresponding  components  of  the  local  Alfven  velocity 
was  0.998  but  the  magnitudes  of  the  former  were  only  81%  of  the  corresponding  Alfvin  speed  components.  Thus 
the  Waldn  relation  was  not  exactly  satisfied.  Nevertheless,  given  the  uncertainties  in  the  data  and  in  the  analysis, 
one  cannot  exclude  the  possibility  that  this  FTE  had  the  basic  properties  expected  from  2D  models  in  which  ongoing 
bursty  reconnection  is  responsible  for  the  creation  of  the  FTE.  In  this  context,  it  is  noted  that  this  FTE  preceded  by 
about  50  minutes  the  quasisteady  reconnection  ever’  discussed  by  Sonnerup  et  al.  /28/.  On  the  other  hand,  the 
results  are  not  consistent  with  the  FTE  being  caused  by  wave  morion  on  the  magnetopause  or  by  rolled-up  KH 
vortices  for  which  one  would  expect  motion  of  the  magnetopause  bulge  in  the  same  direction  as  the  ambient 
magnetosheath  flow. 


Il  is  presumably  a  result  of  the  fast-mode  expansion,  characicnst-c  of  the  inflow  regions  of  a  Pelschek-Iike  reconnection  geometry,  as 
discussed  by  Vasvliunas  /3 1/ 
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Fig.  6.  Relative  orientation  of  flux  tube  axis,  magnetospheric  and  magnetosheath  fields, 
magnetosheath  flow  velocity  and  deHoffmann-Teller  !HT>  transformation  velocity,  vht. 
for  F  fE  in  Figs.  4  and  5.  Magnetic  fields  are  drawn  in  Alfvdn  speed  units.  Note  that  the 
magnetosheath  velocity  in  the  FIT  frame  is  nearly  antiparallel  to  Bsheaih  and  has  magnitude 
equal  to  about  80%  of  the  magnetosheath  Alfven  speed  (from  Papamastorakis  et  al.  /4/). 


The  FTE  signature  analyzed  here  had  a  duration  of  130  sec.  With  ..  perpendicular  component  of  vht  of  35  kin's, 
this  time  translates  to  a  transverse  FTE  dimension  of  4550  km  along  the  magnetopause. 

It  would  seem  that  analysis  of  the  type  described  here,  earned  out  on  a  number  of  events  observed  at  different  local 
times,  should  cast  a  great  deal  of  light  on  the  geometry  and  dynamics  of  FTEs. 

6.  ALFVEN  WAVE  IN  FTE  TUBE 

Although  detailed  documentation  was  not  provided,  Saunders  et  al.  /5 .6/  have  reported  one  FTE  where  the  Walen 
relation,  =  Bov^Ao.  Ao  being  the  Alfven  speed,  was  satisfied  for  the  components  bi  and  vj_  of  magnetic  field 
and  plasma  velocity  perpendicular  to  the  main  field  Bo.  It  is  not  known  ,f  this  is  a  common  property  of  FTEs.  but  it 
appears  that  there  is  now  a  fairly  widespread  belief  that  the  magnetic  field  twist  in  FTEs  and  its  associated  flux-tube 
aligned  current  are  propagated  along  the  arms  of  the  tube,  thought  of  as  having  the  Russell-Elphic  geometry,  away 
from  a  source  region  where  the  tube  crosses  the  magnetopause.  It  would  seem  important  to  examine  the  Walen 
relation  in  FrE  flux  tures  for  a  substantial  number  of  e  ants  to  see  whether  the  finding  by  Saunders  et  al.  has 
general  validity.  However,  as  is  evident  from  the  example  in  section  5  (and  as  stressed  by  Farrugia  et  al.  /30 /), 
approximate  satisfaction  of  the  Waldn  relation  is  not  an  unambiguous  indicator  of  an  Alfvdn  wave  propagation  in  the 
FTE  tube.  It  could  simply  indicate  that  a  deHoffmann-Teller  frame  exists  in  which  the  flow  is  field  aligned,  with 
speed  equal  to,  or  near  the  Alfven  speed.  Here  we  point  out  that  the  twist-Alfvdn  wave  idea  may  be  in  conflict  with 
well  documented  observations  17/  of  a  substantial  increase  of  total  pressure,  (p+B2/2po),  in  the  interior  of  FTEs. 
This  pressure  increase  is  due  mainly  to  the  magnetic  term.  This  point  is  illustrated  by  considering  a  flux  tube  of 
circular  cross  section  containing  a  propagating  twist-Alfvin  wave.  With  the  tube  axis  along  z  and  with  the 
assumptions  d/dz  =  0  and  3/dO  =  0  (axial  symmetry  ),  the  magnetic  field  and  the  plasma  velocity  may  be  written  as  B 
=  eiBz(R)+e,5Bdi(R)  and  v  =  ezvz(R)+ejv,j(R),  respectively.  For  this  configuration,  we  can  show  that  the 
momennim  equation  for  the  plasma  reduces  to  a  radial  force  balance  of  the  form 

d(p+B2/2qo)/dR  =  piv^-B  Vpop)/R  ( 1 ) 

In  the  Alfvdnic  case  we  have  v2*  =  B2ypqp,  the  result  being  that  the  tot  !  pressure  P  =  p+B2/2pq  is  constant  over 
the  tube  cross  section.  This  result  arises  because  tne  magnetic  hoop  stres.  C:^'pqR.  used  by  Paschmann  et  al.  17/  to 
account  for  the  excess  values  of  P  in  FTEs.  is  exactly  counted):.  need  by  Ok  centrifugal  force  pv2,j/R. 

On  the  basis  of  the  above  argument,  it  seems  somewhat  doubtful’*  lhat  the  FTE  field  twist  is  generally  the  result  of 
a  propagating  Alfven  wave  in  a  flux  tube  of  the  Russell-Elphic  type.  It  seems  more  likely  that  we  are  simply  dealing 
with  a  flux-tube  aligned  current  as  envisaged  by  Paschmann  et  al.  /!/■  We  may  additionally  ask  whether  the 
configuration  might  be  a  force-free  one.  For  the  cylindrical  geometry  described  above,  the  force-free  condition  j^B 
=  0  becomes 

d(B2/2pq)/dR  =  -  BVnoR  (2) 

and  die  radial  force  balance,  equation  ( 1 ),  reduces  to 

dp/dR  =  p  v2$(R  (3i 

In  such  a  situation  the  plasma  pressure  would  increase  and  the  magnetic  pressure  decrease  with  increasing  radius  R 
However,  if  the  Waldn  relation  holds,  the  total  pressure  would  still  remain  constant. 

”  However,  one  can  perhaps  nol  entirely  exclude  the  possibility  of  a  wave  guide  like  mode  in  which  v-^b-^uoP 
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7.  SUMMARY 

In  ihis  paper  the  author  has  discussed,  in  a  general  way,  some  observational  tests  that  he  believes  would  be  of  help 
in  discriminating  between  a  number  of  existing  models  of  FTEs.  The  main  objective  has  been  to  determine  the  local 
orientation  and  speed  of  an  FTE  flux  tube.  It  will  be  difficult  to  obtain  statistical  information  concerning  these 
quantities  if  they  have  to  be  determined  from  time-of-passage  measurements  from  three  widely  separated  spacecraft, 
all  simultaneously  located  near  the  magnetopause.  For  this  reason,  special  emphasis  was  placed  on  the  possibility  of 
tmding  orientation  and  speed  from  a  single  spacecraft.  Although  a  few  such  determinations  have  been  reported,  the 
information  available  to  date  is  not  sufficient  to  unambiguously  select  or  reject  any  particular  model  or  models. 
Indeed,  one  should  be  alert  to  the  possibility  that,  in  reality,  more  than  one  type  of  FTE  geometry  may  occur. 

When  the  four  Cluster  spacecraft  begin  to  deliver  data,  a  vast  new  set  of  possibilities  for  detailed  examination  of 
FTE  orientation,  structure  and  dynamics  will  open  up.  In  the  context  of  determination  of  the  flux-tube  orientation, 
the  method  discussed  in  this  paper  required  the  magnetic  field  to  have  a  constant  component  along  the  flux-tube  axis 
during  the  FTE  traversal.  This  may  be  a  realistic  assumption  for  distant  encounters  but.  on  account  of  the  field- 
strength  maximum  at  the  center  of  an  FTE  tube,  probably  not  for  penetrating  ones  When  Cluster  data  become 
available,  one  may  be  able  to  determine  the  flux-tube  orientation  by  use  of  the  requirement  k^VB  =  0  where  kj  is  a 
unit  vector  along  the  tube  axis.  This  set  of  three  scalar  equations  has  a  nontrivial  solution  only  if  the  determinant  of 
the  matnx  dB,/dxj  vanishes.  The  determinant  will  be  readily  obtainable  from  the  Cluster  data  so  that  this  condition 
(  along  with  the  condition  (hat  the  matnx  have  zero  trace)  can  be  checked  throughout  an  FTE  encounter.  If  it  is  well 
satisfied,  many  determinations  of  the  flux-tube  onentation  will  be  obtained  for  each  event,  by  solving  the  equations 
kj»VB  =  0  for  each  individual  time  of  measurement. 

One  important  current  question  in  FTE  research  concerns  the  significance  of  observed  streaming  magnetosphenc- 
hke  energetic  panicles  in  magnetosheath  FTEs  Z32.33/.  Do  such  observations  provide  unambiguous  evidence  for 
magnetic  connection  across  the  magnetopause,  as  has  been  generally  assumed,  or  could  they  be  accounted  for  in 
terms  of  particle  leakage  across  the  magnetopause  without  the  presence  of  magnetic  connection  /34/?  Since  a  clear 
and  generally  accepted  answer  to  this  question  does  not  seem  to  be  available  at  present,  continued  detailed  studies  of 
(he  energetic-panicle  signatures  in  FTEs  are  of  extreme  importance. 

Finally,  a  comment  should  be  made  about  numerical  simulations  of  FTEs.  In  order  for  these  simulations  to  be 
maximally  helpful,  they  should  be  used  to  generate  artificial  data  that  represent  the  measurements  made  bv  one  or 
more  spacecraft"  passing  through  the  FTE  structure.  Comparison  of  such  anificial  data  with  real  observations 
vhould  prove  most  illuminating. 
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Orientation,  Motion,  and  Other  Properties  of  Flux 
Transfer  Event  Structures  on  September  4,  1984 
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Three  flux  transfer  events  (FTEs),  observed  by  the  AMPTE/IRM  spacecraft  in  the  southern 
hemisphere  magnetosheath  are  studied  by  use  of  variance  analysis  of  measured  magnetic  fields,  B, 
and  convection  electric  fields,  Ee  =  —  v  X  B,  with  the  objective  of  determining  the  orientation  and 
motion  of  the  flux  tube  or  magnetopause  bulge  causing  the  FTE  signature.  These  FTEs  preceded  a 
series  of  magnetopause  crossings  during  which  the  high  plasma  flow  speeds,  characteristic  of  quasi¬ 
steady  reconnection,  were  present.  The  main  results  are  as  follows:  (1)  For  each  FTE,  a  moving 
so-called  deHoffmann-Teller  (HT)  frame  of  reference  can  be  found,  in  which  the  local  plasma 
velocities  are  nearly  antiparallel  to  the  local  B  vectors  and  have  magnitudes  in  the  range  707c- 
90%  of  the  local  nominal  Alfven  speed  (assuming  all  measured  ions  to  be  protons).  The  velocities 
of  motion,  vHT,  of  the  HT  frames  (or  all  three  events,  and  for  two  subsequent  magnetopause 
crossings,  are  sufficiently  similar  so  that  a  single  HT  frame  orders  the  data  in  this  manner  for  one 
full  hour.  (2)  In  the  first  FTE,  the  spacecraft  appears  to  have  sampled  fields  and  flow  around 
a  moving  tube  or  elongated  magnetopause  bulge.  The  tube  orientation  and  motion  (given  by 
the  component  of  Vht  perpendicular  to  the  tube  axis)  could  be  determined  along  with  impact 
parameter  ((  ~  1.4a),  tube  diameter  (2a  ~  8000  km),  and,  with  reasonable  assumptions,  tube 
length  ( L  >  20,000  1cm).  The  tube  was  found  to  move  southward  past  the  spacecraft,  consistent 
with  the  observed  negative-positive  signature  in  the  component  of  B  along  the  magnetopause 
normal.  The  ambient  magnetosheath  plasma  moved  in  the  opposite  direction.  (3)  For  the  second 
and  third  FTEs,  which  were  close  encounters  (t/a  <  1),  the  tube  orientation  and  therefore  its 
motion  could  not  be  reliably  determined.  (4)  On  the  whole,  the  observations  are  consistent 
with  ongoing  magnetopause  reconnection  with  a  time-modulated  reconnection  rale  that  leads  to 
repeated  ejection  of  bulges  in  the  magnetopause  from  the  reconnection  site. 


1 .  Introduction 

The  phrase  "flux  transfer  event,"  or  FTE  for  short,  is 
commonly  used  to  refer  to  a  set  of  observations,  near  the 
magnetopause,  of  a  bipolar  pulse  in  the  magnetic-field  com¬ 
ponent  normal  to  the  magnetopause  [Russell  and  Elpkic, 
1979],  and  associated  characteristic  signatures  in  the  time 
records  of  measured  plasma  and  energetic  particle  proper¬ 
ties  [e.g.,  Paschmann  et  at.,  1982;  Scholcr  et  at,  1982],  The 
use  of  this  phrase  in  the  literature  should  not  be  construed 
to  mean  that,  for  each  observed  event,  an  unambiguous 
demonstration  has  been  made,  or  can  be  made,  that  mag- 
,  netic  connection  was  present  between  the  magnetosheath 
and  the  magnetosphere,  i.e.,  that  in  some  local  region  mag¬ 
netic  flux  crossed  the  magnetopause.  Rather,  the  term  FTE 
has  become  a  generally  accepted  and  convenient  name  for  an 
*  observational  syndrome  that  merits  study  in  its  own  right, 
regardless  of  whether  the  name  is  an  appropriate  one  or  not. 

Since  the  discovery  of  FTEs  about  10  years  ago  [Russell 

1  Also  at  Physics  Department,  University  of  Crete,  and  Re¬ 
search  Center  of  Crete,  Heraklion,  Greece. 
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and  Elphic,  1978],  the  idea  of  sporadic  and  patchy  magnetic 
connection  across  the  magnetopause  has  gained  wide  accep¬ 
tance  and  forms  an  integral  part  of  a  conceptual  picture  of 
the  solar  wind-magnetosphere  interaction  that  is  shared  by 
many  workers  in  magnetospheric  physics.  In  this  picture, 
FTEs  represent  a  time-dependent,  perhaps  patchy  form  of 
magnetic  field  reconnection  which  may  be  the  dominant 
mechanism  whereby  the  cross-magnetospheric  potential  is 
generated  and  magnetic  flux  is  transferred  from  closed  field 
lines  in  the  magnetospheric  front  lobe  to  open  field  lines  that 
are  deposited  in  the  geomagnetic  tail. 

A  number  of  geometrical  and  quantitative  models  have 
been  proposed  to  account  for  FTEs  [Russell  and  Elphic, 
1978;  1979;  Lee  and  Fu,  1985;  Sonnerup,  1987;  Scholer, 
1988a,  b;  Southwood  et  aL,  1988;  LaBelle-Hamer  et  at.,  1988; 
Liu  and  Hu,  1988],  Although  a  fairly  large  number  of  obser¬ 
vational  studies  of  individual  events  has  been  undertaken, 
there  is  no  consensus  at  present  as  to  which  of  these  mod¬ 
els,  if  any,  provides  an  acceptable  explanation  for  the  ob¬ 
served  features  of  FTEs.  ^In  our  view,  there  is  a  need  to 
establish,  directly  from  the  observations,  certain  basic  ge¬ 
ometrical  and  kinematic  properties  of  FTEs  before  an  in¬ 
formed  choice  between  models  can  be  made.  The  present 
paper  represents  a  step  in  that  direction.  As  a  vehicle  for 
the  study,  we  use  three  FTEs  in  the  magnetosheath  which 
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^receded  the  quasi-steady  reconnection  events  observed  by 
he  AMPTE/IRM  spacecraft  on  September  4,  1984.  On  this 
nbound  pass  of  the  spacecraft,  the  basic  signatures  of  re- 
ronnection,  principally  the  appearance  of  high-speed  flows, 
were  observed  [Paschmann  et  al..  1986]  during  each  of  three 
magnetopause  traversals  that  occurred  within  a  time  span 
of  about  30  min.  The  second  of  these  crossings  has  been  an¬ 
alyzed  in  considerable  detail  by  Sonnerup  et  al.  [1987],  who 
made  use  of  convection  electric  fields,  E,  =  -v  x  B,  cal¬ 
culated  from  measured  plasma  velocities,  v,  and  magnetic 
fields,  B.  to  determine  the  magnetopause  orientation,  nor¬ 
mal  speed,  and  acceleration,  and  to  confirm  the  validity  of 
the  Walen  relation  in  the  magnetopause  current  sheet.  As 
part  of  this  activity,  it  was  shown  that  a  moving  so-called 
deHoffmann-Teller  (HT)  frame  of  reference  could  be  found 
in  which  the  plasma  flow  was  nearly  antiparallel  to  the  mag¬ 
netic  field  and  in  which  therefore  the  convection  electric  field 
was  nearly  zero.  A  convenient  methodology  for  finding  the 
velocity,  vHTl  and  acceleration,  «mt<  of  this  frame  was  de¬ 
veloped. 

In  the  present  article,  we  show  that  the  study  of  convec¬ 
tion  electric  fields  provides  important  insights  into  the  prop¬ 
erties  of  some  FT  Els  as  well.  In  particular,  we  find  that,  for 
each  of  the  three  events  on  September  4,  1984,  that  form  the 
object  of  our  study,  a  good  deHoffmann-Teller  frame  exists. 
Furthermore,  we  find  that  the  Walen  relation,  which  in  this 
frame  has  its  fundamental  form,  requiring  the  field-aligned 
flow  to  be  Alfvenic,  i.e.,  v  —  vHT  —  ±v*,  vA  being  the  local 
Alfven  velocity,  is  approximately,  but  not  exactly,  satisfied 
in  these  FTEs.  (In  other  frames  of  reference,  the  Walen 
relation  is  usually  written  in  terms  of  velocity  differences: 
Av  =  iAv*.)  These  two  results  have  important  implica¬ 
tions  for  the  land  of  geometrical  and  physical  models  that 
may  account  for  the  observations. 

Further  observational  information  may  be  obtained  in  the 
case  of  models  that  invoke  an  elongated  flux  tube  or  elon¬ 
gated  bulge  in  the  magnetopause  to  account  for  the  char¬ 
acteristic  FTE  signature.  If  the  axis  of  elongation  can  be 
determined,  then  the  component  of  the  deHoffmann-Teller 
velocity  perpendicular  to  the  axis  represents  the  motion  of 
the  FTE  tube  or  bulge  normal  to  itself.  This  velocity  com¬ 
ponent  may  be  used,  together  with  the  event  duration,  to 
estimate  the  bulge  diameter.  Furthermore,  by  comparison 
with  the  corresponding  component  of  the  ambient  plasma 
velocity,  one  can  decide  whether  the  FTE  tube  is  convected 
with  the  ambient  plasma  or  moves  relative  to  it.  However, 
determination  of  the  orientation  of  a  flux  tube  is  not  a  sim¬ 
ple  matter  and  may  usually  not  be  possible  from  single 
spacecraft  measurements.  An  exception  is  the  case  where 
the  magnetic  field  component  parallel  to  the  tube  axis  re¬ 
mains  constant  throughout  the  event.  In  that  case,  the  tube 
orientation  corresponds  to  the  minimum-variance  direction 
of  the  magnetic  field,  a  fact  that  has  been  used  recently  by 
Elphic  and  Southwood  [1987]  in  order  to  estimate  a  total  of 
13  FTE  tube  orientations.  This  method  will  be  used  here 
also. 

The  paper  is  organized  as  follows.  In  section  2  we  present 
the  bask  observed  features  of  the  three  FTEs  in  terms  of 
the  temporal  variations  of  magnetic  field,  plasma  velocity, 
plasma  density  and  pressure,  and  energetic  particle  den¬ 
sity.  In  section  3,  the  results  of  minimum  variance  anal¬ 
ysis  of  magnetic  field  and  convection  electric  field  are  pre¬ 
sented  along  with  the  determination  of  the  velocity  of  the 
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deHoffmann-Teller  frame,  vHT,  and  the  test  of  the  Walen 
relation.  Section  4  contains  discussion  and  interpretation 
of  the  results  in  terms  of  various  proposed  FTE  models  A 
summary  of  our  main  conclusions  is  given  in  section  5. 

2.  Data  Presentation 

An  overview  of  data  gathered  during  the  September  4. 
1984,  inbound  pass  of  AMPTE/IRM  through  the  magne¬ 
topause  region  may  be  found  in  Paschmann  et  al.  [1966], 
along  with  a  brief  description  of  the  plasma  and  magnetic 
field  instrumentation  and  the  data  reduction  procedures 
The  FTE  and  magnetopause  encounters  occurred  on  the  af 
ternoon  side  of  the  magnetosphere  at  about  1540  LT,  ai.d 
in  the  southern  hemisphere,  at  —1.2°  GSE,  —25°  GSM  lat¬ 
itude,  and  at  a  geocentric  distance  of  about  8.5  Rs.  A  de¬ 
tailed  plot  of  relevant  plasma  and  magnetic  field  data  for  the 
time  period  1400-1440  UT  is  shown  in  Figure  1.  Three  FTEs 
are  identified  in  the  diagram,  although  it  appears  plausible 
that  several  additional  small  events  may  have  occurred.  The 
first  of  these  events  has  the  classical  bipolar  signature  in  the 
normal  magnetic  field  component,  here  expressed  in  terms 
of  the  elevation  angle,  AB,  of  the  magnetic  field  relative  to  a 
suitable  magnetopause  tangential  surface.  The  angle  XB  is 
zero  when  the  field  lies  in  that  surface  and  is  +90°  when  it  is 
directed  along  the  outward-pointing  magnetopause  normal, 
N.  The  azimuth  angle  vb  is  0°  and  +90°  when  the  field 
lies  in  the  first  or  fourth  quadrant  of  the  LN  plane  and  the 
MN  plane,  respectively,  of  the  standard  boundary-normal 
coordinate  system,  LMN,  introduced  by  Russell  and  El¬ 
phic  [1979].  The  negative- positive  bipolar  signature,  seen  in 
Figure  1  for  FTE  1,  is  characteristic  of  the  southern  hemi¬ 
sphere.  The  second  and  third  events  have  more  complicated 
negative-positive-negative  \B  signatures.  The  total  pres¬ 
sure,  P  =  p  +  H,/2p0>  rises  somewhat  in  the  middle  of  each 
event,  mainly  on  account  of  an  increase  in  the  magnetic  pres¬ 
sure.  The  plasma  density  remains  nearly  constant  through¬ 
out  the  first  FTE  for  which  also  the  magnetic  and  other 
signatures  are  relatively  weak.  For  the  other  two  events, 
the  density  shows  several  minima  within  the  main  struc¬ 
ture.  Large  increases  in  plasma  velocity  and  in  the  flux  of 
energetic  ions  are  present  in  the  centers  of  these  two  events. 

The  first  FTE  appears  to  have  the  basic  properties  ex¬ 
pected  in  a  distant  encounter  with  an  FTE  tube  or  bulge 
where  the  main  observable  effects  are  associated  with  the 
draping  of  magnetic  field  around  the  tube  or  bulge,  and  as¬ 
sociated  flow  deflections,  somewhat  in  the  manner  described 
by  Farrugia  et  al.  [1987],  The  second  and  third  FTEs  have 
complicated  and  not  entirely  typical  signatures,  which  nev¬ 
ertheless  indicate  that  the  spacecraft  may  have  penetrated 
the  tube  or  bulge  and  sampled  its  complex  internal  struc¬ 
ture.  While  the  signatures  of  the  first  event  could  perhaps 
have  been  caused  by  a  ripple  on  the  magnetopanse,  travel¬ 
ling  past  the  spacecraft,  rather  than  by  a  moving  flux  tube  or 
bulge,  detailed  structural  features,  as  well  as  the  appearance 
of  high-speed  flows  in  the  second  and  third  event,  would  not 
readily  fit  such  an  interpretation. 

The  magnetopause  normal  used  in  Figure  I  and  later  fig¬ 
ures  was  obtained  in  two  steps.  First  we  constructed  a  nor¬ 
mal  from  the  cross  product  of  v  and  B,  averaged  over  an 
adjacent  quiet  magnetosheath  interval  (1422-1426  UT).  as¬ 
suming  that  v  and  B  are  (nearly)  tangential  to  the  mag¬ 
netopause.  This  normal,  however,  produced  slight  asym- 
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Fig.  1.  Overview  of  measurements  during  three  flux  transfer  events  on  September  4,  1984. 
The  AMPTE/IRM  spacecraft  was  in  the  magnetoaheath  during  the  time  interval  shown,  1400- 
1440  UT.  Starting  at  the  top  of  the  figure,  the  quantities  shown  are  magnetic-field  magnitude, 
B  (nT);  measured  ion  number  density,  Np( cm-1);  magnetic-field  azimuth  and  elevation  angles, 
and  in  LMN  system  (see  text);  number  density  of  energetic  ions  (40  >  Er  >  9  kV) 
and  electrons  (30  >  Ec  >  1.8  kV),  Nip  and  100  *  Nic(cm~^  );  plasma  bulk  speed  V p  ( km /*) ;  total 
pressure  Ptot  =  P  =  p  +  B1  /2p0,  magnetic  pressure,  Pg  =  BJ/2po,  and  plasma  pressure  Ppia  =  p 
(all  in  nPa).  The  quantities  n,,  ny  and  n,  represent  the  GSE  components  of  the  magnetopause 
normal  vector  used  (see  text). 


metries  in  the  bipolar  XB  signature  To  remove  this  asym¬ 
metry,  we  rotated  the  normal  by  4°  around  the  M  axis. 
The  resulting  normal  vector  has  the  GSE  components  given 
in  Figure  1  and  agrees  rather  well  with  the  Fairfield  [1971] 
normal  (n,  =  0.843,  n,  =  0.538,  n,  =  —0.018).  On  the 
other  hand,  there  is  an  11®  discrepancy  with  the  normal  de¬ 
termined  by  Sonnerup  et  al.  [1987]  (or  the  magnetopause 
crossing  at  1500:42  UT.  Deviations  of  this  size  or  more  are 
not  surprising  in  light  of  the  likely  presence  of  large  scale 
undulations  of  the  magnetopause.  They  are  not  in  any  way 
critical  for  the  analysis  to  follow. 

3.  Data  Analysis 

The  data  from  each  of  the  three  FTEs  will  be  treated 
in  an  identical  manner.  Minimum  variance  analysis  will  be 
performed  on  the  magnetic  field  data  as  well  as  on  the  con¬ 
vection  electric-field  data,  E,  =  — v  x  B,  obtained  from  the 
measured  3D  velocities  and  magnetic  fields  once  every  4.3 
s.  As  we  shall  see,  the  results  of  the  latter  analysis  usually 
indicates  whether  or  not  a  good  deHoffmann-Teller  (HT) 
frame  exists.  The  velocity,  vWT,  of  this  frame  relative  to  the  _ 
spacecraft  frame  is  determined  by  use  of  the  least  squares 
procedure  described  in  section  2.4  of  Sonnemp  et  al.  11987]. 
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According  to  that  procedure,  vwr  is  determined  by  mini¬ 
mization  of  the  quantity 

N 

Z)  =  ^Ei(vm-vw^xB’niJ 

mm\ 

where  the  superscript  m  denotes  the  N  individual  data 
points  used  in  the  analysis.  The  relative  residual,  D/Da , 
is  the  value  of  D  for  the  optimal  value  of  vHT  divided  by  its 
value  for  vHt  =  0.  This  residual  serves  as  a  measure  of  the 
quality  of  the  fit. 

The  acceleration  of  the  HT  frame  is  also  determined,  as 
discussed  by  Sonnerup  et  al.,  but  is  found  to  be  relatively 
small  for  the  events  under  study.  For  this  reason,  accelera¬ 
tion  effects  are  not  incorporated  in  the  results  given  here. 

The  next  step  in  the  analysis  procedure  is  to  perform 
minimum-variance  analysis  on  what  we  refer  to  as  the 
deHoffmann-Teller  electric  field,  Eht  =  -vHT  x  B,  and 
to  examine  the  correlation  between  the  components  of  E„ 
and  the  corresponding  components  of  ENr.  Finally,  the  re¬ 
lationship  between  the  velocity  components  measured  in  the 
deHoffmann-Teller  frame  (in  which  v'  =  v  -  v»t)  and  the 
corresponding  components  of  the  Alfvin  velocity  is  exam- 
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Fig.  2.  Hodogram  representation  of  the  magnetic  field  for  FTE  1.  Average  field  components, 
B,,  Bj,  and  Bk,  (in  nT)  along  the  maximum  variance,  intermediate  variance,  and  minimum 
variance  axes  (eigenvectors),  is,  j s,  and  ks,  have  keen  subtracted  from  the  measured  field.  The 
corresponding  variances  (eigenvalues),  A.a,  A, a,  and  Ass  (in  (nT)2)  are  given  in  the  figure  along 
with  the  eigenvectors,  is  (first  row),  js  (second  row),  and  kB  (third  row),  in  the  GSE  coordinate 
system. 


ined  with  the  objective  of  testing  to  what  extent  the  Walen 
relation,  v  -  vWT  =  ±v„,  is  satisfied. 

3.1.  FTE  1 

The  results  of  the  minimum-variance  analysis  of  the  mag¬ 
netic  field  for  the  data  interval  1404:08-1406:18  UT  are 
shown  in  Figure  2  in  the  usual  hodogram  form,  where  the 
maximum,  intermediate,  and  minimum  variance  directions 
are  denoted  by  is,  jn,  and  ks,  respectively,  the  correspond¬ 
ing  variances  being  A ,s,A,a,  and  A*a .  Note  that  the  average 
field  components  along  the  three  axes  have  been  subtracted 
in  the  hodograms.  It  is  seen  from  the  large  value  of  the 
ratio  A,s/Afcs  —  58.4/3.4,  as  well  as  from  the  relatively  un¬ 
systematic  nature  of  the  variations  in  the  field  component 
B*  (shown  in  the  hodogram  on  the  right),  that  a  fairly  re¬ 
liable  minimum- variance  direction,  ka,  is  at  hand.  In  the 
next  section,  this' direction  will  be  used  as  a  predictor  of 
the  axis  of  the  flux  tube  or  bulge  causing  the  magnetic  field 
deflection.  The  major  component  of  the  magnetic  field,  - 
95  nT,  is  along  ka.  The  hodogram  on  the  left  in  Figure  2 
shows  the  behavior  of  the  magnetic-field  components  B,  and 
B ,  in  the  plane  perpendicular  to  ks  (the  average  values  of 
these  components  are  -34  nT  and  -44.5  nT,  respectively).  In 
this  plane,  we  have  also  shown  the  approximate  orientation 
of  the  vector,  N,  normal  to  the  magnetopause.  The  looped 
hodogram  trace  is  then  seen  to  represent  the  presence  of  a 
negative  normal  magnetic  field  component,  Bn,  in  the  first 
half  and  a  positive  Bn  in  the  second  half  of  the  event,  as 


well  as  the  occurrence  of  a  maximum  in  the  field  magnitude 
near  the  center  of  the  event. 

Hodograms  representing  the  convection  electric  field, 
E,  =  -v  x  B  ,  is  the  eigenvector  system  (i,j,k)  of  the  cor¬ 
responding  variance  matrix  are  shown  in  Figure  3  a.  The 
most  striking  feature  in  these  diagrams  is  the  existence  of 
an  extremely  well  defined  minimum-variance  direction,  k. 
The  ratio  of  intermediate  variance  to  minimum  variance, 
A, /A*  =  6.4/0.04,  is  very  large  and  the  electric-field  compo¬ 
nent  along  k,  as  well  as  the  fluctuations  in  that  component, 
are  both  extremely  small.  These  features  provide  an  indica¬ 
tion  that  an  excellent  deHoffmann-Teller  frame  should  exist 
for  this  data  set  and  that  the  transformation  velocity  vHT 
to  this  frame  should  be  closely  aligned  with  the  k  vector. 
As  mentioned  above,  we  have  determined  this  transforma¬ 
tion  velocity  by  finding  the  best  least  squares  fit  between  Ec 
and  E*r  =  -Vht  x  B,  the  result  being  vHT  =  (-218,  313, 
8)  km/s  with  a  relative  residual  0/ D,  —  0.010.  Here,  and  in 
the  remainder  of  the  paper,  all  vector  components  are  given 
in  the  GSE  coordinate  system,  XYZ.  The  direction  of  this 
vHT  vector  deviates  from  the  -k  direction  by  only  2*.  The 
electric  field  Eht  is  the  field  that  would  be  present  in  the 
spacecraft  frame  if  a  perfect  deHoffmann-Teller  frame  had 
existed.  Thus,  EHt  can  be  thought  of  as  a  predictor  of  the 
field  Ec.  The  results  of  minimum-variance  analysis  on  EHt 
are  shown  in  Figure  36.  It  is  seen  that  a  striking  similarity 
does  in  fact  exist  between  hodograms  representing  the  fields 
E.^and  E ht-  Note  that  the  vMr  vector  also  happens  to 
be  nearly  aligned  with  ks,  the  angle  between  the  two  being 
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Fig.  3.  Hodogram  representation  of  (s)  convection  electric  field,  I,  =  — v  X  B,  and  (i) 
deHoffmann- Teller  (HT)  electric  field,  Ewr  —  -v»r  x  B  (both  in  mV/m),  for  FTE  1.  The 
transformation  velocity  v«t  has  GSE  componeits  (—218,313,8)  km/e.  Same  format  as  in  Figure 
2,  except  that  average  values  of  the  field  components  have  not  been  subtracted.  The  similarity 
between  the  I,  and  Hut  hodograms  indicates  that  a  good  HT  frame  exists.  Note  that  in  31  the 
right-hand  hodogram  trace  has  E mt  •  k  =  0. 
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Fig.  4.  Relationship  between  the  three  GSE  components  of  the 
convection  electric  field,  Ec  =  -v  x  B,  and  the  correspond¬ 
ing  components  of  the  deHoffmann- Teller  electric  field,  Eht  = 
— v  ht  x  B  for  FTE  1.  The  solid  line  shown  passes  through  the 
origin  and  has  unit  slope:  it  represents  the  ideal  relationship. 
The  actual  regression  line,  constrained  to  pass  through  the  ori¬ 
gin,  and  based  on  orthogonal  distances,  has  slope  =  1 .045  ±0.011 
and  correlation  coefficient  =  0.990. 

only  13* ,  so  that  the  (i,j)  plane  in  Figure  3  is  tilted  relative 
to  the  ioja  plane  in  Figure  2  by  only  13s.  It  is  then  clear 
that  there  exists  a  simple  explanation  for  the  loop-shaped 
electric  hodogram  in  the  (i,  j)  plane:  we  have  EHt>  —  vHTB, 
and  Ehtj  ~  -«ht Bi,  indicating  that  the  electric  field  loop 
is  a  simple  (but  somewhat  distorted)  image  of  the  magnetic 
loop  on  the  left  in  Figure  2.  In  general,  the  E,E,  hodogram 
of  Eht  represents  the  behavior  of  the  component  of  B  per¬ 
pendicular  to  vHT.  The  new  information  it  contains,  beyond 
that  provided  by  the  B  hodograms,  consists  of  the  direction 
and  magnitude  of  the  transformation  velocity  vHt- 

The  relationship  between  the  three  components  of  E„  and 
the  corresponding  components  of  Eht  is  shown  in  a  scatter 
plot  in  Figure  4.  It  is  seen  that  the  data  points  are  gathered 
in  a  narrow  band  around  the  ideal  45s  line.  This  remarkably 
accurate  agreement  of  Eht  with  E«  constitutes  one  of  our 
main  experimental  results.  It  will  be  discussed  further  in 
section  4. 

The  relationship  between  the  components  of  the  plasma 
velocity,  (v  -  vHr),  in  the  deHoifmann-Teller  frame,  and 
the  corresponding  components  of  a  nominal  Alfven  velocity, 
Vx.  =  B(1  is  shown  in  Figure  5.  Note 

that  in  calculating  v„.  we  have  used  the  individual  mea¬ 
sured  B  vectors  but  average  values  of  measured  pressure 
anisotropy,  a  =  (pj  -  pJ.)p0/Bi,  and  of  measured  number 
density,  n,  during  the  event  and  that  we  have  assumed  all 
particles  to  be  protons  (mass  =  mp).  Thus  the  diagram 
shows  the  relationship  between  (v  —Vht)  and  B,  the  latter 
expressed  as  a  nominal  Alfven  velocity,  rather  than  between 
(v  —  v ht)  and  the  local  value  of  v*  as  required  in  the  true 
local  Walen  relation.  However,  for  FTE  1  the  difference  be¬ 
tween  the  nominal  and  the  true  Walen  relation  is  very  small. 

Four  items  should  be  noted  in  Figure  S.  First,  an  ex¬ 
cellent  linear  relationship  exists  between  the  components  of 
(v  -  vHt)  and  the  corresponding  components  of  vlt,  The 


regression  line  shown  has  been  constrained  to  pass  through 
the  origin  but  it  is  evident  that  the  data  are  consistent  with 
this  behavior.  This  result  requires  not  only  that  the  vectors 
v  —  Vht  are  nearly  aligned  with  the  vectors  B  but,  addi¬ 
tionally,  that  the  magnitudes  of  the  two  vectors  are  propor¬ 
tional,  with  a  fixed  constant  of  proportionality,  throughout 
the  event.  Second,  the  data  are  seen  to  be  clustered  in  two 
groups;  the  otdinary  correlation  coefficient  is  misleading  in 
such  circumstances  and  is  therefore  not  given  in  the  figure. 
The  reason  for  the  clustering  is  that,  in  the  coordinate  sys¬ 
tem  used,  none  of  the  three  velocity  components  is  neat 
zero.  Third,  the  negative  slope  of  the  correlation  line  shown 
in  the  figure  indicates  that,  in  the  deHoffmann-Teller  frame, 
the  flow  is  antiparallel  to  the  magnetic  field.  This  is  also 
the  flow  direction  expected  and  observed  in  quasisteady  re¬ 
connection  events  south  of  the  reconnection  line  and  it  is, 
indeed,  the  flow  direction  found  in  the  magnetopause  en¬ 
counters  on  this  pass  discussed  by  Paschmann  et  al.  [1986] 
and  Sonnerup  et  al.  [1987],  The  fourth  point  to  be  made  is 
that  the  slope  of  the  regression  line  is  -0.816,  i.e.,  its  mag¬ 
nitude  is  somewhat  less  than  the  value  of  unity  required  by 
the  nominal  Walen  relation.  Perfect  agreement  with  that 
relation  could  be  achieved  by  assuming  the  presence  of  5% 
alphas  and  2%  oxygen  ions  (by  number).  Alternatively,  the 
actual  situation  may  have  been  that  the  plasma  contained 
only  lesser  amounts  of  heavy  ions  and  that  the  field-aligned 
flow  speed  was  somewhat  less  than  the  actual  Alfven  speed. 

3.2.  FTE  2 

The  results  of  the  analysis  of  this  event  are  presented  in 
Figures  6-9,  in  the  same  format  as  before.  The  data  interval 
used  is  1412:22-1417.00  UT.  As  is  seen  in  Figure  6,  the 
magnetic  structure  in  this  case  is  complicated;  in  particular, 
the  minimum-variance  direction  kB  should  be  considered  a 
far  less  reliable  predictor  of  the  flux-tube  axis  than  in  the 
previous  event. 
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Fig.  5.  Test  of  nominal  WaUn  relation,  v—vht  =  ±vx»  for  FTE 
1.  Nominal  Alfvin  velocities,  v*.,  are  calculated  from  measured 
local  magnetic  fields,  using  average  values  of  pressure  anisotropy, 
5  =  -0.09,  and  number  density,  ft  =  68  cm  ,  during  the  event, 
and  assuming  all  measured  ions  to  be  protons.  The  regression  line 
passing  through  the  origin  and  based  on  orthogonal  distances  has 
slope  =  -0.816  ±  0.007. 
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In  spite  of  the  complicated  magnetic  structure,  the  Ee 
hodogram  on  the  right  in  Figure  7 a  shows  a  nearly  van¬ 
ishing  k  component  of  the  field,  with  a  small  variance,  an 
indication  that  a  good  deHoffmann-Teller  frame  may  again 
exist.  The  velocity  of  this  frame  is  found  to  be  vHt  = 
(-226,  321,  -14)  km/s,  which  is  rather  similar  to  the  re¬ 
sult  for  the  first  event,  except  that  the  relative  residual, 
D/Dq  =  0.033,  is  larger.  Results  of  the  minimum-variance 
analysis  on  E ht  =  —  vHT  x  B  are  shown  in  Figure  76.  Com¬ 
parison  of  the  left-hand  hodogram  in  Figure  76  to  that  in 
Figure  7a  gives  a  visual  impression  of  the  correlation  be¬ 
tween  E„  and  Ewr  (the  relationship  of  the  former  to  the 
left-hand  B  hodogram  in  Figure  6  is  also  evident).  The 
scatter  plot  of  the  components  of  these  two  fields  is  shown  in 
Figure  8.  Again,  the  data  points  are  well  clustered  around 
the  ideal  45*  line  although  the  scatter  is  somewhat  larger 
than  for  FTE  1. 

The  nominal  Walen  correlation  for  FTE  2  is  shown  in 
Figure  9.  The  data  points  are  seen  to  cluster  around  a  re¬ 
gression  line  of  slope  -0.860  through  the  origin,  a  result  that 
is  quantitatively  consistent  with  the  nominal  Walen  relation 
only  if  one  assumes,  as  for  FTE  1,  a  small  amount  of  heavier 
ions  in  the  plasma.  In  our  view,  it  is  more  likely  that  the 
flow  speed  in  the  HT  frame  was  in  fact  somewhat  less  than 
the  nominal  Alfven  speed  (which  is  again  based  on  average 
density  and  pressure  anisotropy  during  the  event). 

3.3.  FTE  3 

This  event  is  presented  in  Figures  10-13,  in  the  same  for¬ 
mat  as  before.  The  data  interval  used  is  1430:01-1434:09 
UT.  As  can  be  seen  from  Figure  10,  the  magnetic  field  struc¬ 
ture  is  again  complicated  and  is  quite  different  from  that 
seen  in  FTE  2.  As  in  that  case,  the  ks  vector  should  be 
considered  a  rather  unreliable  predictor  of  the  flux-tube  axis. 
The  E,  hodogram  on  the  right  in  Figure  llo  again  shows 


very  small  variance  in  the  k  direction  although  the  aver¬ 
age  Ec  component  does  not  vanish,  as  was  nearly  the  case 
in  FTEs  1  and  2.  Nevertheless,  a  fairly  good  deHoffmann 
Teller  frame  appears  to  exist,  moving  with  velocity  vHT  = 
(-206,  285,  -2)  km/s  (relative  residual  D/D0  —  0.041).  Note 
that  this  vHt  is  similar  to  the  corresponding  velocities  for 
FTEs  1  and  2.  The  results  of  minimum-variance  analysis  on 
E Ht  =  — v ht  x  B  are  shown  in  Figure  116  which  exhibits 
substantial  similarities  to  the  E„  data  in  Figure  11a.  The 
correlation  between  the  two  sets  of  electric-field  components 
remains  good  as  illustrated  in  Figure  12.  Finally,  the  nom¬ 
inal  Walen  correlation  for  this  event  is  shown  in  Figure  13. 
The  scatter  in  the  data  is  substantial'  but,  as  in  the  previ¬ 
ous  two  cases,  a  regression  line  through  the  origin  provides 
a  good  fit.  The  slope  of  this  line,  -0.729,  indicates  that  a 
significant  number  of  heavier  ions  (e.g.,  5%  oxygen)  would 
have  to  have  been  present  in  order  for  the  nominal  Walen 
relation  to  be  satisfied.  Alternatively,  and  more  likely,  the 
field-aligned  flow  speed  may  in  fact  have  been  less  than  the 
nominal  Alfvin  speed. 

3.4.  General  Comments 

In  studying  the  Walen  relation,  we  have  also  tried  to  use 
the  actual  local  Alfven  speed,  based  on  individual  measured, 
rather  than  average,  values  for  the  pressure  anisotropy,  or, 
and  number  density,  n,  but  retaining  the  assumption  that 
all  measured  particles  were  protons.  For  FTE  1,  in  which 
the  measured  number  density  was  nearly  constant  through¬ 
out  the  event,  the  resulting  correlation  differs  little  from  the 
one  shown  in  Figure  5,  but  for  FTE  2  and,  in  particular, 
FTE  3  the  scatter  in  the  data  increases  substantially.  This 
effect  is  caused  by  the  large  fluctuations  in  n,  evident  in  Fig¬ 
ure  1.  The  improved  correlation,  when  a  constant  number 
density  is  used,  indicates  that,  rather  than  the  proportion¬ 
ality  between  v  —  vHT  and  v*  predicted  by  the  true  local 
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Fig.  7.  Hodogram  representation  of  (s)  convection  electric  field,  E„  and  (4)  deHoffmann- Teller 
electric  field,  E ht<  for  FTE  2.  Same  format  as  in  Figure  3.  The  transformation  velocity  v«r  has 
GSE  components  (-226,321,-14)  lon/s. 


VValen  relation,  a  linear  relationship  between  v  —  vHT  and 
B  was  a  fundamental  property  of  these  FTEs.  However,  one 
cannot  exclude  the  possibility  that  there  may  have  been  an 
anticorrelation  between  number  density  and  effective  parti¬ 
cle  mass  with  a  higher  proportion  of  heavy  ions  where  the 


number  density  was  low  so  that  B  and  v*  were  directly  pro¬ 
portional.  In  this  latter  context,  we  have  noted  that  the  data 
scatter  in  the  Walen  diagrams  decreases  slightly  in  all  three 
events,  below  what  is  shown  in  Figures  5,  9,  and  13,  if  the 
nominal  Alfven  velocity,  vA,  is  replaced  by  B(1  -  a),  using 
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local  measured  values  of  the  pressure  anisotropy.  As  pointed 
out  in  Paachmann  el  al.  [1986],  the  combination  B(1  —  a) 
arises  directly  from  the  tangential  stress  balance  across  a 
one-dimensional  discontinuity.  Furthermore,  in  a  thick  rota¬ 
tional  discontinuity  the  relationship  p(l  -  o)  =  const  holds 
so  that,  by  elimination  of  p,  the  instantaneous  Alfven  ve¬ 
locity  vA  =  B(1  —  a)l/2(poP)~'/2  is  directly  proportional 
to  B(1  -  a).  For  this  reason,  B(1  -  a)  is  an  appropriate 
variable  to  use  in  testing  the  Walen  relation  in  the  magne¬ 
topause  itself.  As  pointed  out  by  Paachmann  et  al.  [1986], 
it  has  the  advantage  over  vA  itself  of  being  far  less  prone 
to  uncertainties  caused  by  the  presence  of  heavy  ions  in  the 
plasma.  However,  it  is  not  clear  whether  its  use  is  justified 
for  FTEs  since  they  are  not  one  dimensional  structures. 

A  second  general  comment  concerns  the  existence  of 
deHoffmann-TeUer  frames  for  each  of  the  three  events.  We 
have  already  noted  that  the  velocities,  v«r,  obtained  for 
these  events  are  rather  similar.  They  also  do  not  deviate 
much  from  the  v„r,  obtained  by  Sonnerup  et  al.  [1987] 
for  the  second  magnetopause  crossing,  at  1501  UT,  on  this 
pass.  Thus  it  is  natural  to  ask  whether  an  acceptable  com¬ 
mon  deHoffmann-TeUer  transformation  velocity  vHr  can  be 
found  for  the  entire  pass.  We  have  used  our  least-squares 
procedure  to  obtain  v«r  =  (-237,  319,  -25)  km/s  (with 
a  relative  residual  D/D0  =  0.071)  for  the  one-hour  inter¬ 
val  1403:02-1502:56  UT.  The  scatter  plot  of  Ec  versus  E nr 
and  the  Walen  correlation  are  shown  in  Figures  14a  and 
146.  The  correlation  in  both  diagrams  is  impressive,  given 
the  long  data  interval  used.  In  the  former  figure,  the  cor¬ 
relation  coefficient  is  0.960;  in  the  latter  it  is  0.968  with  a 
regression  line  slope  of  -0.866.  Some  data  clustering  of  the 
type  evident  in  Figures  5,  9,  and  13  is  present  in  Figure 
146  also.  However,  the  spread  in  the  points  is  now  sufficient 
to  make  the  correlation  coefficient  a  useful  indicator  of  the 
quality  of  the  fit.  This  result  is  simUar  to  that  reported  by 
Aggaon  et  al.  [1983]  for  a  15- min  period  of  ISEE  1  magne- 
tosheath/magnetosphere  data. 

4.  Data  Interpretation 

4.1.  FTE  1 

As  is  evident  from  Figure  2,  the  magnetic  field  in  the 
first  FTE  exhibits  rather  weU  organized  behavior.  For  this 
reason  we  start  with  the  interpretation  of  this  event.  It 
is  first  noted  that  the  magnetic  field  and  flow  behave  in  a 
manner  that  is  in  substantial  qualitative  agreement  with  a 
simple  model  of  magnetic  field  draping  over,  and  steady  field 
aligned  flow  past  a  flux  tube  of  semicircular  cross  section, 
proposed  by  Farrugia  et  al.  [1987],  and  shown  qualitatively 
in  Figure  15.  The  key  assumptions  used  by  those  authors  is 
that  of  a  current-free  magnetic  field  and  an  associated  irro- 
tational,  field- aligned,  incompressible  flow,  v  =  CB,  where 
C  is  a  constant.  In  this  model,  the  component  of  B  (and 
of  v)  along  the  cylinder  axis  remains  constant.  Thus,  the 
variance  in  this  field  component  is  zero;  for  this  reason,  we 
tentatively  identify  the  minimum- variance  direction,  ks,  for 
the  magnetic  field  with  the  flux-tube  axis.  The  shape  of  the 
magnetic-field  hodogram  in  a  plane  perpendicular  to  this 
axis,  i.e.,  the  (is.ja)  plane  in  Figure  2,  predicted  by  the 
Farrugia  et  al.  model  can  be  shown  to  be  that  of  a  “car- 
dioid,”  with  its  size  determined  by  the  “impact  parameter,’ 
i/a,  a  being  the  cylinder  radius  and  i  the  distance  of  the 
spacecraft  trajectory  above  the  cylinder  axis,  as  shown  in 
the  figure.  On  the  basis  of  this  model  and  the  size  of  the 
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Fig.  8.  Relationship  of  components  of  Ec  and  Eht  for  FTE  2. 
Actual  regression  lice  through  the  origin  has  slope  1 .016  ±  0  015 
and  correlation  coefficient  =  0.971. 

field  loop  in  the  hodogram  on  the  left  in  Figure  2,  we  esti¬ 
mate  an  impact  parameter  of  about  1.4,  as  shown  in  Figure 
15.  However,  it  is  noted  that  the  left-hand  hodogram  in 
Figure  2  does  not  have  the  precise  shape  of  a  cardioid,  in¬ 
dicating  that  the  actual  flux  tube  or  bulge  over  which  the 
measured  magnetic  field  is  draped  does  not  have  a  semicir¬ 
cular  cross  section  or,  more  realistically,  the  cross  section 
associated  with  any  of  the  field-line  surfaces  draped  over  a 
semicircular  object.  Other  cross  sections,  and  correspond¬ 
ing  hodogram  traces,  can  be  generated  in  a  straightforward 
manner  by  use  of  potential  theory.  For  example,  it  is  easy 
to  show  that  a  circular  hodogram  shape  is  obtained  if  the 
two-dimensional  dipole  used  to  produce  the  circular  cylinder 
is  replaced  by  a  line  current. 

The  actual  measured  magnetic  field  vectors  are  also  shown 
in  two  projections  in  Figure  15.  It  is  clear  from  this  figure 
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Fig.  9.  Test  of  nominal  WaUn  relation  for  FTE  2.  Nominal 
Alfvln  velocities,  v*.,  are  based  on  a  =  -0.06  and  n  =  64 
cm-3.  The  regression  line  passing  through  the  origin  has  slope 
= -0.860  ±0.01 5. 
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Fig.  10.  Hodogram  represent  at  ion  of  magnetic  field  (or  FTE  3.  Same  format  aa  in  Figure  2. 


that  the  flux  tube  direction  does  not  coincide  with  the  ambi¬ 
ent  magnetosheath  field  direction  or  with  the  field  direction 
at  the  center  of  the  event. 

A  second  key  assumption  in  the  model  by  Forrugio  et 
al.  [1987]  is  that  a  frame  of  reference  exists  in  which  the 
flow  is  field-aligned.  Since  we  have  found  an  excellent  de- 
Hoffmann  Teller  frame  for  this  event,  this  assumption  can 
be  considered  experimentally  verified.  Furthermore,  with 
the  assumptions  made  by  Farrugia  et  al.,  it  follows  from  the 
equations  of  motion  that  the  magnitude  of  the  velocity  must 
be  proportional  to  the  magnetic  field,  with  the  constant  of 
proportionality,  C,  independent  of  position  and  time.  This 
result  is  verified  in  Figure  5. 

The  additional  feature  in  Figure  S,  namely  that  the  flow 
speed  is  as  high  as  82%  of  the  nominal  Alfven  speed,  is  not 
predicted  by  the  Farrugia  et  al.  model,  in  which  the  flow 
speed  can  be  chosen  arbitrarily.  If  the  mass  composition 
was  such  that  the  actual  Alfven  speed  was  only  82%  of  the 
nominal  values  used  in  Figure  5,  then  the  event  can  be  con¬ 
sidered  to  be  a  nonlinear  multidimensional  Alfven  wave  of 
the  type  discussed  by  Walen  (1944].  It  is  noted  that  in  such 
a  case  the  total  pressure,  P  =  p  +  B1/ 2p0,  should  be  con¬ 
stant  throughout  the  event.  As  can  be  seen  in  Figure  1,  this 
is  not  the  case.  The  total  pressure  is  higher  in  the  center 
of  the  event  by  about  1.1  nPa.  This  amounts  to  22%  of  the 
dynamic  pressure,  gviA/2,  associated  with  the  Alfvin  speed 
at  the  center  of  the  event,  thus  providing  evidence  that  the 
actual  flow  speed  there  was  about  11%  less  than  the  AJfv<n 
speed.  This  calculation  remains  somewhat  uncertain  be¬ 
cause  the  measured  plasma  pressure  also  depends  to  some 
extent  on  the  actual  mass  composition,  although  much  less 
so  than  the  mass  density  [Pasehmann  et  al,  1986].  A  fur¬ 
ther  unexplained  feature  is  that  the  plasma  pressure  does 
not  display  the  minimum  at  the  center  of  the  event  that 
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would  be  expected  from  Bernoulli’s  equation  in  irrotational 
flow.  This  is  perhaps  an  indication  that  the  external  flow 
may  have  been  somewhat  rotational,  contrary  to  one  of  the 
assumptions  made  in  the  Farrugia  et  al.  model. 

We  turn  now  to  a  discussion  of  the  orientation  of  the 
flux-tube  axis  (or,  more  precisely,  the  ka  vector)  and  the 
deHoffmann-Teller  velocity  vector,  vHT,  relative  to  each 
other  and  relative  to  the  r  gnetospheric  and  magnetosheath 
magnetic  fields  as  well  as  the  ambient  magnetosheath  plasma 
flow  speed.  A  diagram  showing  the  location  of  the  projec¬ 
tions  of  these  vectors  in  a  plane  tangential  to  the  magne¬ 
topause  (the  LM  plane)  is  given  in  Figure  16a.  The  vectors 
are  nearly,  but  not  exactly,  perpendicular  to  the  chosen  mag¬ 
netopause  normal  vector  N.  For  example,  the  vectors  k0 
and  vHt  form  angles  of  79.9*  and  90.5*,  respectively,  with 
N.  Figure  16a  shows  that  the  flux-tube  direction  does  not 
coincide  with  either  the  direction  of  the  net  magnetopause 
current,  lmp,  as  in  the  simulations  by  Fu  and  Lee  [1985]  or 
Scholer  [1988a],  or  with  the  magnetosheath  field  direction. 
Rather  the  axis  falls  halfway  between  these  two  directions. 
It  is  also  seen  that  the  flux  tube  moves  in  the  southward 
direction  with  a  velocity  of  about  63  km/s  which  is  the  com¬ 
ponent  of  v ht  perpendicular  to  ks  (the  component  of  vMT 
along  the  tube  axis  has  no  physical  significance  other  than 
that  of  representing  the  motion  of  the  HT  frame  along  the 
tube  axis  required  to  make  the  flow  field  aligned).  On  the 
other  hand,  the  ambient  magnetosheath  plasma  flow  veloc¬ 
ity,  y,k,  has  a  component  perpendicular  to  the  tube  axis 
that  is  directed  northeastward  and  has  a  magnitude  of  about 
45  km/s.  Although  this  flow  direction  is  unusual,  given  the 
location  of  the  event  relative  to  the  subeolar  point,  it  could 
perhaps  be  explained  in  terms  of  the  fast-mode  expansion 
present  in  the  inflow  regions  of  the  Petschek  reconnection 
model  [  Vaiyliunas,  1975]  and  in  the  recent  simulations  by 
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Fig.  11.  Hodogram  representation  of  (<)  convection  electric  field,  K„,  and  (4)  u  Hoffmann- Teller 
electric  field,  E wr,  for  FTE  3.  Same  format  aa  in  Figure  3.  The  transformation  velocity  vHt  has 
GSE  components  (-206,285, -2)  km/s. 


Scholer  [1988a].  However,  regardless  of  the  explanation  for 
the  magnetosheath  flow  direction,  an  important  conclusion 
from  Figure  16a  is  that  the  flux  tube  is  not  convected  with 
the  ambient  flow.  Rather,  it  moves  southward  relative  to 
the  magnetosheath  plasma  with  a  speed  that  is  about  82% 
of  the  nominal  Alfven  speed,  based  on  the  component  of 


the  magnetosheath  magnetic  field  perpendicular  to  the  tube 
axis.  Furthermore,  although  there  is  some  uncertainty  con¬ 
cerning  the  actual  flux-tube  orientation,  it  is  clear  that  the 
axis  could  not  be  located  south  of  the  Vnr  vector  for  then 
the  tube  would  be  moving  northward  which  would  yield  an 
incorrect  BN  signature. 
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Fig.  12.  Relationship  of  components  of  E.  and  Eht  for  FTE  3. 
Actual  regression  line  through  the  origin  has  slope  1.019  ±  0.019 
and  correlation  coefficient  =  0.971. 


Motion  of  FTE  flux  tubes  relative  to  the  ambient  magne¬ 
tosheath  plasma  has  been  invoked  by  Daly  et  al.  [1984]  in 
discussing  certain  anomalous  FTEs  observed  by  the  ISEE 
spacecraft.  However,  to  our  knowledge  the  case  discussed 
here  provides  the  first  quantitative  experimental  determina¬ 
tion,  from  a  single  spacecraft,  of  such  relative  motion. 

Finally,  the  component  of  vHT  perpendicular  to  the  tube 
axis,  63  km/s  (relative  to  the  spacecraft),  can  be  used  to¬ 
gether  with  the  duration  of  the  event,  At  —  130  s,  to  esti¬ 
mate  a  distance  along  the  magnetopause  of  about  8,000  km, 
which  one  may  expect  to  be  comparable  to  the  diameter  of 
the  flux  tube  or  bulge  causing  the  magnetic  and  flow  deflec¬ 
tions.  An  FTE  tube  diameter  of  the  order  of  1  RB  has  been 
reported  by  Saunderj  et  al.  [1984]  from  ISEE  1  and  2  obser¬ 
vations.  Thus  the  value  8,000  km  is  reasonable,  although  it 
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Fig-  13.  Test  of  nominal  Walln  relation  for  FTE  3.  Nominal 
Alfvln  velocities,  v*,,  are  baaed  on  S  =  -0.04  and  R  =  53 
cm"1  The  regression  line  passing  through  the  origin  has  slope 
= -0.729  ±0.015. 


84  -  09  -  54  l-l  ,  /  5  -  15  ■ 55 

jo  - : - - - . - - - . . . . 


84-09-04  14  03  02— I  5  03  56 


V.  in  km/s 

0 

Fig.  14.  (»)  Relationship  of  corresponding  components  of  Ec 

and  E»t  for  a  1  hour  data  interval  which  includes  the  three 
FTEs  aa  well  as  two  magnetopause  crossings.  Actual  regression 
line  through  the  origin  has  slope  1.038  ±  0.007  and  correlation 
coefficient  =  0.960.  ( i)  Test  of  nominal  Walen  relation  for  the 
same  interval.  Nominal  Alfven  velocities,  vlt,  are  based  on  d  = 
-0.05  and  R  =  59  cm"5.  The  regression  line  passing  through 
the  origin  has  slope  =  -0.866  ±  0.005,  and  correlation  coefficient 
=  0.968. 


may  be  in  error  by  <u  much  as  a  factor  2,  owing  to  uncertain¬ 
ties  in  the  flux-tube  speed,  63  km/s.  These  uncertainties  are 
caused  by  possible  errors  in  the  flux-tube  and  normal  vec¬ 
tor  orientations.  A  characteristic  length  along  the  flux-tube 
axis  is  more  difficult  to  obtain:  if  the  entire  flux  tube  were 
moving  along  its  axis,  k8,  with  speed  v,h  ■  k8,  a  plausible 
assumption,  then  the  actual  tube  length  would  have  been  at 
least  |v,h  ■  kB|  At  =  19,800  km. 


4.2.  FTEs  2  and  3 

The  vectors  k8  and  vH7-  for  these  two  events  are  shown 
in  Figure  166.  As  mentioned  already,  and  as  is  evident  from 
Figure  16,  the  Vht  vectors  are  similar  for  all  three  events. 
They  also  agree  rather  well  with  the  \HT  vector  (-294,  320, 
-69)  km/s  for  the  magnetopause  crossing  at  1501  UT  [Son- 
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Fig.  IS.  Comparison  between  measured  magnetic-field  vectors  in  FTE  1  and  a  model  by  Famigia. 
et  al.  [1987]  representing  a  potential  magnetic  field  outside  a  diamagnetic  semicylinder.  An  impact 
parameter  l/a  ~  1.4  can  be  deduced  from  the  model. 


nerup  el  al.,  1987].  For  the  kB  vectors,  the  situation  is  rather 
different.  As  can  be  seen  in  Figure  166,  these  vectors  now  lie 
closer  to  the  magnetosheath  field  direction  and  well  south  of 
the  v ffy  vectors,  thus  implying  northward  flux-tube  motion 
with  a  speed  normal  to  the  flux  tube  axis  comparable  to  the 
magnetosheath  flow  component  normal  to  the  tube.  In  other 
words,  if  one  believes  that  the  kB  vectors  represent  the  ac¬ 
tual  flux-tube  axes,  then  the  tubes  would  be  convected  more 
or  less  with  the  magnetopause  plasma.  For  FTE  3,  where 
the  ka  vector  is  south  of  the  magnetosheath  field  vector,  the 
Bn  draping  signature  would  then  remain  the  basic  negative¬ 
positive  excursion  characteristic  of  the  southern  hemisphere, 
but  for  FTE  2  the  Bn  signature  would  be  reversed.  In  real¬ 
ity,  both  events  have  an  unusual  negative-positive-negative 
Bh  signature  that  is  difficult  to  account  for  in  terms  of  sim¬ 
ple  field-line  draping  around  a  flux  tube,  unless  one  assumes, 
either  that  the  sense  of  motion  of  the  flux  tube  reversed  it¬ 
self  during  the  event,  or  that  the  spacecraft  encountered 
flux  tubes  that  were  detached  from  the  magnetopause.  We 
are  not  able  to  provide  a  definite  resolution  of  the  dilemma 
posed  by  the  unusual  kB  orientations  found  for  FTEs  2  and 
3  and  the  unusual  Bn  signatures  associated  with  those  two 
events.  However,  it  should  be  remembered  that  for  FTEs 
2  and  3  the  spacecraft  is  likely  to  have  penetrated  the  ac 
tual  flux  tubes  providing  magnetic  connection  between  the 
magnetosheath  and  the  magnetosphere  across  the  magne¬ 
topause.  Within  such  tubes,  azimuthal  electrical  currents 
may  be  present,  causing  systematic  variations  in  the  axial 
magnetic  field  so  that  the  minimum  variance  direction,  ka, 
no  longer  coincides  with  the  flux  tube  axis.  In  the  extreme 
case  of  a  central  encounter  (impact  parameter  =  0)  with 


such  a  flux  tnbe,  the  vector  kB  is  in  fact  perpendicular  to 
the  tube  axis.  Axial  currents,  if  present,  will  influence  the 
Bn  signature.  In  other  words,  a  priori  one  should  not  expect 
the  Farrugia  et  al.  draping  model  to  be  fully  applicable  to 
FTEs  2  and  3. 

It  should  be  added  that  the  existence  of  a  good 
deHoffmann-Teller  frame  and  a  convincing  correlation  be¬ 
tween  the  components  of  (v  —  Vht)  and  the  corresponding 
components  of  B,  with  the  flow  speed  amounting  to  a  large 
fraction  of  the  nominal  Alfvin  speed,  are  important  prop¬ 
erties  of  FTEs  2  and  3  that  remain  valid  regardless  of  the 
resolution  of  the  above  dilemma.  Furthermore,  the  fact  that 
the  flow  in  the  deHoffmann-Teller  frame  is  antiparallel  to 
the  B  field,  as  was  the  case  in  FTE  1,  indicates  that  any 
explanation  of  the  Bn  signature  that  invokes  motion  of  a 
reconnection  line  past  the  spacecraft  is  not  viable. 

5.  Summary  and  Discussion 

The  main  observational  results  of  this  study  can  be  sum¬ 
marized  in  four  points. 

1.  We  have  shown  that  for  each  of  the  three  adjacent 
southern  hemisphere  magnetosheath  FTEs  studied  here,  a 
moving  frame  of  reference  (the  deHoffmann-Teller  frame) 
can  be  found,  in  which  the  plasma  flow  is  aligned,  or  nearly 
aligned  with  the  magnetic  field.  For  each  case,  we  have  ob¬ 
tained  a  reliable  value  for  the  velocity,  vMT  of  this  frame. 
We  have  also  found  that  a  common  value  of  vHt  provides  a 
good  de  Hoffman-Teller  frame  during  a  full  hour  of  observa¬ 
tions  including  the  three  FTEs  as  well  as  two  magnetopause 
crossings. 
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Fig.  16.  Plot  of  flux  tube  axis  (represented  by  the  minimum 
variance  direction,  kB ,  of  B),  magnetic  field  vectors,  and  velocity 
vectors  (relative  to  the  spacecraft)  in  the  magnetopause  tangent 
(LM )  plane:  (a)  for  FTE  1;  (4)  for  FTEs  2  and  3.  The  tube  axis 
is  reliably  determined  for  FTE  1  but  is  uncertain  for  FTEs  2  and 
3.  The  magnetic-field  vectors  Bat,cath  and  B(phcrc  are  shown  as 
Alfven  speeds  (based  on  average  density  and  pressure  anisotropy 
in  the  magnetosheath  reference  interval,  1403:30-1404:00  UT  for 
FTE  1,  and  1417:00-  1430:00  UT  for  FTEs  2  and  3).  Numbers 
given  in  the  diagram  are  in  units  of  km/s.  Also  shown  is  the  direc¬ 
tion  of  the  net  magnetopause  current,  Imp-  The  vector  v,aHT  in 
part  16«  represents  the  magnetosheath  flow  velocity  as  observed 
in  the  deHoffmann- Teller  frame  of  FTE  1. 


2.  We  have  shown  that,  for  each  of  the  three  events  sepa¬ 
rately,  as  well  as  for  the  combined  FTE  magnetopause  event, 
the  velocity  components  measured  in  the  deHoffmann-Teller 
frame  were  proportional  to  the  corresponding  magnetic  field 
components,  with  one  and  the  same  constant  of  proportion¬ 
ality  for  all  three  components.  Furthermore,  this  constant 
has  a  large  negative  value,  indicating,  not  only  that  the  flow 
in  this  frame  was  antiparaUel  to  the  magnetic  field,  as  ex¬ 
pected  for  a  southern  hemisphere  reconnection  event,  but 
also  that  the  flow  speed  was  a  large  fraction  (0.73-0.86)  of 
the  nominal  Alfven  speed. 

3.  For  the  first  FTE  we  have  demonstrated  that  sub¬ 
stantial  agreement  exists  between  the  observations  and  a 
simple  model  [Farrujia  et  al.,  1987]  for  irrotational  plasma 
flow  along  a  potential  magnetic  field  that  is  draped  around 
a  diamagnetic  cylinder  of  circular  cross  section.  An  impact 
parameter  of  1.4  was  obtained.  For  this  event,  a  reason¬ 
ably  reliable  estimate  of  the  orientation  of  the  cylinder  has 
been  obtained.  The  cylinder  axis  falls  halfway  between  the 

222 


direction  of  the  net  magnetopause  current  and  the  ambi¬ 
ent  magnetosheath  field.  The  motion  of  the  cylinder  per¬ 
pendicular  to  itself  can  be  determined  and  is  found  to  be 
southward,  in  agreement  with  the  observed  BN  signature. 
Furthermore,  the  cylinder  is  not  convected  with  the  ambi¬ 
ent  magnetosheath  plasma  but  moves  relative  to  it  with  a 
speed  that  is  at  least  82%  of  the  Alfven  speed,  based  on 
the  magnetic  field  component  perpendicular  to  the  cylinder 
axis.  A  cylinder  diameter  of  the  order  of  8,000  km  and,  with 
reasonable  assumptions,  a  cylinder  length  of  not  less  than 
about  20,000  km  can  also  be  inferred. 

4.  For  the  second  and  third  FTE,  the  observations  indi¬ 
cate  that  the  cylinder  or  bulge  causing  the  event  wa,  pen¬ 
etrated  by  the  spacecraft.  The  internal  structure  of  these 
events  was  complicated  and  the  prediction  of  cylinder  orien¬ 
tation  much  more  uncertain.  Taken  at  face  value,  the  orien¬ 
tations  obtained  would  provide  evidence  that  the  tube  axis 
may  have  been  closer  to  the  direction  of  the  ambient  magne¬ 
tosheath  magnetic  field,  in  which  case  the  FTE  flux  tube  or 
bulge  would  also  have  been  convected  approximately  with 
the  magnetosheath  plasma  flow.  The  unusual  BN  signature 
for  these  two  FTEs  remains  unexplained. 

We  now  discuss  these  results  briefly  in  the  context  of 
several  different  FTE  models.  An  important  question  is 
whether  the  first  event,  FTE  1,  could  have  been  simply  a 
bipolar  Alfven  wave  pulse,  unrelated  to  reconnection,  rather 
than  the  signature  of  an  FTE  flux  tube  or  bulge  moving  past 
the  spacecraft  in  such  a  way  that  no  penetration  but  only 
distant  sensing  of  field  and  flow  perturbations  occurred.  We 
cannot  exclude  this  possibility  completely,  although  there 
is  some  evidence  in  the  total  pressure  increase  during  the 
event  to  indicate  that  the  flow  speed  in  the  deHoffmann 
Teller  frame  was  not  the  full  Alfven  speed.  Furthermore, 
the  similar  values  of  vHT  for  the  three  FTEs  and  for  the 
adjoining  magnetopause  at  1501  UT  suggest  that  they  were 
all  part  of  the  same  dynamic  event.  It  is  then  logical  to 
interpret  the  first  event  as  a  distant  encounter  with  an  FTE 
tube  or  bulge  and  the  second  and  third  events  as  penetrating 
encounters  with  subsequent  tubes  moving  past  the  space¬ 
craft.  Furthermore,  it  is  not  attractive  to  interpret  FTE  1 
in  terms  of  distant  sensing  of  a  Kelvin-Helmholtz  surface 
wave  on  the  magnetopause,  because  its  propagation  direc¬ 
tion  is  then  not  readily  accounted  for.  Neither  would  it  be 
reasonable  to  interpret  FTEs  2  and  3  in  terms  of  radial  mag¬ 
netopause  motion,  causing  the  spacecraft  to  become  briefly 
immersed  in  the  magnetopause  current  layer  during  ongoing 
reconnection,  because  the  large  BN  signatures  in  these  two 
events  would  then  not  be  accounted  for.  Furthermore,  the 
behavior  of  the  other  field  components  is  not  the  same  as  in 
the  subsequent  first  magnetopause  encounter  at  1441  UT. 

At  present,  the  most  satisfactory  explanation  for  the  three 
FTEs  appears  to  be  in  terms  of  models  where  continually 
ongoing  reconnection,  with  periodic  and  strong  time  mod¬ 
ulation  of  the  reconnection  rate,  occurs  somewhere  north 
of  the  observation  site  and  causes  large  bulges  in  the  mag¬ 
netopause  to  travel  southward  past  the  spacecraft.  Such 
models  have  been  discussed  by  Lee  and  Fu  [1985],  Biemat 
et  al.  [1987],  Scholer  [1988a,  6],  and  Southwood  et  al.  [1988]. 
This  type  of  model  fits  well  with  the  existence  of  a  com¬ 
mon  deHoffmann-Teller  frame  for  all  three  FTEs  and  two 
subsequent  magnetopause  crossings  during  which  reconnec¬ 
tion  signatures  were  present.  The  fact  that  the  flow  veloci¬ 
ties  in  the  deHoffmann-Teller  frame  were  antiparallel  to  the 
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magnetic  field  and  had  magnitudes  approaching  the  Alfven 
speed  for  ail  three  FTEs,  as  well  as  for  the  magnetopause 
crossings,  provides  strong  support  for  the  notion  that  recon¬ 
nection  was  going  on  continually  north  of  the  spacecraft  for 
at  least  one  hour  during  this  pass.  The  orientation  of  the 
flux  tube  or  bulge  during  the  first  FTE  and  its  motion  rela¬ 
tive  to  the  ambient  plasma  are  features  consistent  with  the 
above  mentioned  models  rather  than  with  encounters  with 
the  magnetosheath  arm  of  an  isolated  elbow-shaped  flux 
tube  of  the  type  proposed  by  Russell  and  Elphic  [1978.  1979] 
although  an  encounter  with  the  elbow  itself  remains  a  pos¬ 
sibility.  The  situation  for  FTEs  2  and  3  remains  unclear, 
owing  to  the  uncertain  determination  of  flux  tube  orienta¬ 
tion.  Finally,  we  note  that  many  different  types  of  FTE 
flux-tube  geometries  may  perhaps  occur  at  different  times 
and  in  different  locations  on  the  magnetopause  so  that  one 
should  not  exclude  the  possibility  that  other  FTEs  display 
geometrical  and  kinematic  properties  rather  different  from 
those  deduced  here. 

Acknowledgments.  The  work  of  W.B.  was  supported  by  the 
Deutsche  Forschungsgemeinschaft  through  a  Heisenberg  fellow¬ 
ship.  Research  at  Dartmouth  College  was  supported  by  the  Na¬ 
tional  Science  Foundation,  Atmospheric  Sciences  Division,  under 
grant  ATM-8807645,  and  by  the  Air  Force  Geophysics  Labora¬ 
tory,  under  grant  F19628-87-K-0026. 

The  Editor  thanks  P.  W.  Daly  and  M.  F.  Heyn  for  their  assis¬ 
tance  in  evaluating  this  paper. 

References 

Aggson,  T.  L.,  P.  J.  Gambardella,  and  N.  C.  Maynard,  Electric 
field  measurements  at  the  magnetopause,  1,  Observations  of 
large  convective  velocities  at  rotational  magnetopause  discon¬ 
tinuities,  J.  Geopkys.  Ret.,  88,  10,000-10,010,  1983. 

Biemat,  H.  K.,  M.  F.  Heyn,  and  V.  S.  Semenov,  Unsteady 
Petschek  reconnection,  J.  Geophys.  Res.,  92,  3392-3396.  1987. 
Daly,  P.  W.,  M.  A.  Saunders,  R.  P.  Flijnbeek,  N.  Sckopke,  and  C. 
T.  Russell,  The  distribution  of  reconnection  geometry  in  flux 
transfer  events  using  energetic  ion,  plasma  and  magnetic  data, 
J.  Geopky s.  Ret.,  89,  3843-3854,  1984. 

Elphic,  R.  C.,  and  D.  J.  Southwood,  Simultaneous  measurements 
of  the  magnetopause  and  flux  transfer  events  at  widely  sepa¬ 
rated  sites  by  AMPTE/UKS  and  1SEE  1  and  2,  J.  Geophys. 
Ret  ,  92,  13,666-13,672,  1987. 

Fairfield,  D.  H.,  Average  and  unusual  locations  of  the  Earth's 
magnetopause  and  bow  shock,  J.  Geopkyt.  Ret.,  76,  6,700- 
6,716,  1971. 

Farrugia,  C.  J.,  R.  C.  Elphic,  D.  J.  Southwood,  and  S.  W.  H. 
Cowley,  Field  and  flow  perturbations  outside  th*  reconnected 
field  line  region  in  flux  transfer  events:  Theory,  Planet.  Space 
Set.,  35,  227-240,  1987. 

Fu,  Z.  F.,  and  L.  C.  Lee,  Simulation  of  multiple  X  line  recon¬ 
nection  at  the  dayside  magnetopause,  Geopkyt.  Ret.  Lett.,  12, 
291-294, 1985. 


LaBelle- Hamer.  A.  L.,  Z.  F.  Fu,  and  L.  C.  Lee,  A  mechanism  for 
patchy  reconnection  at  the  dayside  magnetopause.  Geophys 
Res.  Lett.,  15.  152-156,  1988. 

Lee,  L.  C.,  and  Z.  F.  Fu.,  A  theory  of  magnetic  flux  transfer  at 
the  Earth's  magnetopause.  Geopkyt.  Res  Lett..  12.  105-108. 
1985. 

Liu,  Z.  X..  and  V  D.  Hu,  Local  magnetic  reconnection  caused 
by  vortices  in  the  flow  field,  Geopkyt.  Res.  Lett..  15.  752-755. 
1988 

Paschmann,  G..  G.  Haerendel.  I.  Papamastorakis.  N.  Sckopke.  S. 
J.  Bame.  J.  T.  Gosling,  and  C.  T.  Russell,  Plasma  and  mag¬ 
netic  field  characteristics  of  magnetic  flux  transfer  events,  J 
Geopkyt.  Res..  87,  2159-2168.  1982. 

Paschmann.  G..  I  Papamastorakis.  W.  Baurnjohann,  N.  Sckopke. 
C.  W.  Carlson,  B.  U.  0.  Sonnerup.  and  H.  Luhr.  The  magne¬ 
topause  for  large  magnetic  shear:  AMPTE/IRM  observations. 
J.  Geopkyt.  Res..  91.  11,099-11.115,  1986. 

Russell.  C.  T.,  and  R.  C.  Elphic.  Initial  ISEE  magnetometer  re¬ 
sults:  Magnetopause  observations,  Space  Set.  Ret.,  22.  681- 
715.  1978. 

Russell,  C.  T.,  and  R.  C.  Elphic,  ISEE  observations  of  flux  trans¬ 
fer  events  at  the  dayside  magnetopause.  Geophys.  Res  Lett.. 
6.  33-36.  1979. 

Saunders,  M.  A.,  C.  T.  Russell,  and  N,  Sckopke.  Flux  transfer 
events:  Scale  size  and  interior  structure,  Geopkys.  Res.  Lett.. 
11.  131-134, 1984. 

Scholer,  M.,  Magnetic  flux  transfer  at  the  magnetopause  based 
on  single  X  line  bursty  reconnection,  Geopkys.  Res.  Lett.,  15. 
291-294,  1 988a. 

Scholer,  M.,  Strong  core  magnetic  fields  in  magnetopause  flux 
transfer  events,  Geopkys.  Res.  Lett.,  15,  748-751.  19884. 
Scholer,  M„  D.  Hovestadt,  F.  M.  Ipavich,  and  G.  Gloeckler,  En¬ 
ergetic  protons,  alpha  particles,  and  electrons  in  magnetic  flux 
transfer  events.  J.  Geopkys.  Res..  87,  2169-2175,  1982. 
Sonnerup,  B.  U.  O.,  On  the  stress  balance  in  flux  transfer  events, 
J.  Geophys.  Res.,  92,  8613-8620,  1987. 

Sonnerup,  B.  U.  O.,  I.  Papamastorakis,  G.  Paschmann.  and  H. 
Luhr.  Magnetopause  properties  from  AMPTE/IRM  observa¬ 
tions  of  the  convection  electric  field:  Method  development,  J. 
Geopkys.  Res.,  92,  12.137-12.159,  1987. 

Southwood,  D.  J.,  C.  J.  Farrugia,  and  M.  A.  Saunders.  What  are 
flux  transfer  events?,  Planet.  Space  Set.,  36,  503-506,  1988. 
Vasyliunas,  V.  M„  Theoretical  models  of  magnetic  field  line  merg¬ 
ing,  1,  Rev.  Geopkys..  13,  303-336.  1975. 

Walen,  C.,  On  the  theory  of  sunspots,  Arl.  Mat.  dstren.  Fys., 
30  A  ( 15),  1-87,  1944. 

W.  Baurnjohann,  G.  Paschmann.  and  I  Papamastorakis,  Max- 
Planck-Institut  fur  extraterrestrische  Physik,  D-8046  Garching. 
Federal  Republic  of  Germany. 

B.  U .  O.  Sonnerup,  Thayer  School  of  Engineering.  Dartmouth 
College,  Hanover,  NH  03755. 

H.  Luhr,  Institut  fur  Geophysik  und  Meteorologie,  Technis- 
che  Uruversitat  BraunscF.weig,  Mendelsohnstr  3a.  D-3300  Braun¬ 
schweig.  Federal  Republic  of  Germany. 

(Received  September  26.  1988; 
revised  January  17,  1989: 
accepted  January  30,  1989.) 


